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Chapter 1
General introduction

Over the last decades, the field of biostatistics has been rapidly evolving in order to
meet the questions raised by society. Major computational advancements have allowed
statisticians to tackle more challenging problems, analyze more complex data and provide
more accurate results.

Spatial statistics is one of these subjects which has garnered a lot of attention over the
last three decades and has a wide range of applications. Although the most frequent usage
of spatial statistics can be found in epidemiology, governmental and public organizations
have applied it to a wide range of scientific fields, such as public and environmental health,
education and economics.

In statistics, the type of analysis that has to be performed is inherently dependent on
the characteristics of the sample collected from the population. The sampling methods
can in turn provide additional challenges when modeling the data, as survey samples are
not always representative of the population. Furthermore, critical information may be
missing when collecting the data, both due to nonresponse and non-sampling. The focus
of this thesis is to develop models, which can produce reliable estimates for spatial health
survey data and account for the missingness in the survey sample.

1.1 Spatial data

1.1.1 Types of spatial data

When carrying out epidemiological studies, statisticians can perform two types of analyses.
On one hand, conventional non-spatial statistical methods can be used. On the other
hand, the available spatial information of the observations can be taken into consideration
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2 General introduction

in the estimation process. In the latter case, the data contain a geographical reference
for each observation, e.g. an (x, y)-coordinate set, a zip code, etc.

In general, the data Y (s) are measured at a certain location s. Define {Y (s) : s ∈ Rn}
as a set of random variables, where Rn is an n-dimensional space containing all spatial
locations in the study area (Cressie, 1993). Spatial data can be categorized into one of
three classes: lattice (or area) data, geostatistical data and point pattern data. Lattice
data are comprised of a fixed set of locations {s1, ..., sn}, where Y (si) is the random
variable measured at each location si. This type of spatial data is primarily used to map
diseases in epidemiological studies. An example of lattice data is a world map, where the
number of infected people Y (si) are counted for all countries si. Geostatistical data are
defined on a fixed area (or volume) where the measurements Y (si) are taken at random
locations si within that area (or volume). Matheron (1963) coined the term “geostatistics”
when analyzing data from ore deposits in the French region Lorraine. Geostatistical data
are usually analyzed through interpolation or kriging. Lastly, spatial point process data
are a random set of measurements Y (si) assessed at a random set of locations si. The
interest usually lies in the location of the measurements themselves, where an additional
measurement can be evaluated. An example of a spatial point process are earthquakes,
since the location of earthquakes are random (to a certain degree). Additionally, the
magnitude of the earthquake can also be evaluated at the site.

This dissertation focuses primarily on lattice data obtained from surveys. When ana-
lyzing lattice data (or spatial data in general), the correlation structure between spatial
units is important as observations between nearby areas are typically more alike than ob-
servations between areas which are further away, i.e. there is a spatial correlation. This
has to be accounted for when estimating the parameters of interest.

1.1.2 Modeling framework

When performing statistical inference, information from the collected observed data is
used to formulate conclusions about a population of interest. In most empirical research,
statisticians define a null and alternative hypothesis, based on their research question.
Consequently, a statistical test is performed and conclusions can be drawn based on a
confidence interval or a p-value. The observed data are assumed to be sampled from an
infinite population and is considered random. The underlying parameters are presumed to
be fixed. This approach is also called the frequentist approach. However, this approach
sparked debate in the statistical community. Royall (1997) discussed the interpretation of
the p-value as “evidence”. Ashby et al. (1993) illustrated the restriction of the p-value,
since it does not take all evidence into account and is restricted to the sample space.

Generally, statistical analyses are not performed in a vacuum. Past experiences can be
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incorporated in the statistical analysis of the observed data. This is accomplished by the
Bayesian approach. This Bayesian approach uses the concept of the likelihood function,
introduced by Fisher (1922). This function is a mathematical expression for the plausibility
of the sampled data as a function of the parameters of a probabilistic model. As such, the
observed data are fixed in this setting, while the underlying parameters are assumed to be
stochastic. Prior information (e.g. interim analyses, pilot studies, etc.) is reflected by the
prior distribution. The Bayesian approach combines the prior distribution and likelihood
function, resulting in the posterior distribution (Lesaffre and Lawson, 2012).

The calculation of the posterior distribution is often not analytically feasible due to
numerical problems. Markov Chain Monte Carlo (MCMC) sampling methods, such as the
Gibbs sampler (Geman and Geman, 1984, Gelfand and Smith, 1990) and the Metropolis-
Hastings algorithm (Metropolis et al., 1953, Hastings, 1970), greatly increased the viability
of flexible Bayesian statistical methods. The pay-off for the ability to fit more complex
models is a substantial increase in computation time. Furthermore, the convergence of
the algorithm becomes more elaborate to check.

Rue et al. (2009) proposed Integrated Laplace Nested Approximation (INLA) as a
viable alternative to MCMC. INLA performs Bayesian inference by approximating the
posterior marginal distributions in latent Gaussian models using numerical integration and
does not rely on aforementioned sampling techniques. The main advantages of INLA over
MCMC are the general decrease in computation time and streamlined way of performing
Bayesian analyses. Carroll et al. (2015) compared the performances of both INLA and
OpenBUGS (MCMC) for hierarchical Poisson models. Chen et al. (2015) investigated the
efficiency between MCMC and INLA for spatial and non-spatial random effects models.
All Bayesian analyses in this dissertation were performed using the INLA framework.

The Bayesian approach provides a useful framework to model the spatial data. By
including an area-specific spatially correlated random effect, the shared information be-
tween these spatial units can be included in the modeling process. Popular models for
the spatial term include the Intrinsic Conditional Autoregressive (ICAR) (Besag et al.,
1991, Rue and Held, 2005) and Besag-York-Mollié (BYM) models in the context of dis-
ease mapping (Besag et al., 1991, Wakefield, 2016, Held et al., 2005). The ICAR model
assumes a spatially correlated component in the model, while the BYM assumes both a
spatially and a non-spatially structured component in the model. In the latter model,
these components cannot be interpreted independently. Leroux et al. (2000) extended
these two models by incorporating a mixing parameter in the variance component, al-
lowing for overdispersion alongside the spatial information. This also provided a more
explicit compromise between the spatially structured and unstructured variability. Datta
et al. (2019) proposed a Directed Acyclic Graph Auto-Regressive (DAGAR) model, which
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can outperform the ICAR model when the spatial correlation is weak or modest.
While the spatial variability is often the main focus in spatial data analysis, this

variability can often change through time. In recent years, spatio-temporal models have
been developed in order to capture these temporal differences between areas (Lawson
et al., 2010, Ensoy et al., 2013, Carroll et al., 2016, Lawson et al., 2017).

1.2 Survey data

Health surveys are an important tool to collect quantitative data from a population of
interest. Since a survey is a sample, it is important to consider how well the survey
represents the population of interest. This depends in part how the sampling process
was conducted by the researcher. If the researcher had any influence over the sampling
process, this process is said to be probabilistic. On the other hand, the sampling process
is non-probabilistic if the researcher had no control over it. In order to account for
any distributional differences between survey sample and population, survey weights are
constructed and attached to each respondent (Chambers and Skinner, 2003, Groves et al.,
2004). These weights can be used to provide reliable estimates for the population variables
of interest. A well-known example of such a weighted estimator is the Horvitz-Thompson
estimator (Horvitz and Thompson, 1952):

P̂k = 1
Nk

Nk∑
i=1

wikYik.

This weighted average takes the design of the survey into account, providing unbiased
estimates in the context of complex sampling designs. In recent literature, efforts have
been made to implement these design weights when analyzing health surveys, taking into
account the spatial aspect of the data (Mercer et al., 2014, Chen et al., 2015, Vandendijck
et al., 2016, Lawson et al., 2020).

Surveys conducted by governmental instances are often longitudinal in nature, in order
to monitor certain population characteristics over time. The Belgian Health Interview
Survey (HIS) and the Behavioral Risk Factor Surveillance System (BRFSS) in the United
States are examples of such longitudinal surveys.

In this thesis, three surveys were used to illustrate our novel methodology: the 2001
Belgian HIS, the 2013 Florida BRFSS health survey and the 2008 Mozambique Poverty
and Social Impact Analysis (PSIA) survey. For each of these surveys a certain health
outcome was analyzed, while accounting for the survey design and the spatial dimension
of the data.
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1.3 Missing data

When conducting health surveys, some respondents may not wish to answer a certain
question. In other cases, they may not know the answer to certain questions. As such,
some respondents may provide incomplete or missing data (Brick and Montaquila, 2009).
The missing data reduce the amount of available information and lower the precision of
the model estimates (Carpenter and Kenward, 2013). This nonresponse may complicate
the analysis of the survey data, depending on the nature of the missingness mechanism.
Furthermore, if the missing data are not or wrongly accounted for, biased estimates can
result from the statistical analysis. Rubin (1976) and Little and Rubin (1987) made a
distinction between three missingness processes.

If the data are missing for reasons which are unrelated to the observed and unobserved
data, the missing value mechanism is said to “missing completely at random” (MCAR).
If the nonresponse is independent of the unobserved data, conditional on the observed
data, the unobserved data are “missing at random” (MAR). Otherwise, if the nonresponse
depends on both observed and unobserved data, the missingness mechanism is termed
“missing not at random” (MNAR) (Verbeke and Molenberghs, 2000).

Depending on the underlying missingness mechanism, different analyses can be con-
ducted to deal with the incomplete data. Under the assumption of MCAR, the complete
case analysis is a popular choice, since it only requires the subset of all fully observed
individuals in the original data set. While valid, this method suffers from drawbacks.
The most important one is the loss of information and subsequently, the negative im-
pact on the precision of the model estimates. Other ways of dealing with missing data
under MCAR include available case methodology, standard generalized estimating equa-
tions (GEE) (Robins et al., 1995) and simple imputation methods. Given the fact that
the MCAR setting is the weakest assumption out of the three settings, the aforemen-
tioned methodology is only valid under MCAR (Verbeke and Molenberghs, 2000). When
performing an analysis with missing data, the statistician has to exercise caution. The
underlying missingness mechanism is inherently unknown, given that the necessary infor-
mation pertaining the missingness process is usually unavailable. If the statistician would
incorrectly assume an MCAR setting, the resulting model estimates could be severely
biased.

The assumption of MAR is stricter than MCAR, since the missingness depends on
the observed data. As such, the methodology to cope with the MAR mechanism is a
bit more complicated. Generally, these methods can be grouped under direct likelihood
methodology, multiple imputation techniques and weighting methods (including weighted
GEE (Fitzmaurice et al., 1995)) (Rubin, 1987, Little and Rubin, 1987). Multiple imputa-
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tion (MI) is an extension to the simple imputation methods which were only valid under
MCAR. By imputing missing values multiple times the additional variability of the estima-
tors is acknowledged. Carpenter et al. (2006) presented a review where the performances
of MI and doubly robust inverse probability weighting (IPW) were compared. The latter
method proved to be attractive alternative to multiple imputation. The estimates were
robust, even if the conditional mean or the drop-out model was wrongly defined. Brick
(2013) reviewed several methods which can deal with unit nonresponse in a survey setting
by recalibrating the design weights. This includes the use of response propensity weights,
which were further investigated in this thesis.

The MNAR assumption has the most strict condition and is more difficult to model,
since the missingness depends both on the observed and unobserved data. As such,
assumptions have to be made in terms of the missingness model. This can have severe
consequences if this model is misspecified (Laird, 1994). This can be investigated by
providing a joint model for the measurement and missingness processes. Rubin (1976)
and Little and Rubin (1987) introduced selection models, whereby the joint model is
factorized into two parts: the marginal distribution of the measurement process and
the density of the missingness process, conditional on the observed data. Little (1993)
proposed an alternative factorization, called pattern-mixture models: the marginal density
of the missingness process and the density of the measurement process, conditional on the
missingness process. For every MNAR model, there is a model under the MAR assumption
which provides an equal fit. This implies that the model under the MNAR assumption is
indistinguishable from its MAR counterpart, given the observed data (Molenberghs et al.,
2008). Given that the (MNAR) assumption on the missingness mechanism is untestable,
a sensitivity analysis if often advised when performing the statistical inference of interest
(Verbeke and Molenberghs, 2000).

Note that the aforementioned missingness mechanism are independent of the inferen-
tial framework needed to model the data. For this, knowledge about the ignorability of
the missingness is needed. The missingness is ignorable within the likelihood framework
for the MCAR and MAR assumption. Note that this is only valid under the condition that
the set of the model parameters and the set of parameters which describe the measure-
ment and missingness processes are disjoint. This implies that missingness under MNAR
is not ignorable. Rubin (1976) has also shown that the same requirements hold for the
Bayesian framework. However, when performing frequentist inference, solely the MCAR
assumption is ignorable (Schafer, 1997).

Another form of missing data was investigated in this thesis. When sampling data
for a spatial health survey, the sampling design might not include all lattice areas in the
population of interest. In order to provide reliable estimates for these unsampled small



General introduction 7

areas, these gaps in information have to be accounted for (Gómez-Rubio et al., 2010).
Predictive models can be used to fill in these gaps.

1.4 Thesis outline
In this thesis, our aim is to develop and modify models in order to provide reliable
estimates when analyzing spatial survey data while accounting for missing data.

In Chapter 2 the effect of nonresponse in a spatial health survey is investigated
by means of an extensive simulation study. The performances of spatial models are
evaluated under different missingness assumptions. Weight adjustments are proposed for
these spatial models, in addition to an extension of the hierarchical smoothing model
proposed by Vandendijck et al. (2016). Lastly, the effectiveness of these smoothing
models is illustrated using the 2001 Belgian HIS data set. The geographical distribution
of the perceived health of the Belgian population is estimated while taking the complex
survey design and incomplete outcome data into consideration.

Chapter 3 further builds on the proposed models in Chapter 2 and applies them
to data from the 2013 Florida BRFSS health survey. The proportion of uninsured Florida
inhabitants is estimated while dealing with the design of the survey and the nonresponse
in the outcome variable. An additional subgroup analysis is performed to investigate the
effect of annual household incomes.

Chapter 4 investigated the effect of missing lattice areas through a simulation
study. An extension to the hierarchical smoothing models is proposed in order to incor-
porate auxiliary population data in the estimation process. The PSIA survey serves as a
motivating example in this chapter. The district-specific prevalence of school attendance
is estimated, while applying the adjustment in order to account for the unsampled districts.

Chapter 5 looks into bivariate spatial models for survey data. While the missing
data are not the focus in this chapter, it is accounted for by adding a poststratification
weight to the definition of the design weight. The prevalence of asthma and COPD of
Florida residents is estimated jointly using data from the 2013 Florida BRFSS health
survey.

Finally, in Chapter 6 we summarize our findings and discuss topics for future re-
search.





Chapter 2
Spatial small area smoothing
models for handling survey data
with nonresponse

This chapter is based on the following publication:
Watjou, K., Faes, C., Lawson, A., Kirby, R., Aregay, M., Carroll, R. and Vandendijck, Y.
(2017). Spatial small area smoothing models for handling survey data with nonresponse.
Statistics in Medicine. 36. DOI: 10.1002/sim.7369.

Abstract

Spatial smoothing models play an important role in the field of small area estimation
(SAE). In the context of complex survey designs, the use of design weights is indispensable
in the estimation process. Recently, efforts have been made in these spatial smoothing
models, in order to obtain reliable estimates of the spatial trend. However, the concept
of missing data remains a prevalent problem in the context of spatial trend estimation
as estimates are potentially subject to bias. In this paper, we focus on spatial health
surveys where the available information consists of a binary response and its associated
design weight. Furthermore, we investigate the impact of nonresponse as missing data
on a range of spatial models for different missingness mechanisms and different degrees
of missingness by means of an extensive simulation study. The computations were done
in R, using INLA and other existing packages. The results show that weight adjustment

9
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to correct for missingness has a beneficial effect on the bias in the missing at random
(MAR) setting for all models. Furthermore we estimate the geographical distribution of
perceived health at the district level based on the Belgian Health Interview Survey (2001).

Keywords: Complex Survey Design, Disease Mapping, Hierarchical Bayesian Mod-
eling, Integrated Nested Laplace Approximation, Missing Data.

2.1 Introduction

Health surveys are an important source of information when investigating the geographical
distribution of diseases. Hierarchical spatial smoothing methods are well developed and
used in a fairly standard manner in disease mapping to infer about the geographical
distribution of diseases (see e.g. Elliott et al. (2001), Waller and Gotway (2004), Lawson
(2013)). However, health surveys are typically complex in design, with complex sample
selection methods for drawing the sample from the population. Examples of possible
sampling designs include stratified sampling, cluster sampling, convenience sampling, etc.
An overview can be found in Schaeffer et al. (1990).

Approaches to take into account the complex survey design can be grouped into
design-based, area-level and unit-level approaches. The most commonly used design-
based method is the Horvitz-Thompson (HT) estimator (Horvitz and Thompson, 1952).
The HT estimator is a weighted estimator, with weights equal to the inverse of the
sampling probability. The idea of weighting is to make the sample as similar as possible
to the population. This estimator is design consistent and provides reliable inferences
in large samples, but it can be very inefficient, especially when sample sizes are small
(Basu, 1971, Rao, 2011). In unit-level approaches, inference is built on a model of the
health outcome, which takes into account all key features of the sampling design such
as weighting, stratification and clustering. These models can become very complex as a
large number of variables need to be included in the model. In addition, key variables that
are required for inclusion of individuals in the sample may be unavailable (Gelman, 2007,
Little, 2007, Pfeffermann, 2007). Design-based inference can be model-assisted, such
as the generalized regression estimator (GREG), bringing together model features and
design-based inference. Chen et al. (2015), Mercer et al. (2014) and Vandendijck et al.
(2016) describe methods of incorporating the design weights within a spatial hierarchical
model. In this paper, we compare a number of these proposed methods and investigate the
effect of nonresponse on the estimation of the geographical distribution of the outcome
of interest.

In addition, nonresponse often occurs in surveys. It is often the case that selected
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individuals may not want to participate in the survey or answer only part of the questions.
The effect of this missingness on inference is two-fold. First, as it reduces the sample
size, it will lead to a reduced precision of the estimates. Second, incompleteness can lead
to biased inference, as the population that do respond to the question might differ sys-
tematically from the population that do not respond to the question of interest. Different
analysis approaches exist for dealing with incompleteness of data. Focusing on incom-
plete data under the missing at random (MAR) assumption, we can group the methods
into weighting methods, imputation methods and full information maximum likelihood
methods (Rubin, 1987, Little and Rubin, 1987). In the weighing methods, subjects that
have no missing observations are weighted in order to compensate for the removal of
subjects that do have missing observations. In the imputation methods, plausible values
for the missing observations are filled in. Full information maximum likelihood methods
using only the available data yield appropriate likelihood-based inference under an MAR
mechanism. Weighting has been widely used in many public health studies, and therefore
is the focus of interest in this paper.

The goal of this paper is to investigate the effect of nonresponse in a complex survey on
the estimated geographical distribution of disease prevalence and compare the performance
of different models under missingness. In Section 2.2, we revise spatial smoothing methods
that can be used to estimate the geographical distribution of the health outcome in
the presence of a complex sampling design. Also, weight adjustments are discussed for
incomplete data. In Section 2.3, a simulation study is conducted to investigate the impact
of missingness of the estimated spatial distribution. Section 2.4 presents an application of
the methods to investigate geographical differences of individual’s perceived health based
on the Belgian Health Interview Survey, with emphasis on the complex sampling design
and incompleteness of the outcome.

2.2 Methodology

Denote Yik as the binary response value of the ith individual in area k (i = 1, ..., Nk

and k = 1, ..., K), with Nk the population size in area k and N =
∑K

k=1 Nk the overall
population size. We assume that the population size is known for each area k. Interest is
in the area-specific population prevalence Pk, defined as

Pk = 1
Nk

Nk∑
i=1

Yik. (2.1)
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In order to get an estimate of the area-specific prevalence, a random probability-sample
is taken from the population, in which individuals are sampled from the population with
a known sample probability πik. The sample size in area k is nk, where some of the nk

could be zero. We define n =
∑K

k=1 nk as the total sample size. The sampled responses
are denoted by yik. Note that some of these responses could be missing, as some of the
individuals might not respond to the question. We define an indicator variable rik which
indicates whether the sampled individual i in area k responded to the question (rik = 1)
or not (rik = 0). We define sk as the total set of individuals which are sampled from
district k, where |sk| = nk, and s∗

k as the set of individuals that responded to the question
of interest, where |s∗

k| = mk represents the number of individuals which responded in area
k.

The area-specific unweighted mean estimator based on the available data can be
expressed as

P̂ UNW
k = 1

mk

∑
i∈s∗

k

yik. (2.2)

While this estimator is unbiased in the situation of a simple random sampling design
without replacement and missingness occurring completely at random, it lacks the ability
to take the design and missingness features into account due to the absence of the
sampling weights in the estimation process. In the next sections, different approaches
are discussed that can take into account both the sampling design and incompleteness.
Sections 2.2.1 and 2.2.2 give an overview of available methods to account for the non-
random sampling design. Section 2.2.4 then discusses how these methods can be adapted
to account for incompleteness of the sample.

2.2.1 Horvitz-Thompson estimator

Weighting is commonly used in the analysis of survey data. As surveys are often charac-
terised by a complex design, statistical methods need to take into account the design in
order to correct for the loss of representation of the population. The idea of weighting
is to make the sample as similar as possible to the population, by assigning a weight to
each individual in the sample. This design weight could be calculated as the reciprocal of
the probability of being sampled, namely wd

ik = 1
πik

.
The famous Horvitz-Thompson estimator for the area-specific prevalence is

P̂ HT
k =

∑
i∈sk

wd
ikyik∑

i∈sk
wd

ik

= 1
nk

∑
i∈sk

w̃d
ikyik (2.3)
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(Horvitz and Thompson, 1952), with w̃d
ik the normalised design weight defined as

w̃d
ik = nk · wd

ik∑
i∈sk

wd
ik

. (2.4)

This normalisation involves the reweighting of the sample to match the sample size in
area k, i.e.

∑
i∈sk

w̃d
ik = nk. The variance of P̂ HT can be expressed as follows

v̂ar(P̂ HT
k ) = 1

nk

(
1 − nk

Nk

)
1

nk − 1
∑
i∈sk

w̃d2

ik (yik − P̂ HT
k )2. (2.5)

The Horvitz-Thompson estimator is a design-unbiased estimator of Pk. Note that this
direct estimator uses only the observation from the area of interest (Rao, 2003). However,
when sample sizes are too small to produce reliable or stable estimates, it is better to
use a unit-level estimator that borrows strength across the different areas by using the
observations from all sampled individuals.

2.2.2 Area-level methods

Unlike the design-based methods, the area-level approaches assume a model conditional
on the sampled observations and generally provide more accurate estimates (Pfeffermann,
2013). The estimates of an area obtained by a design-based approach are considered to
be direct as they are based solely on the measurements of the given geographical unit.
Area-Level methods on the other hand produce indirect estimates, as these methods rely
on the presumption that area-specific estimates borrow information from other areas as
well. This makes it possible to find more accurate estimates (see e.g. Ugarte et al.
(2009), Salvati et al. (2010), Chambers et al. (2012), Rao and Molina (2015)). Also, it
creates the advantage that estimates can be obtained in areas with no sample, as opposed
to the design-based methods where the observations within an area are assumed to be
independent of observations acquired from surrounding areas. A linear model with area-
specific random effects was first proposed by Fay and Herriot (1979) in order to obtain
survey estimates for income. Numerous applications have originated from the Fay-Herriot
model, some of which are included in the following section.

In this section, we present several Bayesian hierarchical smoothing models that were
used by Vandendijck et al. (2016) and Mercer et al. (2014), each consisting of three
stages. At the first stage, the likelihood of the response is defined conditional on some
latent variables (random effects). At the second stage, the latent variables are defined,
whether or not on a transformed scale. At the third stage, the prior distributions on the
variance parameters for the random effects and on any other unknown parameters are
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specified. In all models, vague priors were specified in order to minimize their effect on
the inferential evaluation.

2.2.2.1 Unadjusted binomial model (UB)

The simplest approach ignores the sampling design. At the first stage it is assumed that

yk|Pk ∼ Binomial(nk, Pk)

logit(Pk) = β0 + uk + vk,
(2.6)

where yk =
∑

i∈sk
yik are the aggregated responses in area k and uk and vk are area-

specific random effects. At the second stage, we assumed a normal distribution for the
uncorrelated heterogeneity which describes the heterogeneity in the data , i.e., vk ∼
N(0, σ2

v), whereas we considered an intrinsic conditional autoregressive model (ICAR)
(Besag et al., 1991, Rue and Held, 2005) for the correlated heterogeneity uk as follows:

uk|uk′ ,k ̸=k′ ∼ N

 1
ak

∑
k′ ∈ne(k)

uk′ ,
σ2

u

ak

 , (2.7)

where ne(k) indicates the set of neighbors and ak the number of neighbors for a given
area k. According to common convention, two areas are considered neighbors if they
share a common boundary (Lawson, 2006). Other choices for the neighborhood scheme
are discussed by Bivand et al. (2008).

Compared to the Horvitz-Thompson estimator, this model allows to account for both
spatial dependence and heterogeneity, via the random effects specifications. This will
result in the smoothing of extreme local estimates in areas with small sample sizes, which
is a desirable effect as it prevents over-fitting. However, this model is not adjusted for
the survey design, as the sample weights are not included in the estimation process. This
implies that if the design of the survey is informative, the resulting estimates of the
Unadjusted Binomial will be rendered biased. The models described below resolve this by
actively using the sample weights to adjust for the outcome of interest yk, while retaining
the advantage of the reduction in variability.

2.2.2.2 Logit normal model (LN)

A simple way to allow spatial smoothing of the Horvitz-Thompson estimator is to assume
a hierarchical spatial smoothing model for P̂ HT

k . Because P̂ HT
k is restricted between 0

and 1, an empirical logit transformation of P̂ HT
k is considered. The resulting model is
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given by:

yLN
k |Pk ∼ N

(
logit(Pk), σ2

k

)
logit(Pk) = β0 + uk + vk,

(2.8)

where yLN
k = logit(P̂ HT

k ) and the variance σ2
k is set equal to

v̂ar(P̂ HT
k )/

(
P̂ 2HT

k (1 − P̂ HT
k )2

)
(see Mercer et al. (2014)).

2.2.2.3 Arcsine root normal model (AN)

As an alternative to the LN model, Raghunathan et al. (2007) proposed the use of an
arcsine-square root transformation of the direct estimates. This method assures that the
sampling variances, which usually depend on the population proportions, are stabilised
approximately (see also Efron and Morris (1979)). This leads to the following model
specification:

yAN
k |Pk ∼ N

(
sin−1

(√
Pk

)
, σ2

k

)
sin−1

(√
P̂k

)
= β0 + uk + vk,

(2.9)

where yAN
k = sin−1

(√
P̂ HT

k

)
and the variability σ2

k = 1
4·nE

k

depends on the effective

sample size nE
k = P̂ HT

k (1 − P̂ HT
k )/v̂ar

(
P̂ HT

k

)
.

2.2.2.4 Pseudo-likelihood model (PL)

The method described by Congdon and Lloyd (2010) employs a weighted likelihood
whereby the response values are weighted using the normalised design weights w̃d

ik (see
also Asparouhov (2006)). Mercer et al. (2014) noted that this model can be re-written
as a simple hierarchical model of the form

yP L
k |Pk ∼ Binomial(nk, Pk)

logit(Pk) = β0 + uk + vk,
(2.10)

with yP L
k =

∑
i∈sk

w̃d
ikyik, where w̃d

ik is defined as in (2.4).

2.2.2.5 Effective sample size method (ES)

Chen et al. (2015) proposed a similar approach to the pseudo-likelihood model, but ac-
counting for the sampling design via the use of the effective sample size (nE). The
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effective sample is defined as the sample size that is needed to match the variance from a
simple random sample with that under a complex sampling design. Under the assumption
of a simple stratified sampling design, this leads to an effective sample size nE equal to

nE
k = P̂ HT

k (1 − P̂ HT
k )

/
V̂ar(P̂ HT

k )

with V̂ar(P̂ HT
k ) as specified in Section 2.2.1. The model can be described as:

yE
k |Pk ∼ Binomial(nE

k , Pk)

logit(Pk) = β0 + uk + vk,
(2.11)

where yE
k = nE

k · P̂ HT
k represents the effective number of cases. The use of this adjusted

binomial likelihood gives a better reflection of the sampling distribution as compared to
the normal approximation in (2.8).

2.2.3 Unit-level methods (MB)

In contrast to previous area-level methods, Royall (1970) proposed a predictive hierarchical
model at the unit level, in order to define an estimator for Pk:

P̂k = 1
Nk

∑
i∈sk

yik +
∑
i∈s

′
k

ŷik

 . (2.12)

The first term sums up the observed response values of the sampled individuals in area
k, whereas the second term refers to the unobserved individuals from the population and
needs to be estimated from the sample. A flexible model is formulated for the observed
data yik, which is then used to predict the response values for the non-sampled individuals
(ŷik). Note that, the prediction model for yik should take into account the variables that
affected the sampling design, as the responses could depend on these characteristics. As
this might lead to a prediction model with many covariates and as commonly not all
covariates are publicly available, the available design weights can be used as a proxy for
the population strata and used as a variable in the prediction model (Zheng and Little,
2003, 2005).

Chen et al. (2010) proposed a Bayesian penalised spline predictive estimator in a survey
sampling setting for a finite population proportion, whereby the inclusion probability was
incorporated directly into the model as a covariate by means of a binary p-spline probit
regression model. Vandendijck et al. (2016) extended these ideas to the context of small
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area estimation. Two versions of the hierarchical weight-smoothing model are considered:

yMB1
ik |Pik ∼ Bernoulli(Pik)

logit(Pik) = β0 + f(w̃ik) + uk + vk,
(2.13)

or

yMB2
ik |Pik ∼ Bernoulli(Pik)

logit(Pik) = β0 + f(π̃ik) + uk + vk,
(2.14)

where f(.) is a non-parametric function in either the design weights or the sample prob-
abilities, specified by a random walk model of order one (RW1) or a penalised spline
(SP).

As we assume that not all information on the design is made available for the re-
searcher (only the design weights for the sampled individuals), Vandendijck et al. (2016)
proposed a method to resample weights for the non-sampled individuals. Based on the
work of Si et al. (2015), a Bayesian model was developed in order to estimate the design
weights of non-sampled individuals. For this model, we divide the data into Lk strata,
whereby Lk is the number of unique design weights in area k. Denote nlk as the sample
size in poststratification cell l (l = 1, ..., Lk) in area k and Nlk as the corresponding pop-
ulation size. Under the assumption of independent sampling, one can model the sampling
probabilities for a given individual i in area k with a Bernoulli distribution, whereby the
probabilities are given by

P (Rik = 1) = ck

wik
. (2.15)

In this formula ck fulfills the roll of a positive normalising constant, in order to ascertain
that the probabilities sum up to sample size nk. Given the fact that all individuals
in poststratification cell l have the same weight, we can define wik ≡ w(l)k and the
expected value of nlk can be expressed as E(nlk) = ck

Nlk

w(l)k
. Since nk =

∑Lk

l=1 nlk, we
can represent the normalising constant as ck = nk

1∑Lk

l=1
Nlk

w(l)k

. The vector of sample sizes

in area k (n1k, ..., nLkk) is assumed to follow a multinomial distribution, conditioned on
nk for each k:

(n1k, ..., nLkk) ∼ MN

nk;
N1k

w(1)k∑Lk

l=1
N1k

w(1)k

, ...,

Nlk

w(l)k∑Lk

l=1
Nlk

w(l)k

 . (2.16)

In the above parametrization, the population sizes Nlk are unknown parameters. Because
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of the fact that they are also unnormalized, we normalise them in such a way that they
sum to the population size in area k after fitting them:

Ñlk = Nlk∑Lk

l=1 Nlk

Nk. (2.17)

After obtaining information on Ñlk, (2.12) can be rewritten as

P̂k = 1∑Lk

l=1 Ñlk

(
Lk∑
l=1

nlkȳl +
Lk∑
l=1

(
Ñlk − nlk

)
P̂lk

)
, (2.18)

where we define ȳl =
∑

i∈l
yik

nlk
. An estimate for the prevalence Plk in each poststratifi-

cation cell l and area k can be obtained from (2.13) using the unique normalised weights
w̃lk. While this approach yields a point estimate for the population prevalence Pk, infer-
ence is based on the posterior distribution of P̂k. This posterior distribution is constructed
by taking samples from the posterior distribution of Ñlk and P̂lk. These samples can be
inserted B times in (2.18) in order to get B posterior samples for P̂k.

2.2.4 Adjustments for incomplete data

When dealing with nonresponse, weights need to be adjusted to take into account the
reduced sample size and the possible imbalance due to missingness. A first approach is
to work with the complete data as they are and normalise the weights according to the
observed sample size mk in each area. This leads to the use of the following weights

w̃d′

ik = mk · wd
ik∑

i∈s∗
k

wd
ik

. (2.19)

Because we only adjust the sample size in this case and leave the design weights un-
changed, this procedure will be called the semi-adjusted method. However, since miss-
ingness might lead to an imbalance of the observations, e.g. when missingness is related
to any of the design variables, it is important to re-weight observations using poststrati-
fication. This can be done by defining a new weight w∗

ik, defined as the product of the
design weights wd

ik and the missingness weight wm
ik. This new missingness weight wm

ik can
be defined as 1

P (rik=1) , whereby we can model this probability using the following logistic
regression model

logit(P (rik = 1)) = α + βXih, (2.20)
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where Xih is a vector containing information on the h covariates which might have an
effect on the missingness process for individual i in area k. We can characterise the
missingness weights as wm

ik = 1+exp(α+βXih)
exp(α+βXih) . The final weight is then normalised in such

a way that it corresponds to the number of non-missing observations:

w̃∗
ik = mk · wd

ik · wm
ik∑

i∈s∗
k

wd
ik · wm

ik

. (2.21)

Since we adjust both the sample size as well as the design weights for missingness, this
procedure will be called the adjusted method. All spatial smoothing methods as discussed
in Section 2.2.1 and 2.2.2 can be adapted to the setting of incomplete data by substituting
the weight used in the HT estimator as either the semi-adjusted or the adjusted weight.
Note that this weighting approach assumes that missingness does not depend on the
unobserved outcome itself, and thus that missingness is not MNAR.

The hierarchical weight-smoothing model allows for an additional correction to account
for nonresponse. Since the normalised weights are used directly as a covariate effect, this
model allows us to discern between the effects of the design weights and the missingness
weights. This separation can be expressed as follows:

yMB3
ik |Pik ∼ Bernoulli(Pik)

logit(Pik) = β0 + f1(w̃d
ik) + f2(w̃m

ik) + uk + vk.
(2.22)

This model has the advantage to be able to separate the impact of the design variables with
those variables that affect the missingness probability. Indeed, the variables that explain
the nonresponse may not be the same as the design variables. We can expand the previous
model even further by adding an overdispersion parameter ϵik, with ϵik ∼ N (0, σ2

ϵ ). This
parameter will account for all remaining variability for individual i of district k, further
improving the prediction of the area-specific prevalence (11). Thus, model (2.22) could
be extended to:

yMB3
ik |Pik ∼ Bernoulli(Pik)

logit(Pik) = β0 + f1(w̃d
ik) + f2(w̃m

ik) + uk + vk + ϵik.
(2.23)

The behavior of these methods under different degrees of missingness will be investi-
gated in the next section.



20 Spatial smoothing models for handling survey data with nonresponse

2.2.5 Prior specification

All area-level and unit-level methods described in Sections 2.2.2, 2.2.3 and 2.2.4 were
implemented using the Integrated Nested Lagrange Approximation (INLA) approach, de-
scribed by Rue et al. (2009). INLA was implemented as an R-package and can be down-
loaded at http://www.r-inla.org/. It serves as a faster alternative to Markov Chain
Monte Carlo (MCMC) methods when performing statistical inference for latent Gaussian
models. INLA computes accurate approximations to the posterior marginals via numeri-
cal integration. Carroll et al. (2015) performed an in-depth comparison in the ability to
recover estimates between INLA and OpenBUGS.

Prior distributions for the parameters β0, σ2
u, σ2

v and σ2
w need to be specified. In

general vague priors are preferred in order to minimize their effect on the inferential
evaluation, as was investigated by Browne and Draper (2006) and Gelman (2006). We
assume a zero-mean normal distribution with a high variance for the baseline parameter
β0. Furthermore, we assign a Gamma(0.5, 0.008) prior for both the spatial and non-spatial
precision parameters σ−2

u and σ−2
v , similar to Mercer et al. (2014). Lastly, we consider

the prior distribution for σ−2
w to be Gamma(1,0.01), in accordance with Wakefield et al.

(2010).
Furthermore, as a sensitivity analysis, we investigated the effect of the neighborhood

structure. As mentioned in Section 2.2.2, a first-order neighborhood structure was used
in the analysis. In order to investigate the robustness of the estimates with respect to
the definition of the neighborhood structure, an additional neighborhood scheme was
considered. Hereby, we consider two areas i1 and i2 to be neighbors if they share a
common boundary or if they both share a boundary with a common neighbor i3.

2.3 Simulation study

The performance of all models described above are investigated via a simulation study.
Section 2.3.1 describes the design of the simulation study in which we investigate the
performance of the models under different missing data mechanisms. Section 2.3.2 sum-
marises the results of the simulations.

2.3.1 Design of simulation study

The 43 administrative districts of Belgium, with a total population size of around ten
million, were chosen to be the geographical setting of interest (see Figure 2.1). The
population data was stratified into 18 age-groups, each defined by a five-year interval.
The total population size and average age in the population is presented in Figure 2.1

http://www.r-inla.org/.
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(upper panels). The indicator x denotes the 18 different age-groups in which the Belgian
population is categorised (x = 1 for ages 0 − 4, x = 2 for ages 5 − 9, ..., x = 18 for ages
85+), and Yi(j)k is the binary response variable for the ith individual belonging to age
stratum j in district k (i = 1, ..., Nk, j = 1, ..., 18, k = 1, ..., 43).

Simulating population prevalences

We assume that the binary response variable follows a bernoulli distribution

Yi(j)k ∼ Bernouilli(Pjk),

where Pjk is the population prevalence in stratum j of district k. The following two
models are considered for the simulation of the population prevalences:

(M1) : logit(Pjk) = logit(0.10) + 0.30 · xi(j)k,

(M2) : logit(Pjk) = logit(0.10) + 0.30 · xi(j)k + uk + vk,

with xi(j)k the age category of individual i in area k. Compared to (M1), a convolution
term uk ∼ ICAR(0, σ2

u) with precision σ−2
u ∼ Gamma(1.0, 0.5) was added in (M2),

encompassing an uncorrelated random effect vk ∼ N (0, 0.10). The spatial random effects
were generated using INLA. The values for these random effects were held constant across
all simulations, allowing us to investigate the prediction of the underlying spatial trend.
The true district-specific prevalence can then be calculated by averaging the simulated
prevalences Pjk, weighted by their corresponding population sizes Njk:

Pk =
∑J

j=1 NjkPjk∑J
j=1 Njk

.

These are presented in Figure 2.1 (lower panels). It can be observed that, in both preva-
lence models, there is some degree of spatial heterogeneity.

Simulating survey sample

A survey sample of size 5000 is taken from the simulated population using a stratified
probability design, according to the following procedure:

1. The sample size per area is taken proportional to the population size in each area
(Nk). A multinomial distribution is employed in order to generate the sample sizes nk
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Scenario Description Missingness probability weight Overall probability
S1 No missing data qm

i(j)k = 1 β = 0
S2 MCAR qm

i(j)k = 1 β = (0.2, 0.4, 0.6)
S3 MAR qm

i(j)k = 1 − xi(j)k

20 β = (0.2, 0.4, 0.6)
S4 S-MAR qm

i(j)k = expit
(
logit

(
1 − xa,ik

20
)

+ uk

)
β = (0.2, 0.4, 0.6)

S5 MAR qm
i(j)k = xi(j)k

20 β = (0.2, 0.4, 0.6)
S6 S-MAR qm

i(j)k = expit
(
logit

(xa,ik

20
)

+ uk

)
β = (0.2, 0.4, 0.6)

S7 MNAR qm
i(j)k = 0.7yi(j)k 0.9(1−yi(j)k) β = (0.2, 0.4, 0.6)

S8 MNAR qm
i(j)k = expit

(
logit

(
0.7yi(j)k 0.9(1−yi(j)k))+ uk

)
β = (0.2, 0.4, 0.6)

Table 2.1: Description of the simulated nonresponse mechanisms

per district in order to ensure the aforementioned proportionality:

(n1, ..., nK) ∼ Multinomial
(

5000; N1∑K
k=1 N1

, ...,
Nk∑K

k=1 Nk

)
.

Note that the sampling procedure depends solely on the population sizes of the districts,
not on the spatial distribution of the simulated outcome.

2. Next we distribute these samples across the different strata within a district k. We
denote qjk as the selection probability stratum j is selected in district k. In this setting
we assume that this probability depends on the age of the individuals, assuming older
individuals have a higher probability of being sampled. Defining xjk as the age group in
stratum j and district k, this could be expressed as follows:

qjk = log(xjk + 1)∑J
j=1 log(xjk + 1)

.

The stratum-specific sample size njk within each district are consequently simulated using
a multinomial distribution:

(n1k, ..., nJk) ∼ Multinomial(nk; q1k, ..., qJk).

3. Finally, we generate the number of cases within this sample using a binomial distribu-
tion according to the presumed population prevalences:

yjk ∼ Bin(njk, Pjk).

Note that, for a simulated sample, the survey design weight of observation i in district
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k, wd
ik ≡ wd

i(j)k, is calculated as the inverse of the proportion of observations that are
sampled from the population in stratum j within district k.

Simulating nonresponse

As we want to investigate the effect of nonresponse on the estimates’ spatial trend, differ-
ent missing data mechanisms will be considered. It is assumed that only (1 − β)% of the
respondents answer the question of interest, with β = (0, 20, 40, 60)%. Different miss-
ing data mechanisms can be underlying this, and the assumed scenarios are summarised
by the probability weights qm

i(j)k in Table 2.1. The probability to have not observed the
response for the ith individual in area k is then equal to P (ri(j)k = 0) = β

qm
i(j)k∑18

j=1
qm

i(j)k

.

In (S1), no nonresponse is present in the data; all outcomes are observed. These
results will be compared with the different scenarios in which some of the outcomes are
unobserved. In (S2), some of the outcomes are missing completely at random (MCAR).
This means that the observed outcomes are a random sample from the set of individuals
that are contained in the survey. The amount of missingness is given by a fixed parameter
β. In (S3)-(S6), the missing data mechanism is Missing at Random (MAR), in the sense
that the probability of having a missing response depends on age. Here, it is assumed
that missingness increases (S3) or decreases (S5) with age. In Appendix A, some other
age-related missingness mechanisms were considered and their results were displayed. In
scenario (S4) and (S6), we additionally assume that the amount of missingness is spatially
varying (S-MAR), incorporating a spatial random effect uk in the missingness probability
which follows a zero-mean ICAR model. Finally, in (S7) and (S8), we consider the setting
where the missing data mechanism is missing not at random (MNAR), assuming that the
amount of missingness depends on the outcome of interest. In (S8) a spatial random
effect was added, adding extra variability into the sampling scheme. For the simulation of
the spatial random effect in (S4), (S6) and (S8), a Gamma(0.5, 0.008) distribution was
used for the spatial precision parameter σ−2

u , similar as in Mercer et al. (2014) and Chen
et al. (2015). The simulated spatial random effect is presented in Figure 2.2 in Appendix
A.

The weights which adjust for missingness, wm
ik ≡ wm

i(j)k, are computed by the re-
ciprocal of the sample size within each stratum and district of the data set wherein the
observations with a missing response are excluded and the sample size in the matching
stratum and district in the original data set with no missing values. The final weights
which are used in the analysis, taking into account both the sampling design and nonre-
sponse, are defined as w∗

ik = wd
ik · wm

ik. This implies that every observation i in stratum
j and district k has the same weight.



24 Spatial smoothing models for handling survey data with nonresponse

UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 16.86 0.65 0.45 0.27 0.33 0.21 0.26 / / /

20% Missingness
MCAR (S2) 16.86(10) 0.87(9) 0.62(8) 0.37(2) 0.45(6) 0.37(1) 0.43(5) 0.38(3) 0.41(4) 0.47(7)

MAR (S3) 10.96(10) 0.48(9) 0.36(8) 0.24(3) 0.29(6) 0.21(1) 0.27(5) 0.23(2) 0.27(4) 0.30(7)

S-MAR (S4) 11.27(10) 0.54(9) 0.40(8) 0.26(3) 0.32(6) 0.23(1) 0.30(5) 0.24(2) 0.29(4) 0.32(7)

MAR (S5) 12.34(10) 0.62(9) 0.43(8) 0.27(5) 0.33(7) 0.26(4) 0.30(6) 0.13(2) 0.12(1) 0.17(3)

S-MAR (S6) 12.31(10) 0.58(9) 0.39(8) 0.25(3) 0.30(6) 0.25(2) 0.28(5) 0.22(1) 0.28(4) 0.31(7)

MNAR (S7) 7.81 0.60 0.50 0.61 0.54 0.30 0.59 0.53 0.55 0.55
S-MNAR (S8) 8.00 0.58 0.47 0.57 0.49 0.27 0.55 0.51 0.52 0.52

40% Missingness
MCAR (S2) 16.63(10) 1.14(9) 0.83(8) 0.49(1) 0.61(3) 0.57(2) 0.66(6) 0.63(4) 0.64(5) 0.69(7)

MAR (S3) 4.77(10) 0.22(8) 0.21(6) 0.17(1) 0.22(7) 0.21(4) 0.26(9) 0.19(2) 0.21(5) 0.20(3)

S-MAR (S4) 5.11(10) 0.24(6) 0.24(5) 0.20(2) 0.22(3) 0.25(7) 0.32(9) 0.19(1) 0.25(8) 0.23(4)

MAR (S5) 7.03(10) 0.38(9) 0.30(7) 0.22(1) 0.27(4) 0.27(3) 0.32(8) 0.26(2) 0.29(6) 0.28(5)

S-MAR (S6) 7.02(10) 0.34(9) 0.29(7) 0.21(1) 0.24(3) 0.23(2) 0.30(8) 0.27(6) 0.25(4) 0.25(5)

MNAR (S7) 0.88 4.26 4.28 4.77 4.45 4.53 4.56 4.26 4.38 4.33
S-MNAR (S8) 1.44 4.14 3.89 4.36 4.00 4.14 4.17 3.47 3.97 3.97

60% Missingness
MCAR (S2) 16.36(10) 1.72(9) 1.28(8) 0.83(1) 0.98(2) 1.12(3) 1.25(7) 1.17(5) 1.14(4) 1.21(6)

MAR (S3) 0.38(10) 0.18(8) 0.09(3) 0.11(5) 0.14(6) 0.18(7) 0.20(9) 0.10(4) 0.08(1) 0.08(2)

S-MAR (S4) 0.60(10) 0.15(7) 0.10(3) 0.12(4) 0.13(6) 0.20(8) 0.23(9) 0.13(5) 0.10(2) 0.09(1)

MAR (S5) 1.99(10) 0.10(1) 0.11(3) 0.13(5) 0.15(7) 0.20(8) 0.23(9) 0.15(6) 0.12(4) 0.11(2)

S-MAR (S6) 2.13(10) 0.13(2) 0.13(3) 0.13(4) 0.15(6) 0.19(8) 0.23(9) 0.17(7) 0.14(5) 0.12(1)

MNAR (S7) 5.60 19.68 19.08 19.89 18.81 18.96 18.94 18.44 19.29 19.15
S-MNAR (S8) 6.23 19.00 17.45 18.09 17.06 17.22 17.23 16.52 17.57 17.55

Table 2.2: Summary statistics of squared bias using adjusted weights, analysed under
the M1 simulation mechanism. The prior distribution of the precision parameters σ−2

u

and σ−2
v are assumed to follow a Gamma(0.5,0.008)-distribution. (×103)

2.3.2 Simulation results

For each combination of a prevalence model and missing data scenario we run S = 100
simulations. The results of the unweighted estimator (2.2), Horvitz-Thompson estimator
(2.3), unadjusted binomial model (2.5), logit normal model (2.7), arcsine root normal
model (2.8), pseudo-likelihood model (2.9), effective sample size method (2.10) and the
hierarchical weight-smoothing models (2.12), (2.13), (2.16) and (2.17) are discussed in
this section. For each of these expressions both the semi-adjusted (2.14) and adjusted
(2.15) weights are considered.

In the presence of missing data, the weights need to be redefined. As explained in
Section 2.2.3, we can either use the semi-adjusted weights w̃d′

ik, which correct for the
number of respondents, or use the adjusted weights w̃∗

ik defined as function of design
weight and missingness weight. Figure 2.2 shows the effect of different definitions of the
weight on the bias of the area-specific prevalence estimates. The box plot corresponds
with the bias of the area-specific prevalences for the 100 simulations. These results clearly
indicate that the definition of the weights can have a serious impact on the results. While
results between the semi-adjusted and adjusted weights are similar under the MCAR
missing data mechanism, there is a large discrepancy between these under the scenario of
MAR. This is not unexpected since the age-distribution of the sample is distorted when
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 20.58 6.22 1.61 0.62 0.69 0.83 0.76 / / /

20% Missingness
MCAR (S2) 21.65(10) 7.99(9) 2.01(8) 0.83(1) 0.92(2) 1.03(5) 0.95(3) 1.04(6) 0.95(4) 1.38(7)

MAR (S3) 15.80(10) 7.04(9) 1.47(8) 0.56(1) 0.60(2) 1.03(5) 0.74(3) 1.18(6) 1.03(4) 1.23(7)

S-MAR (S4) 16.07(10) 6.85(9) 1.51(8) 0.58(1) 0.63(2) 0.94(4) 0.75(3) 1.18(6) 1.04(5) 1.25(7)

MAR (S5) 17.03(10) 7.21(9) 1.58(8) 0.60(1) 0.65(2) 0.96(7) 0.76(5) 0.87(6) 0.73(3) 0.75(4)

S-MAR (S6) 17.10(10) 7.18(9) 1.59(8) 0.60(1) 0.64(2) 1.00(5) 0.75(3) 1.06(6) 0.95(4) 1.26(7)

MNAR (S7) 12.75 7.10 1.64 0.95 0.86 1.30 1.14 1.26 1.16 1.45
S-MNAR (S8) 12.95 7.25 1.71 0.94 0.92 1.24 1.12 1.27 1.11 1.43

40% Missingness
MCAR (S2) 22.94(10) 10.41(9) 2.50(8) 1.08(1) 1.25(3) 1.26(4) 1.23(2) 1.31(6) 1.28(5) 1.70(7)

MAR (S3) 11.75(10) 9.00(9) 1.39(8) 0.52(1) 0.52(2) 1.20(5) 0.69(3) 1.28(7) 1.12(4) 1.25(6)

S-MAR (S4) 11.62(10) 8.26(9) 1.41(8) 0.51(1) 0.59(2) 1.14(5) 0.74(3) 1.32(7) 1.12(4) 1.24(6)

MAR (S5) 13.92(10) 9.11(9) 1.51(8) 0.57(1) 0.58(2) 1.05(4) 0.79(3) 1.19(6) 1.06(5) 1.31(7)

S-MAR (S6) 13.80(10) 8.63(9) 1.56(8) 0.55(1) 0.64(2) 0.97(4) 0.74(3) 1.23(6) 1.03(5) 1.31(7)

MNAR (S7) 7.91 12.64 5.41 5.12 4.74 5.23 5.03 5.18 5.08 5.31
S-MNAR (S8) 8.52 12.69 5.18 4.73 4.39 4.85 4.69 4.42 4.68 4.96

60% Missingness
MCAR (S2) 26.09(10) 15.47(9) 3.13(8) 1.58(1) 1.60(2) 1.84(3) 1.87(4) 2.40(6) 2.33(5) 2.74(7)

MAR (S3) 11.44(10) 13.01(9) 1.56(8) 0.53(1) 0.62(2) 1.04(4) 0.71(3) 1.40(7) 1.13(5) 1.25(6)

S-MAR (S4) 11.92(10) 12.91(9) 1.34(8) 0.52(2) 0.47(1) 1.07(4) 0.74(3) 1.43(7) 1.14(5) 1.29(6)

MAR (S5) 12.98(10) 12.85(9) 1.41(8) 0.54(2) 0.48(1) 0.99(4) 0.72(3) 1.27(6) 1.08(5) 1.34(7)

S-MAR (S6) 13.05(10) 12.66(9) 1.60(8) 0.57(1) 0.65(2) 0.96(4) 0.73(3) 1.30(6) 1.11(5) 1.38(7)

MNAR (S7) 16.72 31.75 20.22 20.25 19.08 19.64 19.43 18.98 19.66 19.81
S-MNAR (S8) 18.11 31.63 18.69 18.59 17.44 18.07 17.93 17.17 18.05 18.29

Table 2.3: Summary statistics of MSE using adjusted weights, analysed under the M1
simulation mechanism. The prior distribution of the precision parameters σ−2

u and σ−2
v

are assumed to follow a Gamma(0.5,0.008)-distribution. (×103)

missingness is MAR, but not when missingness is MCAR. This indeed indicates that post-
stratification of the weights for important covariates is very important when missingness
occurs in the sample.

To evaluate the estimates, the squared bias and mean squared error (MSE) are used.
P̂k

(s) represents the estimated prevalence for area k, based on the sth simulated sample,
and ¯̂

Pk = 1
S

∑
s P̂k

(s) is the corresponding averaged value over all simulated surveys. The
overall squared bias and MSE are then defined as:

Bias2 = 1
K

K∑
k=1

( ¯̂
Pk − Pk

)2
,

Variance = 1
K

K∑
k=1

(
1

S − 1

S∑
s=1

(
P̂

(s)
k − ¯̂

Pk

)2
)

,

MSE = Bias2 + Variance.

Furthermore, we calculate the nominal coverage probabilities of the estimated prevalences.
Tables 2.2, 2.3 and 2.4 summarise the results under the simulated model M1 (model with
age-trend only), whereas Tables 2.5, 2.6 and 2.7 correspond to the prevalence scenario
M2 (model with additional spatial heterogeneity, not explained by the covariate). These
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 0.33 0.95 0.95 0.98 0.97 1.00 1.00 / / /

20% Missingness
MCAR (S2) 0.39 0.94 0.95 0.98 0.97 1.00 0.99 0.99 0.99 1.00
MAR (S3) 0.52 0.95 0.97 0.98 0.98 1.00 0.99 0.99 1.00 1.00
S-MAR (S4) 0.51 0.95 0.97 0.98 0.98 1.00 1.00 0.98 1.00 1.00
MAR (S5) 0.49 0.95 0.97 0.99 0.98 1.00 1.00 0.99 0.99 1.00
S-MAR (S6) 0.49 0.95 0.97 0.98 0.98 1.00 1.00 0.99 1.00 1.00
MNAR (S7) 0.63 0.92 0.92 0.87 0.89 0.96 0.95 0.98 0.98 0.99
S-MNAR (S8) 0.62 0.92 0.92 0.88 0.90 0.96 0.96 0.98 0.98 0.99

40% Missingness
MCAR (S2) 0.47 0.93 0.95 0.98 0.97 1.00 0.99 0.99 0.99 1.00
MAR (S3) 0.79 0.92 0.92 0.88 0.88 0.96 0.95 0.99 1.00 1.00
S-MAR (S4) 0.78 0.92 0.94 0.89 0.89 0.96 0.96 0.99 1.00 1.00
MAR (S5) 0.71 0.93 0.96 0.95 0.96 0.99 0.98 0.99 1.00 1.00
S-MAR (S6) 0.70 0.94 0.96 0.95 0.94 0.99 0.99 0.99 1.00 1.00
MNAR (S7) 0.92 0.75 0.61 0.29 0.29 0.58 0.50 0.74 0.72 0.85
S-MNAR (S8) 0.89 0.76 0.64 0.36 0.38 0.62 0.56 0.79 0.76 0.86

60% Missingness
MCAR (S2) 0.56 0.91 0.93 0.98 0.97 1.00 0.99 0.99 0.99 1.00
MAR (S3) 0.93 0.85 0.83 0.65 0.64 0.81 0.78 1.00 1.00 1.00
S-MAR (S4) 0.92 0.86 0.83 0.67 0.67 0.83 0.79 1.00 1.00 1.00
MAR (S5) 0.89 0.89 0.91 0.82 0.82 0.94 0.92 1.00 1.00 1.00
S-MAR (S6) 0.89 0.90 0.91 0.83 0.82 0.95 0.93 0.99 1.00 1.00
MNAR (S7) 0.81 0.53 0.17 0.02 0.01 0.11 0.07 0.29 0.30 0.46
S-MNAR (S8) 0.80 0.54 0.24 0.05 0.05 0.20 0.16 0.35 0.38 0.50

Table 2.4: Nominal coverage probabilities using adjusted weights, analysed under the
M1 simulation mechanism. The prior distribution of the precision parameters σ−2

u and
σ−2

v are assumed to follow a Gamma(0.5,0.008)-distribution.

tables only include results for adjusted weights.
The results show that, as expected, the UNW estimator can have very large bias.

The larger the discrepancy between sample and population, the larger the bias. Note
that in some scenarios the missingness slightly corrects for the imbalance between sample
and population, decreasing the bias in the sample. In general, however, this estimator
cannot be recommended. Also the MSE of this estimator is very large, in general, as a
result of large variability. As this estimator is a direct estimator, making use only of the
information within an area, this estimator can be very unstable, especially for areas with
a small sample size.

Overall, the HT estimator, making use of the adjusted weights, performs much better
in terms of bias. Not only in the situation of complete data, but also when data are
incomplete, bias is small. In the setting of missingness not at random however (S7 and
S8), the bias of the HT estimator is increased again. This is not unexpected, as the
weighting approach makes the assumption of missingness at random (indeed, missingness
probabilities are assumed to be independent of the missing outcomes themselves). Looking
at the MSE, it can be observed that MSE is often large for the HT estimator. This is
again due to the fact that the estimator can be unstable when sample size is small, as
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 0.04 0.04 0.89 0.33 1.76 0.33 0.33 / / /

20% Missingness
MCAR (S2) 0.03(1) 0.04(2) 1.68(9) 0.51(8) 2.52(10) 0.49(5) 0.50(7) 0.49(4) 0.50(6) 0.48(3)

MAR (S3) 0.04(1) 0.05(2) 1.37(9) 0.46(4) 2.01(10) 0.47(6) 0.47(7) 0.54(8) 0.47(5) 0.45(3)

S-MAR (S4) 0.04(1) 0.04(2) 1.49(9) 0.50(5) 2.40(10) 0.50(7) 0.50(8) 0.47(3) 0.50(6) 0.49(4)

MAR (S5) 0.02(1) 0.03(2) 1.60(9) 0.44(3) 2.79(10) 0.47(8) 0.47(7) 0.45(5) 0.47(6) 0.45(4)

S-MAR (S6) 0.04(1) 0.05(2) 1.77(9) 0.46(3) 3.03(10) 0.47(6) 0.48(7) 0.60(8) 0.47(5) 0.46(4)

MNAR (S7) 1.65 1.70 2.88 2.01 4.01 1.99 1.99 2.07 1.98 1.97
S-MNAR (S8) 1.58 1.65 3.00 2.03 4.02 2.00 2.01 2.11 2.01 1.99

40% Missingness
MCAR (S2) 0.05(1) 0.05(2) 2.99(9) 0.73(3) 4.76(10) 0.77(8) 0.76(6) 0.77(7) 0.76(5) 0.75(4)

MAR (S3) 0.04(1) 0.06(2) 2.83(9) 0.78(4) 4.32(10) 0.78(7) 0.78(6) 0.90(8) 0.78(5) 0.76(3)

S-MAR (S4) 0.06(1) 0.06(2) 2.82(9) 0.76(3) 4.62(10) 0.79(8) 0.79(7) 0.78(5) 0.79(6) 0.78(4)

MAR (S5) 0.02(1) 0.03(2) 2.67(9) 0.69(3) 4.21(10) 0.75(7) 0.75(6) 0.82(8) 0.74(5) 0.73(4)

S-MAR (S6) 0.04(1) 0.05(2) 3.09(9) 0.76(3) 5.12(10) 0.80(6) 0.79(5) 1.01(8) 0.80(7) 0.77(4)

MNAR (S7) 8.58 8.46 10.91 9.14 12.07 9.28 9.17 10.55 9.14 9.14
S-MNAR (S8) 8.34 8.40 11.39 9.25 12.61 9.29 9.30 9.70 9.26 9.28

60% Missingness
MCAR (S2) 0.08(1) 0.08(2) 5.74(9) 1.41(3) 11.35(10) 1.53(7) 1.51(6) 2.11(8) 1.50(5) 1.46(4)

MAR (S3) 0.08(1) 0.11(2) 6.17(9) 1.54(6) 10.58(10) 1.54(7) 1.53(5) 1.54(8) 1.52(4) 1.50(3)

S-MAR (S4) 0.07(1) 0.07(2) 6.05(9) 1.48(3) 10.42(10) 1.56(8) 1.56(7) 1.54(6) 1.54(5) 1.50(4)

MAR (S5) 0.04(1) 0.05(2) 5.11(9) 1.51(3) 8.41(10) 1.60(7) 1.59(6) 1.63(8) 1.58(5) 1.56(4)

S-MAR (S6) 0.05(1) 0.08(2) 5.20(9) 1.60(3) 8.47(10) 1.67(7) 1.66(6) 1.83(8) 1.65(5) 1.61(4)

MNAR (S7) 28.40 28.39 37.63 31.77 38.07 31.97 32.02 32.37 31.91 31.94
S-MNAR (S8) 27.86 27.94 38.05 31.69 38.22 32.04 32.17 33.13 32.05 32.10

Table 2.5: Summary statistics of squared bias using adjusted weights, analysed under
the M2 simulation mechanism. The prior distribution of the precision parameters σ−2

u

and σ−2
v are assumed to follow a Gamma(0.5,0.008)-distribution. (×103)

only information within an area is being used.
Comparing the different indirect modeling approaches (logit normal model, arcsine

root normal model, pseudo-likelihood model, effective sample size method and weight-
smoothing model) versus the direct estimators, it can be observed the indirect approaches
outperform the direct estimators, both in average squared bias, average MSE and the
coverage probabilities of the 95% credible interval. The average squared bias of all indi-
rect estimators is small, as long as missingness is MCAR or MAR. When the underlying
prevalence process is spatially structured, the MB and PL estimators outperform all other
methods, leading to smallest bias, MSE and best coverage for all scenarios. However,
when the underlying prevalence process is spatially unstructured, all area-level and unit-
level methods behave similar in terms of bias and MSE. Overall, MAR and MNAR leads
to a deflation of the coverage for the AS, PL and ES models. Coverage for the area-level
and unit-level methods is good for MAR scenarios. Further note that even in the situa-
tion that no spatial heterogeneity term is present in the true prevalence model, both the
area-level and unit-level models including the spatial heterogeneity term improve the fit in
terms of both squared bias and MSE. This shows that, indeed, the shrinkage of extreme
local estimates, by the use of the area- and unit-level estimators, is advantageous in the
small area situation.
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 2.46 3.63 6.30 3.46 9.28 2.38 2.40 / / /

20% Missingness
MCAR (S2) 3.15(6) 4.64(8) 8.36(9) 4.32(7) 9.47(10) 3.03(1) 3.06(4) 3.13(5) 3.06(3) 3.06(2)

MAR (S3) 2.98(6) 4.26(8) 7.60(9) 3.96(7) 7.81(10) 2.87(1) 2.89(4) 3.43(5) 2.88(3) 2.88(2)

S-MAR (S4) 2.92(6) 4.16(8) 7.87(9) 3.92(7) 9.71(10) 2.87(2) 2.88(4) 2.90(5) 2.88(3) 2.87(1)

MAR (S5) 3.00(6) 4.16(8) 8.23(9) 3.89(7) 11.68(10) 2.91(1) 2.93(3) 2.95(5) 2.93(4) 2.92(2)

S-MAR (S6) 3.01(5) 4.25(8) 8.21(9) 3.95(7) 11.84(10) 2.90(1) 2.92(3) 3.58(6) 2.92(4) 2.91(2)

MNAR (S7) 4.70 6.11 8.93 5.71 12.77 4.49 4.51 5.01 4.50 4.50
S-MNAR (S8) 4.57 6.13 9.07 5.79 11.90 4.46 4.49 5.17 4.49 4.49

40% Missingness
MCAR (S2) 4.14(6) 5.96(8) 11.33(9) 5.58(7) 13.94(10) 4.06(4) 4.04(2) 4.05(3) 4.06(5) 4.03(1)

MAR (S3) 3.94(2) 5.38(8) 11.10(9) 5.18(7) 12.78(10) 3.96(4) 3.97(5) 4.48(6) 3.96(3) 3.90(1)

S-MAR (S4) 3.87(3) 5.24(8) 11.36(9) 5.04(7) 14.67(10) 3.91(4) 3.92(6) 3.87(2) 3.92(5) 3.86(1)

MAR (S5) 4.05(5) 5.33(8) 11.08(9) 5.10(7) 13.37(10) 4.03(2) 4.04(4) 4.19(6) 4.03(3) 4.00(1)

S-MAR (S6) 4.01(3) 5.43(8) 11.08(9) 5.17(7) 15.39(10) 4.01(2) 4.04(5) 4.71(6) 4.04(4) 3.99(1)

MNAR (S7) 13.00 14.61 18.52 14.14 20.76 12.78 12.64 16.97 12.61 12.59
S-MNAR (S8) 12.58 14.55 19.17 14.32 20.74 12.69 12.70 14.37 12.68 12.65

60% Missingness
MCAR (S2) 6.40(5) 8.64(8) 17.17(9) 7.79(6) 27.29(10) 6.08(2) 6.10(3) 8.04(7) 6.11(4) 6.06(1)

MAR (S3) 6.25(6) 8.03(8) 17.50(9) 7.44(7) 25.10(10) 6.03(3) 6.02(4) 6.10(5) 6.02(2) 6.02(1)

S-MAR (S4) 6.26(6) 7.8(8)3 17.51(9) 7.35(7) 25.19(10) 6.11(4) 6.10(3) 6.15(5) 6.10(2) 6.02(1)

MAR (S5) 5.95(4) 7.52(8) 15.39(9) 7.14(7) 20.43(10) 5.95(5) 5.92(2) 6.01(6) 5.93(3) 5.87(1)

S-MAR (S6) 6.14(5) 7.97(8) 15.76(9) 7.48(7) 20.52(10) 6.09(2) 6.11(4) 6.72(6) 6.10(3) 6.07(1)

MNAR (S7) 36.43 38.84 48.25 39.63 50.18 37.77 37.71 38.60 37.66 37.73
S-MNAR (S8) 36.09 38.77 48.00 39.13 50.29 37.38 37.52 39.84 37.42 37.48

Table 2.6: Summary statistics of MSE using adjusted weights, analysed under the M2
simulation mechanism. The prior distribution of the precision parameters σ−2

u and σ−2
v

are assumed to follow a Gamma(0.5,0.008)-distribution. (×103)

Different versions of the MB method were considered, either using a spline or random
walk (RW1) in the prediction model. Only small differences are observed between MB1
based on spline (SP) or RW1, though, in general, the squared bias based on the spline
model is slightly larger than based on the RW1 model. However, the MSE is smallest
for the spline model as it leads to smallest variability. When the prevalence model does
not contain any spatial random effect (model M1), we do not see any improvement of
model MB3 (using separate weights with or without overdispersion) as compared to MB1.
However, when the prevalence model does contain a spatial random effect (model M2),
a small improvement is observed. This can be due to the increased variability in the
prevalence model, which can be better modeled via the extended models.

When the missingness process is spatially structured, the bias in the area-specific
prevalences increases. Note that the S-MAR reflects a situation in which the missingness
probabilities depend on an (unobserved) environmental factor. In the current analyses,
only observed covariates were taken into consideration in the missingness probabilities, and
therefore are misspecified. This explains why there is an increase in bias for all methods
in the S-MAR scenario as compared to the MAR scenario. While the increase in bias can
be large for the direct estimators, this increase is limited for the area-level and unit-level
estimators, as they further model the spatial heterogeneity. Incorporation of a spatial
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 0.92 0.89 0.88 0.90 0.85 0.95 0.95 / / /

20% Missingness
MCAR (S2) 0.90 0.87 0.86 0.89 0.82 0.94 0.94 0.94 0.94 0.94
MAR (S3) 0.91 0.87 0.88 0.90 0.83 0.95 0.95 0.94 0.95 0.95
S-MAR (S4) 0.91 0.87 0.88 0.91 0.84 0.95 0.95 0.95 0.95 0.95
MAR (S5) 0.91 0.87 0.87 0.90 0.82 0.95 0.94 0.95 0.94 0.95
S-MAR (S6) 0.91 0.88 0.87 0.91 0.80 0.95 0.95 0.93 0.95 0.95
MNAR (S7) 0.81 0.81 0.78 0.80 0.73 0.84 0.84 0.83 0.84 0.84
S-MNAR (S8) 0.82 0.81 0.78 0.80 0.74 0.84 0.84 0.83 0.84 0.85

40% Missingness
MCAR (S2) 0.89 0.84 0.85 0.90 0.80 0.95 0.94 0.95 0.94 0.95
MAR(S3) 0.89 0.86 0.87 0.91 0.81 0.95 0.95 0.94 0.95 0.95
S-MAR (S4) 0.89 0.86 0.86 0.91 0.80 0.95 0.95 0.95 0.95 0.95
MAR (S5) 0.89 0.86 0.88 0.91 0.82 0.94 0.94 0.94 0.94 0.95
S-MAR (S6) 0.89 0.86 0.85 0.91 0.76 0.95 0.95 0.93 0.95 0.95
MNAR (S7) 0.56 0.62 0.54 0.58 0.50 0.59 0.59 0.56 0.59 0.60
S-MNAR (S8) 0.60 0.64 0.57 0.59 0.53 0.60 0.60 0.59 0.61 0.61

60% Missingness
MCAR (S2) 0.86 0.81 0.81 0.91 0.69 0.95 0.95 0.92 0.95 0.96
MAR (S3) 0.86 0.82 0.83 0.91 0.70 0.95 0.95 0.95 0.95 0.95
S-MAR (S4) 0.86 0.82 0.81 0.91 0.70 0.94 0.94 0.94 0.94 0.94
MAR (S5) 0.87 0.83 0.83 0.92 0.71 0.95 0.95 0.95 0.95 0.95
S-MAR (S6) 0.86 0.83 0.83 0.91 0.73 0.95 0.95 0.94 0.95 0.95
MNAR (S7) 0.38 0.43 0.33 0.39 0.32 0.38 0.39 0.38 0.39 0.39
S-MNAR (S8) 0.41 0.45 0.35 0.41 0.34 0.40 0.40 0.39 0.40 0.40

Table 2.7: Nominal coverage probabilities using adjusted weights, analysed under the
M2 simulation mechanism. The prior distribution of the precision parameters σ−2

u and
σ−2

v are assumed to follow a Gamma(0.5,0.008)-distribution.

heterogeneity term in the model for the missingness probabilities might further improve
the estimation.

In Figures 2.3 and 2.4, we present the spatial trends for the HT, AN and MB1 (based
on RW1) models, under prevalence model M1 and M2, respectively. Here, missingness
scenarios S2 and S6 are of interest, whereby 20% nonresponse was simulated. When
comparing the estimates in Figure 2.3 to the true proportion in Figure 2.1 (bottom left
panel), it is apparent that the HT, AN and MB1 (RW1) methods have difficulties to
recover the true proportion in the southern districts. In those areas, lower sample sizes
were acquired, as these were generated proportionally to the population sizes (Figure 2.1
(top left panel)). This renders the design-based estimator HT less reliable and inefficient,
while the AN and MB1 estimators retrieve the true population proportion significantly
better in the MCAR setting. However, when looking at the results of the S2 and S6
mechanisms in Figure 2.4 for the spatial prevalence model, all three estimators perform
well.

In addition, Figures A3 - A6 show the estimated trends for simulation scenarios S1-S4,
under both prevalence models (M1 and M2). Here the weights adjust for 60% missingness.
These results can be found in Appendix A.
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Figure 2.1: The top panels show the population size (left panel) and average age category
(right panel) per district. The lower panels correspond to the underlying prevalence models
M1 (left) and M2 (right).

A sensitivity analysis of the priors of the random effects is presented in Appendix A.
Tables A1-A4 show the summary statistics for the models which assign a Gamma(2, 1)
prior for the precision parameters σ−2

u and σ−2
v . Similarly, Tables A5-A8 display the results

when considering the prior distribution of σ−2
u and σ−2

v to be a Gamma(1, 0.5). Further-
more, we display the summary results for the analyses using the second-order neighboring
structure in Tables A9-A12. Overall, while one can detect small deviations across the
different simulation settings, the results show that the models perform consistently when
applying small deviations for the prior distributions and neighborhood structure.



Spatial smoothing models for handling survey data with nonresponse 31

U
N

W H
T

U
B

LN A
N P
L

E
S

M
B

1
(R

W
1)

M
B

2
(R

W
1)

M
B

1
(S

P
)

M
B

2
(S

P
)

M
B

3
(R

W
1)

M
B

3
(S

P
)

M
B

3
(S

P
 +

 O
D

)

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3 Adjusted
Semi−Adjusted
Separate Weights

U
N

W H
T

U
B

LN A
N P
L

E
S

M
B

1
(R

W
1)

M
B

2
(R

W
1)

M
B

1
(S

P
)

M
B

2
(S

P
)

M
B

3
(R

W
1)

M
B

3
(S

P
)

M
B

3
(S

P
 +

 O
D

)

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3 Adjusted
Semi−Adjusted
Separate Weights

Figure 2.2: The left panel depicts the box plots for the estimated bias under MCAR mech-
anism, while the right panel shows the box plots for those under the S-MAR assumption.
Both were constructed under the M1 simulation mechanism, for 60% missingness.

Health Excellent Good Reasonable Poor Very Poor
Response 0 0 1 1 1

Table 2.8: Dichotomization of the perceived health variable

2.4 Application to the Belgian HIS data set

We apply the methods described in Section 2.2 to the Belgian Health Interview Survey
(HIS) (2001). The Belgian HIS aims to investigate the health status of the Belgian
population. The selection process of the respondents comprises three steps. Firstly,
respondents are selected based on the region in which they live (Flanders, Wallonia and
the Brussels region). A total sample size of 12.770 was drawn from the population (4255,
3234 and 5281 respectively for the three regions). Secondly, a stratification is carried
out at the level of the ten provinces. Lastly, within the provinces, the sampling units are
selected in three stages. Municipalities are selected proportionally to their size within the
provinces and form the primary selection unit (PSU). Within these municipalities a simple
random sample of households was drawn, forming the secondary sampling unit (SSU).
Lastly, not more four individuals, the tertiary sampling unit (TSU), were interviewed in
each household.

For this analysis the variable “perceived health” was investigated. Participants an-
swered the question “How is your health in general?” on a scale from “Excellent” to
“Very Poor”. This ordinal variable was combined into two groups, using the dichotomiza-
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Figure 2.3: Spatial maps displaying the estimated prevalence for the HT estimator (top
row), AN estimator (middle row) and MB3 (SP+OD) estimator (bottom row), anal-
ysed under the M1 simulation mechanism and S2 (left column) and S6 (right column)
missingness mechanism with 20% missingness.

tion which can be conferred in Table 2.8. People which answered to be feeling “Very
Good” or “Good” were allocated value 0, while people who responded to be feeling “Rea-
sonable” or worse got value 1 for the newly constructed variable. This allows us to use
the methods, outlined in Section 2.2.
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Figure 2.4: Spatial maps displaying the estimated prevalence for the HT estimator (top
row), AN estimator (middle row) and MB3 (SP+OD) estimator (bottom row), anal-
ysed under the M2 simulation mechanism and S2 (left column) and S6 (right column)
missingness mechanism with 20% missingness.

The data collection was carried out over the same 18 age groups that were used
in Section 2.3. Only participants who were older than 15 were taken into account for
the analysis as this question was only asked to individuals older than 15. The line plot
in Figure 2.5 depicts a positive correlation between the age of the participants and the
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Description Missingness probabilities qm
ik

Age Group 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
qm

ik 0.23 0.18 0.09 0.07 0.08 0.06 0.07 0.08 0.08 0.07 0.08 0.07 0.10 0.18 0.28

Table 2.9: Definition of the missingness probability weights for the simulation study of
the HIS data set for each eligible age group.

UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Bias2 0.54 0.21 0.21 0.70 0.30 0.27 0.23 0.30 2.49 2.49
MSE 1.92 2.74 1.14 1.24 0.90 0.51 0.49 0.52 2.75 2.74

Table 2.10: Summary statistics of squared bias and MSE using adjusted weights for the
simulation setting of the HIS data set. The prior distribution of the precision parameters
σ−2

u and σ−2
v are assumed to follow a Gamma(0.5,0.008)-distribution. (×103)

perceived health, as well as with the amount of missingness, after age 15.
In total, 10419 eligible observations were taken into account for the analysis. When

using the constructed binary perceived health variable, 2383 participants (22.87%) stated
that their general health was reasonable or worse, 6998 respondents (67.17%) found their
health in general to be good or better. 1038 (9.96%) people did not answer this question.
The sample sizes in the different Belgian districts range from 43 to 2576. The amount
of missingness varies between 2% and 23 %, where the districts Ath and Mons in the
province of Hainaut exhibit the largest degrees of incomplete data. These results are
visualised in Figure 2.7. Four districts (Dendermonde, Dinant, Ieper, Veurne) were not
sampled in the HIS study and are highlighted in black. The original design weights were
poststratified in order to account for any distributional differences for age and gender.
We can define the poststratified design weights wd

i(j)k as follows:

wd
i(j)k = wi(j)k · Njk∑

i∈(j) wi(j)k
,

where wi(j)k and wd
i(j)k are the original design weight and the poststratified design weight

respectively for individual i in stratum j and area k. The unnormalised missingness weights
were constructed using the following logistic regression models:

(W1) : logit(P (rik = 1)) = ηi = β0 + β1Agei + β2Genderi,

(W2) : logit(P (rik = 1)) = ηi = β0 + β1Agei + β2Genderi + uk + vk,

We model the probability of observing the response of interest for individual i in area k

in terms of the age and gender (genderi = 0 for males and genderi = 1 for females) of
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MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Adjusted weights (W1) 10580.49 10576.65 10433.52 10214.34 /
Adjusted weights (W2) 10583.65 10583.82 10502.65 / 10388.13
Semi-adjusted weights 10586.64 10589.35 / / /

Table 2.11: The DIC values of the hierarchical weight-smoothing estimators for the HIS
data set for the W1 and W2 approach in the calculation of the missingness weights.

4 6 8 10 12 14 16 18

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Age categories

P
re

va
le

nc
e 

/ P
er

ce
nt

ag
e 

no
nr

es
po

ns
e

Prevalence
% Missingness

U
N

W H
T

U
B

LN A
N P
L

E
S

M
B

1
(R

W
1)

M
B

2
(R

W
1)

M
B

1
(S

P
)

M
B

2
(S

P
)

M
B

3
(R

W
1)

M
B

3
(S

P
)

M
B

3
(S

P
 +

 O
D

)

0.10

0.15

0.20

0.25

0.30

0.35

0.40 Adjusted
Semi−Adjusted
Separate Weights

Figure 2.5: Line plot for prevalence of perceived health and nonresponse percentages
over five-year age intervals (left panel) and the box plots of the estimated prevalences
for perceived health using the models with adjusted, semi-adjusted and separate weights
(right panel).

the given respondent. As we also want to investigate whether methods can be further
improved by incorporating a spatial trend in the weights, we extended the model by
incorporating a spatial (uk) and non-spatial (vk) random effect in the estimation process
which will account for any spatially correlated and uncorrelated variability not yet explained
by the design variables Age and Gender. Finally, we can again characterise the missingness
weights as wm

ik = 1+exp(ηi)
exp(ηi) .

The normalised design weights vary from 0.3865 to 5.595 while the normalised weights
which adjust for nonresponse range between 0.0282 and 3.575.

2.4.1 Data application

The right panel in Figure 2.5 shows the box plots for comparing the estimates associated
with the adjusted and semi-adjusted weights obtained by the models described in Sec-
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Figure 2.6: Box plots of the simulated estimated bias for perceived health using the
models with adjusted (W2), semi-adjusted and separate weights (right panel).

tion 2.2. Furthermore, the hierarchical smoothing models, whereby the non-parametric
function is specified in terms of the two normalized weights are visualized as well. One
could observe that the effect of the adjustment of the weights is limited in the estimation
process. This will be further investigated by means of a simulation study in the next
section.

We can also evaluate the unit-level methods based on their goodness-of-fit. In Table
2.11 the deviance information criterion (DIC) values for each of the models are shown. It
could be observed that the approaches which use the adjusted weights in the estimation
process perform slightly better, compared to those which make use of the semi-adjusted
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weights. Furthermore, we can observe that incorporation of the spatial heterogeneity into
the missingness weights (W2) lead to higher DIC values as compared to the methods using
weights that do not incorporate the spatial heterogeneity (W1). This is an indication that
the spatial trend of the nonresponse does not play a major role in this application. Because
the semi-adjusted weights do not adjust for the missingness in the data, no estimates for
the MB3 models were obtained, since the missingness weights can not be estimated. Also,
we could not compute the DIC statistics for the MB3 (SP+OD) and MB3 (SP) methods
under the W1 and W2 approach respectively. For these two situations, INLA could not
allocate enough memory in order to perform the estimations. It should be noted that,
with the exception of the five MB estimators, the DIC values cannot be compared among
the different area-level methods as the outcome of interest varies between them. When
looking at the DIC values of the hierarchical weight-smoothing models, we can conclude
that the MB3 models perform best in terms of goodness-of-fit.

Figure 2.8 presents the spatial distribution of the prevalence for six modeling ap-
proaches: The unweighted estimator, the Horvitz-Thompson estimator, the arcsine root
normal estimator, the pseudo-likelihood estimator and two hierarchical weight-smoothed
methods: one whereby the weights are modeled through a non-parametric function which
is specified by a random walk, while the other utilises a penalised spline and an overdis-
persion parameter. The spatial trend based on the UNW and HT estimator are most
variable. Note that no estimates could be obtained for the areas in which no samples
were taken. As such, these areas are colored in black. In addition, it can be observed
that those areas where the sample size is smallest or missingness is highest have the
most extreme prevalence estimates. This instability was also observed in the simulation
study. The estimated spatial trend based on the indirect estimators behave in a similar
way. There seems to be an important North-South trend, with higher prevalence of poor
perceived health in the Southern part of Belgium. In this analysis, all methods lead to
very similar results. In order to understand the robustness of the methods with respect
to the design and missingness, we performed an additional simulation study.

2.4.2 Simulation setting

In the simulation study, the stratified clustered multi-stage design of the HIS data set was
kept intact. The survey sample has the same amount of observations as the 2001 Health
Interview Survey, namely 10419. The sample size and its distribution across the different
strata remain the same over all simulation runs. For each simulation run, we assume that
the response variable is missing. Consequently we use the following approach to simulate
the response.
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Simulating prevalences

We assume that the binary response variable follows a bernoulli distribution

Yik ∼ Bernouilli(Pik),

where Pik denotes the population prevalence for individual i of district k. The following
two models are considered for the simulation of the population prevalences:

logit(Pik) = ηik = β̂0 + β̂1 ∗ Ageik + β̂2 ∗ Genderik + uk + vk

A convolution term uk ∼ ICAR(0, σ2
u) with precision σ−2

u ∼ Gamma(1.0, 0.5) was used,
encompassing an uncorrelated random effect vk ∼ N (0, 0.10). The spatial random effects
were generated using INLA. The values for these random effects were held constant across
all simulations. We also include an additional individual-specific random effect ϵik which
follows a N (0, 0.10)-distribution as well. The parameter estimates β̂0, β̂1 and β̂2 were
yielded from the same logistic model, performed on the original data set. We assume a
bernoulli distribution when simulating the outcome variable Y ∗

ik:

Y ∗
ik = Bern(Pik)

Simulating nonresponse

The probability of not observing the response for the ith individual in area k is then equal
to P (rik = 0) = β

qm
ik∑

i,k
qm

ik

, whereby β = 0.10 (conform to the overall nonresponse
percentage in the HIS data set) and Table 2.9 contains the values of qm

ik . By using these
values β and qm

ik , we aim to simulate the missingness pattern across the age groups as
seen in Figure 2.7 (right panel).

Results

In the analysis of the simulated data sets, we will focus primarily on the (W2) scenario
when estimating the missingness weights as this approach will account for more variability
than (W1). Figure 2.6 displays the area-specific bias of the 100 simulation runs whereby
the adjusted, semi-adjusted and separate weights were applied in the estimation process.
It is apparent that the effect of adjusting for nonresponse is fairly limited. An explanation
could be found in the fact that the missingness distribution does not express a distinct
trend across the eligible age groups and that there is a low amount of missingness over-
all. When performing the analysis, INLA indicated having difficulties allocating memory
for the analyses of the MB3 models using a penalised spline, both with or without the
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Figure 2.7: Spatial maps of the sample sizes for the Belgian districts (left) and the
amount of missingness for the perceived health variable in HIS data set (right). Unsampled
municipalities are highlighted in black.

overdispersion term. This caused some of simulation runs to abort the estimation process
prematurely for these methods. However, the data sets for which the models did converge,
showed a clear bias as can be seen in Figure 2.6. As such, when performing an analysis
with these latter two models, one has to be cautious when interpreting the results. The
summary statistics for the adjusted weights (W2) are provided in Table 2.10. Overall, the
HT and AN perform best in terms of squared bias, closely followed by the MB1 models.
When looking at the MSE statistics, the unit-levels MB1 and MB3 (RW1) models perform
considerably better than the area-level models. And thus, it follows the same conclusion
as the previous simulation study in Section 2.4. As mentioned early, the unit-level models
MB3 models whereby a penalised spline was applied performs considerably worse than the
other approaches.

Note that the mechanism of simulation used in this section is different from the
earlier simulation study, as the current simulation study does not involve any sampling
variability. This exercise however still shows that models should properly reflect features
of the sampling design, otherwise inferences are likely to be distorted.
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Figure 2.8: Spatial distribution of UNW estimates (top left), HT estimates (top right),
AN estimates, (middle left), PL estimates (middle right), MB1 (SP) estimates (bottom
left) and MB3 (RW1) estimates (Bottom right) using adjusted weights. Unsampled
municipalities are highlighted in black for the UNW and HT estimates.

2.5 Conclusion and discussion
In this paper, the impact of missingness in health surveys on the estimation of the area-
specific prevalences was investigated. A comparison of different methods to estimate
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the area-specific prevalences were compared, ranging from an unweighted estimator, the
Horvitz-Thompson estimator, to area-level and unit-level approaches taking into account
spatially structured random effects. Weighting methods were preferred in this paper, as
weighting can be used to account for both the design of the survey as well as for miss-
ingness. Weighting methods are only valid under the assumption of missing completely
at random and missing at random, confirmed by the simulation that pointed to increased
bias in the case of missingness not at random. The area-specific prevalences are well
estimated based on the weight smoothing methods, taking into account the design and
missingness weights as a covariate in the model and accounting for possible spatial corre-
lation via a convolution model. Also coverage is very well retained for the unit-level weight
smoothing methods. If missingness is spatially structured, this has a negative impact on
the prevalence estimation, leading to slightly increased bias and MSE. In conclusion, the
use of weight-smoothing methods accounting for poststratification weights to account for
incompleteness in the data are very promising when estimating the spatial trend based on
survey data.

While common interest in this paper was on the estimation of the area-specific preva-
lence, the unit-level models also allow to study the risk after accounting for know risk
factors. It would be of interest to study how a standardized rate can be obtained in the
context of small area estimation. This is a topic of further research.

Another extension of the proposed method is the use of an alternative spatial prior.
While the ICAR prior is commonly used in spatial modeling of lattice data, other spatial
priors were proposed in literature. An interesting option is the use of the Leroux prior,
as the Leroux prior has some advantages over the ICAR prior in terms of the ability to
estimate the correlation effect (Leroux et al., 2000).

Inference for all considered models (both area- and unit-level models) was done in the
Bayesian framework. The traditional approach towards Bayesian inference is the use of
MCMC (Markov Chain Monte Carlo methods). We however investigated INLA (Integrated
Nested Laplace Approximations), as it serves as a faster alternative to MCMC methods
when performing statistical inference for latent Gaussian models. Carroll et al. (2015)
performed an in-depth comparison in the ability to recover estimates between INLA and
OpenBUGS in the context of spatial hierarchical modeling. Chen et al. (2015) also showed
a comparison between INLA and OpenBUGS for estimation of the ES model. It however
remains to be investigated how INLA compares with more general MCMC methods in the
specific context of missing data in small area estimation.
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Chapter 3
Spatial smoothing models to
deal with the complex sampling
design and nonresponse in the
Florida BRFSS survey

This chapter is based on the following publication:
Watjou, K., Faes, C., Kirby, R., Aregay, M., Carroll, R. and Vandendijck, Y. (2019).
Spatial smoothing models to deal with the complex sampling design and nonresponse
in the Florida BRFSS survey. Spatial and Spatio-temporal Epidemiology. 29. DOI:
10.1016/j.sste.2019.03.001.

Abstract

Public health and governmental organizations have acknowledged the importance of
obtaining information of various characteristics for small areas, such as counties. Spatial
smoothing models have been developed to gain reliable information on the geographical
distribution of the outcome of interest. When the geographical analysis is based on
survey data, two issues pose challenges: (1) the complex design of the survey and (2) the
presence of missing data due to non-response. We investigate the influence of missing
data and the adjustment thereof in the context of the 2013 Florida Behavioral Risk
Factor Surveillance System (BRFSS) health survey. We focus on the application and
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comparison of the Hajek ratio estimator and two model-based approaches for estimation
of the spatial trend of the prevalence of having no health insurance coverage. The
model-based methods are compared using the Deviance Information Criterion which
show the benefits of modeling the weights as flexibly as possible. Methods are extended
towards subgroup analyses and the estimation of area-specific standardized rates, where
household incomes was identified as an important factor to include in the analysis.

Keywords: BRFSS, Complex Survey Design, Hierarchical Bayesian Modeling, Im-
putation Model, Missing Data, Subgroup Analysis, Standardized Rate.

3.1 Introduction

The geographical mapping of health outcomes is important to better identify risk factors
for disease and targets for health care. Lots of efforts have been made in the development
of hierarchical spatial smoothing models for mapping the spatial distribution of health
measures (See e.g. Elliott et al. (2001), Waller and Gotway (2004) and Lawson (2013)).
These methods are typically used to obtain reliable estimates of local disease risk based
on counts of observed cases within small areas, accounting for population background
information such as the regional age distribution. When investigating the geographic
distribution of illnesses across areas, health surveys are an indispensable source of infor-
mation, but they give rise to additional challenges.

Surveys often have a complex design, resulting in differences between the population
and survey distribution. Therefore, weighting of each individual (or unit) in the sample is
commonly done in survey sampling (Chambers and Skinner, 2003, Groves et al., 2004).
Methods that account for these weights can be subdivided into design-based, model-based
and model-assisted approaches (Rao, 2011). A well-known and commonly used design-
based estimator is the Horvitz-Thompson estimator (Horvitz and Thompson, 1952). This
method makes use of the design weights in order to weigh each observation in the sample,
where these weights are the reciprocal of the sampling probabilities. While this estimator
provides reliable inferences in large samples, it is ineffective when used in a setting with
sparse sample sizes (Rao, 2011). Model-based methods are essentially a prediction prob-
lem, in which the prediction of non-sampled individuals takes into account variables used
in the sampling process and auxiliary variables (Brewer, 1963, Royall, 1970). However,
these models could become highly complex due to the inclusion of large numbers of vari-
ables. In addition, the key variables for inclusion of individuals may not be available in
public-use data sets. Alternatively, the design weights themselves could be used as a proxy
for these sampling variables (Gelman, 2007, Little, 2007, Chen et al., 2017). Beaumont
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(2008) proposed estimators which could improve the efficiency of an estimator derived
under the design-based framework by smoothing the design weights in an appropriate
model. Vandendijck et al. (2016) extended this model to account for spatial correlation.
Chen et al. (2015), Mercer et al. (2014) and Vandendijck et al. (2016) compare a series
of methods which incorporate the design weights within a hierarchical spatial model. A
number of these models were selected for comparison within the framework of this paper.
We investigate the impact of the different methods in the setting of the BRFSS survey,
accounting for missingness in the data and with interest in a subgroup analysis.

Missing data occur commonly in health surveys (Little, 1982). Respondents often
refuse to answer a question or only answer it in part. The effect of non-response in the
modeling process is two-fold (Carpenter and Kenward, 2013). Firstly, the reduction in
sample size lowers the precision of the estimates and the amount of information in general.
Secondly, when the population of the people who did respond to the question of interest
differs systematically from the population that did not, statistical analyses may produce
biased results if the missingness is unaccounted for. Over the years, approaches have been
developed in order to deal with incomplete data, depending on the type of missingness
(Rubin, 1976, Verbeke and Molenberghs, 2000, Little and Rubin, 2002, Carpenter et al.,
2006, Molenberghs and Verbeke, 2005, Molenberghs and Kenward, 2007). In this pa-
per, we assume the scenario of missing at random (MAR), i.e. when missingness does
not depend on unobserved data. The procedures that cope with MAR can be grouped
under weighting methods, maximum likelihood and imputation methods (Rubin, 1976).
In the context of complex surveys, weighting methods have been used most commonly,
as this approach encompasses the weighting of people which have responded in order to
compensate for those participants which did not. Imputation methods, while broadly ap-
plicable, have some difficulties when working with the complex survey designs (Carpenter
and Kenward, 2013). In this paper we investigate both weighting and imputation methods
to deal with the missingness and complex survey design using data from the Behavioral
Risk Factor Surveillance System (BRFSS).

3.2 BRFSS data

We investigate data from the Florida State 2013 BRFSS survey. BRFSS collects data
from adult U.S. citizens on their risk behaviors and health practices that may affect their
general health, and general demographic information, such as gender, age, race, income
and the county in which they reside.

In this paper, we focus on studying possible geographical differences in the proportion
of adults that did not have any health insurance or coverage in 2013. Although efforts
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Category Annual household income
1 < $10, 000
2 $10, 000 − $15, 000
3 $15, 000 − $25, 000
4 $25, 000 − $35, 000
5 $35, 000 − $50, 000
6 $50, 000 − $75, 000
7 > $75, 000

Table 3.1: Categorization of the annual household income variable in the 2013 BRFSS
data set

have been made to improve health care for all Americans, in recent years Florida has
been one of the states with the lowest insurance coverage percentage. According to the
U.S. Census Bureau, Florida had an uninsured rate of more than 19.1% in 2013, which
is well above the national average of 13.4% (Smith and Medalia, 2014). We investigate
whether there are differences within Florida, focusing on the population aged 18 - 64.
American residents aged 65 and older are generally eligible to enroll into the national
Medicare health insurance program, and is therefore not considered in the population. As
there might be a relationship between having insurance coverage and family income, a
subgroup analysis based on the income level is conducted. Seven household income levels
are used in the analysis (Table 3.1).

A first complication in the analysis is the amount of incomplete data. When we restrict
the results of the BRFSS data set to the aforementioned age interval, 999 (6.1%) par-
ticipants respondents answered “Yes”, 10709 (65.1%) answered “No” and 4749 (28.9%)
answered “Not Sure/Don’t know/Refused” with respect to the question “In the past 12
months was there any time when you did NOT have any health insurance or insurance
coverage?”. This means that the overall percentage of adults who are uninsured is around
8.5%. This percentage however, does not take into account the missingness, nor the
sampling design. Figure 3.1 displays declines in both the proportion of individuals without
insurance coverage (blue line) and the nonresponse rate as income increases (red line).
The spatial distribution of the unweighted proportions of respondents who answered ”Yes”
to the “no health insurance coverage”-variable are shown in Figure 3.2. The color catego-
rization in Figure 3.2 (and the rest of the paper) has been constructed using intervals of
equal widths , with darker colors corresponding to a higher proportion of respondents with
lack of health coverage. The average rate of no health coverage is 8.5% with a range of
2.8% to 13.7%. Though the rates are stable for the counties, there is some heterogeneity
present in the data which will be investigated.
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Figure 3.1: Line plot showing the relation between the proportion of having no health
insurance coverage and the amount of missingess at each level of the income variable

A second complication in the analysis is that the observed sample sizes are small
within the subgroups. Planned sample sizes at the county level vary between 79 (Sumter
County) and 637 (Duval County) and sum up to a total of 16457 in the original data
set. This resulted in actual sample sizes (complete cases) fluctuating between 59 and
473, summing up to a total of 11708. Figure 3.3 shows the geographic distribution of
both the planned sample sizes (left panel, darker colors corresponding to larger sample
size) and proportions of non-response (right panel, darker colors corresponding to more
missingness).

A third complication in the analysis is the complex sampling design that was used to
collect the data. In order to account for the sampling design, design weights were used in
the estimation process. These design weights, Design Wt are constructed as a product
of five components:

Design Wt = Strat Wt ×
1

Nr Telephones
× Nr Adults × Post Strat Wt × Raking Adjustment, (3.1)

where Strat Wt is calculated as the reciprocal of the probability of being sampled
in a particular stratum, Nr Telephones signifies the number of land-line telephones in
the selected respondent’s household, Nr Adults represents the number of adults in the
household. and Post Strat Wt is the post-stratification weight. Further details on the
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Observed proportion ``no health coverage´´
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Figure 3.2: Map of the observed county-specific proportions of the “no insurance
coverage”-variable. The number of counties in each category is denoted between brackets.
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Figure 3.3: Spatial distribution of the sample sizes in the original data set for the Florida
counties in the (left) and the missingness proportions for the “no insurance coverage”-
variable in the BRFSS study (right)
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BRFSS questionnaire, sampling procedure and definition of the sampling weights for the
BRFSS data set can be found at https://www.cdc.gov/brfss/annual_data/2013/
pdf/overview_2013.pdf. No clustering was present for the variable of interest in the
study population.

3.3 Methodology

3.3.1 Prevalence estimation and definition of the design weights

Denote Yik as the binary outcome variable for the ith individual in county k (i = 1, ..., Nk

and k = 1, ..., 67). We want to estimate the county-specific prevalence, defined as

Pk = 1
Nk

Nk∑
i=1

Yik, (3.2)

where Nk is the population size in county k for people aged 18 to 64, and N =
∑67

k=1 Nk

is the overall population size in the state of Florida for the specified age group.
We define nk as the planned sample size of the BRFSS sample in county k, with

n =
∑67

k=1 nk denoting the total sample size (n = 16457). Denote rik as the binary
variable, which indicates whether the variable of interest yik is observed (rik = 1) or is
missing (rik = 0). Further, define sk as the set of individuals in county k which were
sampled in the BRFSS study, with |sk| = nk, and s∗

k as the set of individuals for which the
response variable was observed, where |s∗

k| = mk represents the number of respondents
which answered the question of interest in county k.

In the BRFSS, each observation yik is accompanied by a design weight wd
ik, for which

the calculation is expressed by equation (1). Design weights need to be adjusted when
some observations are missing, in order to account for the reduction in sample size and
any distributional imbalance compared to the original sample and population. This can
be remedied by defining a new weight w∗

ik, which is the product of the design weight
wd

ik and a missingness weight wm
ik. The latter weight wm

ik can be defined as the so-called
inverse probability of a respondent to answer the question. We model this probability by
means of a logistic regression, taking into account the characteristics which might have an
influence on the missingness. We use the following Bernoulli likelihood for the missingness
variable rik and model:

rik ∼ Bernoulli(P (rik = 1)) (3.3)
logit(P (rik = 1)) = α + βXij + uk + vk, (3.4)

https://www.cdc.gov/brfss/annual_data/2013/pdf/overview_2013.pdf
https://www.cdc.gov/brfss/annual_data/2013/pdf/overview_2013.pdf
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where Xij is a vector containing information on the j covariates which have a significant
effect on the missingness process for individual i in area k, including age, race, gender,
education, marital status and income. Additionally, random effects for correlated (uk)
and uncorrelated (vk) heterogeneity can be included to allow for spatial heterogeneity.
We assume a normal distribution for the uncorrelated random effects, i.e. vk ∼ N(0, σ2

v),
and an intrinsic conditional auto-regressive model (ICAR) (Besag et al., 1991, Rue and
Held, 2005) for the correlated heterogeneity:

uk|uk′ ,k ̸=k′ ∼ N

 1
|ne(k)|

∑
k′ ∈ne(k)

u
′

k,
σ2

u

|ne(k)|

 , (3.5)

where ne(k) denotes the set of neighbors for a given county k and |ne(k)| is the number
of neighbors. Following common convention, we consider two counties to be neighbors if
they share a common boundary.

Parameter estimation for this model can be easily conducted in a Bayesian framework.
In this case, priors need to be specified on all the parameters. We choose vague priors for all
parameters. For the precision parameters σ−2

u and σ−2
v , we assigned Gamma(0.05,0.008)

priors, similar to Mercer et al. (2014) and Chen et al. (2015).
When using these weights in the estimation process, it is often the case that one uses

the normalized version instead. The final weights w∗
ik can be normalized in such a way

that they sum up to the number of non-missing observations:

w̃∗
ik = mk · w∗

ik∑
i∈s∗

k
w∗

ik

. (3.6)

In Section 3.3.2 and 3.3.3 we discuss area-specific methods which incorporate these
weights. In Section 3.3.4, we review an individual-level method, as proposed by Watjou
et al. (2017), and in Section 3.3.5 an extension of this model towards a subgroup analysis
is presented, as well as an area-specific direct standardized rates based on survey data.

3.3.2 Model 1: Hajek ratio estimator

Since surveys are often complex by construction, the sampling design of the survey needs to
be taken into account in order to obtain valid estimators. Hajek (Hajek, 1971) introduced
the Hajek ratio estimator (HR) when estimating the population proportion. This method is
design-based, meaning that inference is performed based on the randomization distribution
of all possible samples that could have been collected from the target population.
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The county-specific HR estimator can be expressed as follows:

P̂ HR
k =

∑
i∈s∗

k
w̃∗

ikyik∑
i∈sk

w̃∗
ik

= 1
mk

∑
i∈s∗

k

w̃∗
ikyik. (3.7)

The Hajek ratio estimator is a direct estimator, as it only uses the response values from the
area of interest (Rao, 2003). This may have implications for the variance of the estimator,
as P̂ HR

k can become unstable when the sample size in county k is sparse. In this scenario
it is better to use methods which borrow information across different counties (see Models
2 - 3). Note that this estimator can take into account both the design of the study and
the missingness in the data via the weights.

While the HR estimator resembles the Horvitz-Thompson estimator (Horvitz and
Thompson, 1952), the rationale behind them is different. The Horvitz-Thompson estima-
tor uses the known population sizes in the estimation process, whereas the HR estimator
estimates these (unknown) population sizes using the design weights. Särndal et al. (1992)
found that the HR estimator performs better than the Horvitz-Thompson estimator when
the observations yik are homogeneous, when the sample sizes are not fixed or when the
design weights wik are weakly or negatively correlated with the observations yik.

3.3.3 Model 2: Arcsine root normal estimator

Raghunathan et al. (2007) proposed to model the arcsine-square root normal (AN) trans-
formation of the direct Hajek ratio estimator, yAN

k = sin−1
(√

P̂ HR
k

)
, using a hierar-

chical model. The advantage of the transformation is that it breaks the mean-variance
relationship of the prevalence and allows the variance to be stabilized approximately (Efron
and Morris, 1979). The likelihood is based on the following approximate normal model
(Mercer et al., 2014, Chen et al., 2015):

yAN
k |Pk ∼ N

(
sin−1

(√
Pk

)
, σ2

k

)
sin−1

(√
Pk

)
= β0 + uk + vk,

(3.8)

where the variance σ2
k = 1

4·mE
k

depends on the effective sample size mE
k = P̂ HR

k (1 −

P̂ HR
k )/v̂ar

(
P̂ HR

k

)
. The resulting estimate of the prevalence is P̂k = (sin(β̂0 + ûk + v̂k))2.

The correlated and uncorrelated random effect, uk and vk, follow a N(0, σ2
v) and ICAR(0,

σ2
u) distribution, respectively. Note that, by including both spatially structured random

effects (vk) and unstructured random effects (uk), this model can borrow strength across
neighboring areas, in addition to possible overdispersion in the areas. When no spatial
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trend is present, the unstructured random effect will dominate the analysis.
Inference is conducted in the Bayesian framework. We assigned a vague N(0,1) prior

to the intercept β0 and a Gamma(0.05, 0.008) distribution to the variance parameters
σ−2

u and σ−2
v . Integrated Nested Laplace Approximation (INLA) (Rue et al., 2009) was

used in order to perform the analysis using an accurate approximation of the posterior
distribution.

3.3.4 Model 3: Hierarchical weight-smoothing estimator

While previous methods are weighting-based methods, the last method is an imputation-
based approach, combining ideas from imputation methods in missing data with weight-
smoothing methods for complex surveys. In this context we refer to imputation as the
mechanism in which we ‘impute’ or ‘predict’ values of the response outcome for individuals
for which we have not observed the response outcome (either because he was not sampled
or because he did not respond to the question).

Similar to the ideas from Royall (1970) in the context of complex sampling designs
and ideas from imputation methods for incomplete data, we first define the likelihood of
the predictive model for the non-sampled and non-observed individuals:

yik|Pik ∼ Bernoulli(Pik), (3.9)

where Pik is specified as a flexible function of all covariates that impact the design of the
study and missingness indicator. This can also be referred to as the imputation model.
Second, the predictive hierarchical estimator for the prevalence in area k is calculated as
(Vandendijck et al., 2016)

P̂k = 1∑Lk

l=1 Ñlk

(
Lk∑
l=1

nlkȳl +
Lk∑
l=1

(
Ñlk − nlk

)
P̂lk

)
, (3.10)

where ȳl =
∑

i∈l
yik

nlk
is the sample average and Ñlk the estimated population size in

post-stratification cell l of area k. These poststratification cells l represent the set of
units which have the same normalized weight w̃∗

ik. Since these weights are unique for
each unit in the BRFSS data set, the index i coincides with the index l: w̃∗

ik ≡ w̃∗
lk.

Generally, an estimate for the prevalence Plk in each post-stratification cell l and area k

can be obtained from (3.11) using the unique normalized weights w̃∗
lk. Point estimates of

this estimator P̂lk are obtained by calculation of the posterior predictive mean, while the
posterior standard deviations provide a measure of uncertainty. This estimator has shown
to have good performances by Vandendijck et al. (2016) and Watjou et al. (2017).



Spatial smoothing models to deal with the complex sampling design and
nonresponse in the Florida BRFSS survey 53

Vandendijck et al. (2016) and Watjou et al. (2017) integrated this technique into the
framework of small area estimation. Two predictive models were proposed:

MB1 : logit(Pik) = β0 + f(w̃∗
ik) + uk + vk, (3.11)

or

MB2 : logit(Pik) = β0 + f(π̃∗
ik) + uk + vk, (3.12)

where f(.) is a non-parametric function, used for either the design weights w̃∗
ik or the

inclusion probabilities π̃∗
ik = 1/w̃∗

ik. In this paper we specify this function either by a
random walk model of order one (RW1) or a penalized spline (SP). While these models
have proven to work well in small surveys (Vandendijck et al., 2016, Watjou et al., 2017),
we want to investigate their usefulness in the context of the Florida BRFSS in this paper.
In this model, the design weights incorporate both the design of the study and probability
to be observed.

Watjou et al. (2017) expanded this hierarchical weight-smoothing method by modeling
the design weights and the weights adjusting for non-response separately. As these two
weights can be included as distinct covariates, we can isolate their respective effects as
follows:

MB3 : logit(Pik) = β0 + f1(w̃d
ik) + f2(w̃m

ik) + uk + vk. (3.13)

In this formulation w̃m
ik is the normalized version of the missingness weights. The strength

of this model is that it can distinguish between the design variables and the variables
which influence non-response, as these two sets are not always identical.

As before, estimation is done in a Bayesian framework. Gamma(1,0.001)-distributions
were specified for the precision parameters. We refer to Vandendijck et al. (2016) and
Watjou et al. (2017) for additional details and specifications on this model.

3.3.5 Impact of subgroups

A disadvantage of the presentation of area-specific prevalence rates, is that known risk-
factors (subgroups) can have an impact on the spatial trend. For example, if the outcome
of interest is impacted by income, and the income distribution is different in different
areas, then the difference we observe in the prevalence of the outcome of interest might
be purely the effect of income. We address two approaches that can be followed: one can
either focus on subgroup analyses (subgroup-specific prevalence) or work with a standard-
ized rate. In the above example, in the subgroup analyses, the area-specific prevalence
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rates would be estimated for each of the income groups separately. Alternatively, a di-
rect standardized rate can be obtained per area, accounting for the underlying income
distribution. Both methods are based on the predictive models MB1 − MB3.

In a similar way as in (3.10), the prevalence P̂gk for subgroup g in area k can be
estimated as

P̂gk = 1
Ñgk

 ∑
l(k)∈g

nlkȳlk +
∑

l(k)∈g

(Ñlk − nlk)p̂lk


= 1∑

l(k)∈g Ñlk

 ∑
l(k)∈g

nlkȳlk +
∑

l(k)∈g

(Ñlk − nlk)p̂lk

 (3.14)

in which the summation only goes over the strata within the subgroup and where p̂lk

is obtained from the assumed prediction model MB1 − MB3. The summations over
l(k) ∈ g stand for a summation of all the post-stratification cells in area k that correspond
to subgroup g. As explained in Section 3.3.4, since the the poststratification cells are the
sampled units in the BRFSS data set it holds that ylk ≡ yik. This gives rise to subgroup-
specific estimates of the prevalence, and allows to investigate whether there are differences
among subgroups.

Alternatively, a direct standardized rate can be obtained by predicting the number of
cases we would observe in a standard population, if the observed group-specific rates (as
in area k) applied to the standard population. As standard population, we take the overall
study population. The direct standardized rate for area k is given by

DSRk = 1
N

∑
g

ÑgP̂gk = 1
N

∑
g

∑
l,k∈g

Ñlk

 P̂gk (3.15)

with Ñg is the overall estimated population in group g and P̂gk is the predicted prevalence
in group g, according to the risk in region k (and estimated as in equation (3.14)). This
estimators also takes into account the design of the study. This rate can be interpreted
as the area-specific risk, taking into account differences of the risk factor among areas.
The data analyses were performed on a HP Probook 650 G1. The time needed for a single
data analysis varies between 1 and 3 hours, depending on the model. The simulations were
done using the Flemish Super Computer, which allowed us to run simulations in parallel,
reducing the computation time. All analyses were conducted in the free statistical program
R, using primarily the libraries “INLA” and “survey”.
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MB1 (RW1) MB1 (SP) MB2 (RW1) MB2 (SP)
Adjusted weights 6747.50 6801.30 6683.27 6764.20

MB3 (RW1) MB3 (SP)
Separate weights 6341.19 6328.08

Table 3.2: DIC values of the hierarchical weight-smoothing estimators for the ”no insur-
ance coverage”- variable with uk

3.4 Application to BRFSS data

3.4.1 Overall rate of no insurance coverage

All proposed methods are applied to the Florida BRFSS data to estimate the county-
specific proportion of adults with no health insurance coverage. The top left panel in
Figure 3.4 shows the geographical distribution of the estimated rate of no insurance
coverage based on Model 1 (the HR estimator), while the top right shows the estimated
rates based on Model 2 (the AN estimator). Note that darker colors correspond to a
larger proportion of individuals in the population with a lack of health coverage. This
map can be compared with Figure 3.2, showing the observed proportion of respondents
with a lack of health coverage.

Note that the spatial trend of the model-assisted AN estimates is smoothed compared
to the design-based HR estimator, due to the inclusion of the spatial random effect in the
modeling process. Indeed, while the HR estimator is highly variable due to small sample
sizes in some areas, the AN estimate better acknowledges for the heterogeneity, sharing
knowledge across boundaries. Two clusters can be distinguished, exhibiting higher rates
of adults with no health coverage: (i) in the north-central counties, close to the city of
Gainesville and (ii) the counties surrounding Lake Okeechobee along with the neighboring
counties on the east coast, such as Palm Beach and Miami-Dade (see Figure B1 and
Table B1 in Appendix B).

The weight-smoothing estimator is based on a predictive model, and different un-
derlying models can be suggested (such as those given by MB1 − MB3). The best
model can however be selected via the Deviance Information Criterion (DIC) (Spiegelhal-
ter et al., 2002). In Table 3.2, DIC values for the different weight-smoothing approaches
are presented.

It is apparent that the methods which model the normalized design weights and miss-
ingness weights separately perform best in terms of goodness-of-fit; showing that the
design characteristics and missingness characteristics have a different impact. In particu-
lar, the model which utilizes a spline specification for the design and missingness weights
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Estimated proportion ``no health coverage´´
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Figure 3.4: Map of the estimated proportions of having no insurance coverage yielded
by the HR estimator using adjusted weights (top left), the AR estimator using adjusted
weights (top right) and the MB3 model (SP) (bottom left).

(MB3), performs best in terms of DIC. Note that the same comparison with the design-
based, model-assisted and model-based methods cannot be made, as they each model a
different response.

Results of the best fitting model, namely MB3 (SP) is presented in Figure 3.4 (bottom
left panel). As can be observed, further smoothing to take out uncertainty can be observed
as we allow the weights to be modeled flexibly. The clusters close to the city of Gainesville
and surrounding Lake Okeechobee are still visible, but are less extreme. Some other
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MB1 (RW1) MB1 (SP) MB2 (RW1) MB2 (SP)
Adjusted weights 6824.24 6812.19 6795.80 6681.91

MB3 (RW1) MB3 (SP)
Separate weights / 6327.28

Table 3.3: DIC values of the hierarchical weight-smoothing estimators for the ”no insur-
ance coverage”- variable without uk

outlying counties with high or lower insurance coverage become more clearly visible based
on this model. The counties Calhoun, Suwannee and Hernando, amongst others, have
lower insurance coverage. The counties Nassau and Monroe, amongst others, have higher
insurance coverage. Figure 3.5 shows the standard errors of the estimators provided in
Figure 3.4. As expected, the standard errors of the HR estimator exhibits higher variability
as compared to the AN and MB estimators. No major differences are seen for methods
which use the adjusted weights or semi-adjusted weights however. The smallest variability
is observed for the hierarchical weight-smoothing estimator.

Furthermore, the necessity of including a spatial random effect into the predictive
model for the model-based estimators was also investigated by means of the DIC. These
results can be consulted in Table 3.3 (in comparison to Table 3.2). In general it can be
noticed, especially for the models which use the RW1 specification, that the inclusion
of the spatial random effect does benefit the model. In the other scenarios, the benefit
seems more moderate.

3.4.2 Rate of insurance coverage by income

In the previous analysis, focus was on the overall rate of adults with no insurance coverage.
However, as the income distribution is not the same in all counties, the geographical
trend could possibly be affected by this factor. Indeed, individuals with lower household
incomes, have lower probability to have insurance coverage (see Figure 3.1). One of the
strengths of the weight-smoothing models is that they are able to provide estimates for
different subgroups, here for the income-specific strata. Figure 3.6 illustrates the estimated
proportion of having no insurance coverage at each of the seven levels of annual household
income, based on model MB3 (SP). First of all, one could observe an important trend of
the rate of insurance coverage with income, as the magnitude of the estimated proportion
of having no insurance coverage declines when the income level increases. This is not
unexpected, since unemployed people or people with low income have more difficulties
covering the rising insurance costs. Focusing on income groups 1-3, individuals which
can likely be classified as ‘poor’, the rate of no insurance coverage varies among counties
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Estimated standard error
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Figure 3.5: Map of the estimated standard errors of the estimates for having no insurance
coverage yielded by the HR estimator using adjusted weights (top left), the AR estimator
using adjusted weights (top right) and the MB3 model (SP) (bottom left).

between 13% and 25%. In income groups 4-5, the rate of no insurance coverage decreases
to a range between 6% and 19%. In the highest income groups, which are the ‘not poor’
individuals, the uninsurance rates vary between 0% and 11%.

Second, geographical differences among the counties are less visible, although there
are some differences between counties for the middle income groups. Model MB3 shows
large variability between the counties for income groups 3 and 4. For these income groups,
the high non-insurance coverage rate cluster around Lake Okeechobee, as observed before,
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Estimated proportion ``no health coverage´´
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Figure 3.6: Geographical distribution of the estimated prevalence of having no insurance
coverage, produced by model MB3 (SP), for Income equal to 1 till 7, going from left to
right, top to bottom.

is visible.

3.4.3 Standardized rate of insurance coverage

While the subgroup analysis already gives a clear indication on the geographic distribution
of having no health insurance coverage, this can be further investigated using the direct
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Estimated DSR ``no health coverage´´
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Figure 3.7: Geographical distribution of the Direct Standardized Rate of having no
insurance coverage, produced by model MB3 (SP).

standardized rate. Figure 3.7 provides us with a map of the direct standardized rate
estimates, produced by the best model (MB3 (SP)). These are the rates of no insurance
coverage if the income-specific rates would apply on the Florida population. The rates
over the different counties are comparable, in the sense that they are standardized for the
income distribution. As with the subgroup analysis, it could be observed that the cluster
in the northern part of Florida has been smoothed out, whereas the cluster of counties
with higher rates of no insurance coverage along the southeast coast is still apparent. The
counties with the worst insurance coverage are Palm Beach and Hendry.

While counties such as Calhoun, Suwannee and Hernando were presented as areas of
lower insurance coverage rate (based on the overall rate), it can be observed in this plot
that these areas do not have an elevated standardized rate. This shows that income is
the main reason for higher rates of no insurance coverage in these areas. Similarly, the
counties Nassau and Monroe were previously categorized as counties with higher insurance
coverage, but the direct standardized rate is higher for these areas as compared to other
areas. This difference stresses the discrepancy between low- and high-income individuals
in these counties.
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3.5 Conclusion and discussion

Missing data has gained a lot of attention over the last decades, resulting in a wide range
of methodologies. A variety of methodologies have been developed in the context of
missing data in survey samples under the missing at random (MAR) assumption, such as
imputation approaches, full information direct likelihood and weighting methods (Rubin,
1987, Little and Rubin, 1987). In this paper, we adjusted for non-response by recalibrat-
ing the design weights, in order to counteract any distributional shift the missing data
may have caused. When applying this to the 2013 Florida BRFSS sample, we compared
the impact of this adjustment on the design-based HR estimator, the model-assisted AN
estimator and several weight-smoothing models, where the latter methods modeled the
design weight directly as a covariate into the model. For the county-specific prevalences of
”no insurance coverage”, this resulted in a decrease for both the HR and AN estimators.
For the hierarchical weight-smoothing models, the effect of the adjustment was illus-
trated in a decrease of the DIC values. We showed the flexibility of the weight-smoothing
model, by extending it to a subgroup analysis. Further, it allows us to calculate a di-
rectly standardized rate, to correct for known risk factors in the analysis, and make areas
comparable.

In Section 3.4.1, the model-based models were compared by means of the DIC values.
However, the results have to be interpreted with caution since the DIC introduced by
Spiegelhalter et al. (2002) is valid under random sampling. Thus it is advisable that other
model selection tools are investigated. In the context of complex survey Lumley and Scott
(2015) introduced an adjustment to the classical AIC and BIC. The adjustment for DIC
will be a topic for further research. Watjou et al. (2017) performed a simulation study to
compare the performances of the design-based, model-assisted and model-based methods
described in Section 3.3 based on summary statistics such as the mean squared error and
the bias squared. From their results it could be concluded that the model-based estimators
generally perform better than their design-based and model-assisted counterparts.

The use of a flexible model is crucial in the analysis, allowing for possible non-linearity
of the sampling weights. While both random-walk models and spline models allow for
flexible trend, the spline model was preferred in this context. Due to the complex sampling
design, a large amount of different sampling weights results, leading to instability in the
estimation of this model. A possible way to mitigate these issues is to reduce the number
of unique values for the weights by means of grouping the weights. As this could have an
impact of the performance of the model, this should be investigated carefully.

The model-assisted AN estimator and the weight-smoothing models borrow informa-
tion across neighboring counties. However, problems can arise when working with sparsely
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populated areas. Alternative models have been proposed to account for this. Goovaerts
(2010, 2017) proposed a geostatistical model whereby rate data was estimated using
Poisson kriging.

A drawback of the proposed predictive model, is that the predictive model does not
incorporate the uncertainty in the missingness weights. As an alternative, a spatial joint
estimation model in which a measurement model is linked to a missingness model, ac-
counting for the design aspects in the survey, is a topic of further research.
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Chapter 4
Spatial modelling to inform
public health based on health
surveys: impact of unsampled
areas at lower geographical scale

This chapter is based on the following publication:
Watjou, K., Faes, C. and Vandendijck, Y. (2020). Spatial Modelling to Inform Public
Health Based on Health Surveys: Impact of Unsampled Areas at Lower Geographical
Scale. International Journal of Environmental Research and Public Health. 17(3). DOI:
10.3390/ijerph17030786.

Abstract

Small area estimation is an important tool to provide area-specific estimates of popula-
tions characteristics for governmental organisations in the context of education, public
health and care. However, many demographic and health surveys are unrepresentative at
a small geographical level, as often areas at a lower level are not included in the sample
due to financial or logistical reasons. In this paper, we investigated (1) the effect of these
unsampled areas on a variety of design-based and hierarchical model-based estimates and
(2) the benefits of using auxiliary information in the estimation process by means of an ex-
tensive simulation study. The results showed the benefits of hierarchical spatial smoothing
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models towards obtaining more reliable estimates for areas at the lowest geographical level
in case a spatial trend is present in the data. Furthermore, the importance of auxiliary
information was highlighted, especially for geographical areas that were not included in
the sample. Methods are illustrated on the 2008 Mozambique Poverty and Social Impact
Analysis survey, with interest in the district-specific prevalence of school attendance.

Keywords: Model-based inference; Small Area Estimation; Spatial smoothing; Survey
weighting; Missing areas

4.1 Introduction

Demographic and health surveys can provide good information about the geographical
distribution of indicators related to education, public health and care. Such surveys often
follow a complex sampling design. Two approaches are commonly used to model such
survey data: design-based and model-based methods, where the latter can be subdivided
into area-level and unit-level models. The most well-known design-based estimator is the
Horvitz-Thompson estimator, a weighted estimator which provides unbiased estimates
when working with complex surveys (Horvitz and Thompson, 1952). These estimators
provide inference based on the randomization distribution of the collected sample. Lately,
more effort has been made into the development of model-based estimators, and more
specifically hierarchical (or random effects) spatial smoothing models (Chen et al., 2015,
Vandendijck et al., 2016, Watjou et al., 2017, 2019).

Most demographic and health surveys are designed to obtain representative samples
at the national or regional level. However, at a lower geographical areas, the sample
is unrepresentative; as only a subset of the small areas is being sampled. This implies
that direct estimates are only available in these areas where samples were taken, i.e.
the in-sample areas. Estimates in areas that are not sampled, i.e. the off-sample areas,
must be obtained by indirect estimation using methods borrowing information from the
available in-sample areas. When the number of off-sample areas is large, obtaining reliable
estimates in these areas may be problematic because information needs to be borrowed
from neighbouring areas and not enough in-sample neighbours are available.

In this paper, interest is in the performance of model-based small area estimation
(SAE) methods in the presence of many off-sample areas. The focus is on a binary health
outcome obtained from a complex survey. It is assumed that design weights are available
for all sampled individuals. A comparison of several methods which were recently proposed
in the SAE literature is made to estimate the prevalence of the health outcome at small
geographical scale, and the impact of missing information at this geographical scale is
investigated. Furthermore, in order to obtain reliable estimates for these off-sample areas,
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we propose a model where the survey data is augmented with auxiliary summary data
from a higher administrative level. The performances of these models are evaluated using
several summary statistics, which measure the precision and accuracy of the estimates:
squared bias, variance, mean squared error (MSE), coverage probabilities for the nominal
95% confidence and credible intervals and the average length of these intervals. Note
that here we only consider the problem of data that are missing by design of the survey.
While non-response of participants is not addressed here, many literature can be found
on this subject (Watjou et al., 2017, 2019, Rubin, 1987, Little and Rubin, 1987).

As a motivating example, we investigate the performance of the described methods
using the 2008 Education PSIA (Poverty and Social Impact Analysis) survey of Mozam-
bique. While the survey is designed to investigate estimates at the national, urban/rural
and provincial level, we consider the spatial distribution at the smaller district division
of Mozambique. In this survey no less than 65 of the 125 district areas are off-sample.
First of all, this survey is used to investigate the performance of the described methods
through an extensive simulation study. Secondly, we estimate the prevalence of current
or historical school attendance in the districts. Lastly, we introduce a method which can
provide us with more reliable estimates in the off-sample areas by means of auxiliary in-
formation. For this paper, we look at the primary energy source of the households as a
surrogate indicator of wealth.

The structure of the paper is as follows. In Section 4.2, the 2008 Mozambique PSIA
Survey is introduced as motivating example. In Section 4.3, the methodology is described,
including the notation which was used throughout the manuscript, the design-based esti-
mators, the model-based estimators and models incorporating auxiliary data. In Section
4.4, a simulation study was conducted to evaluate the different methods. Lastly, results
of the analyses of school attendance, based on the 2008 Mozambique PSIA Survey are
given in Section 4.5.

4.2 The 2008 Mozambique PSIA survey

The 2008 Mozambique Poverty and Social Impact Analysis Survey was designed to in-
vestigate the school enrollment rates in Mozambique. A stratified multi-stage sampling
methodology was applied, which entails selection of enumeration areas (EA) stratified
by province, urban and rural region, followed by the selection of households within the
EA. Mozambique is divided into ten provinces and one city (Maputo City). These are in
turn subdivided into 125 districts and 858 enumeration areas (EA). The survey ensures
representative samples for national, urban/rural and regional estimates. In total, 221 enu-
meration areas were sampled (86 urban strata and 135 rural strata). At the next sampling
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Figure 4.1: Sample size per district.

stage 12 households were selected within each sample urban EA and 9 households within
each sample rural EA, using random systematic sampling with equal probability. The re-
sulting PSIA sample consists of 7836 observations related to the school attendance of the
children of the household. In total, 5873 (74.95%) answered “Yes” and 1963 (25.05%)
answered “No” to the question of interest.

Note that the level of the enumeration areas is the spatial level at which the sampling
scheme was conducted. The performed analyses, which will be discussed in the next
sections, are performed at the spatial level of the districts, which are comprised of multiple
enumeration areas. The geographical distribution of the district-specific sample sizes is
visualized in Figure 4.1. Note that the small areas which are highlighted in white are the
off-sample areas in the PSIA sample. The percentage of off-sample area is 52% (65/125).
The area highlighted in blue in Figure 4.1 in the northern part of Mozambique represents
part of Lake Malawi.

A more in-depth summary and further details on the entire sampling scheme for
the PSIA study can be found at http://microdata.worldbank.org/index.php/
catalog/999/download/20597.

http://microdata.worldbank.org/index.php/catalog/999/download/20597
http://microdata.worldbank.org/index.php/catalog/999/download/20597
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Energy Source Average population percentages (Range)
Battery 0.36% (0.01% - 3.86%)
Candle 5.11% (0.28% - 30.07%)
Electricity 4.68% (0.06% - 62.84%)
Firewood 36.48% (0.06% - 91.13%)
Gas 0.08% (0% - 1.29%)
Generator/Solar power 0.38% (0.04% - 1.83%)
Oil/Paraffin/Kerosene 52.19% (4.62% - 89.76%)
Other 0.72% (0.0%5 - 3.27%)

Table 4.1: Population percentages for each energy source, averaged over the districts.
The minimum and maximum population percentage is added between brackets.

4.2.1 Auxiliary data

The auxiliary data is related to the sustainable development goal 7 to ensure access to af-
fordable, reliable and modern energy. The data describes the primarily access to different
energy sources (electricity, generator/solar panel, gas, oil/kerosene/paraffin, candle, bat-
tery, firewood or other). We summarize the information on the proportion of households
primarily using a specific type of energy source per district in Table 4.1. The majority of
the districts primarily used firewood and oil-based fuels as household energy sources. On
the other hand, electricity was more common in the more populated districts. The other
energy sources appear scarcely in the population.
Population data for each district is available at the site of the National In-
stitute of Statistics of Mozambique: (http://www.ine.gov.mz/estatisticas/
estatisticas-territorias-distritais).

4.3 Methodology

Let Yik be a binary health outcome for individual i in small area k (i = 1, . . . , Nk and
k = 1, . . . , K) with Nk the population size in area k. We assume that Nk is known for
each area. A sample of size nk is drawn from each area k, where some of the nk could be
zero. Denote the sampled values by yik. Let N =

∑K
k=1 Nk and n =

∑K
k=1 nk represent

the total population and sample size, respectively. We focused on estimating the true
prevalence, Pk, in each area k, namely

Pk = 1
Nk

Nk∑
i=1

Yik. (4.1)

http://www.ine.gov.mz/estatisticas/estatisticas-territorias-distritais
http://www.ine.gov.mz/estatisticas/estatisticas-territorias-distritais
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Let Rik denote the binary variable indicating whether the ith individual in area k is sampled
(Rik = 1) or not (Rik = 0). We use sk to indicate the set of sampled individuals in area
k and s′

k for those that are not sampled.
To reflect the sampling design, weights are attached to each respondent’s outcome.

These weights are denoted as wik for an individual i in district k. These weights can reflect
both or a combination of the complex survey design and post-stratification adjustments,
and are proportional to the inverse probability of inclusion in the sample for unit i in
area k. We further assume that all sampled individuals respond to the survey. We use
normalized weights, which sum up to the sample size nk in area k and are denoted by
w̃ik:

w̃ik = nk
wik∑

i∈sk
wik

. (4.2)

4.3.1 Design-based methods

The most simple estimator for the population prevalence is the unweighted estimator
(UNW)

p̂UNW
k = 1

nk

∑
i∈sk

yik, (4.3)

which corresponds to the (unweighted) sample prevalence. While this estimator is unbi-
ased in the context of simple random sampling, it will produce biased results when the
sampling scheme has a complex nature. For more complex sampling schemes, the design
weights have to be taken into account in the estimation process. A common design-based
estimator which takes these weights into account is the Horvitz-Thompson (HT) estimator
(Horvitz and Thompson, 1952):

p̂HT
k =

∑Nk

i=1 Rikw̃ikyik∑Nk

i=1 Rikw̃ik

= 1
nk

∑
i∈sk

w̃ikyik, (4.4)

which has variance

v̂ar(p̂HT
k ) = 1

nk

(
1 − nk

Nk

)
1

nk − 1
∑
i∈sk

w̃2
ik

(
yik − p̂HT

k

)2
. (4.5)

The HT estimator is a design-unbiased estimator of Pk. It is a so-called direct estimator
because it uses only the responses from the area of interest (Rao, 2003). The estimator has
very good properties if interest is in estimation of the prevalence at a higher geographical
scale, however most surveys are not designed to yield appropriate direct estimates at
smaller geographical scale. Indeed, sample size in smaller areas can be too small to
produce reliable or stable direct estimates. In addition, no estimates can be obtained for
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the off-sample areas.

4.3.2 Model-based methods

As an alternative to the design-based estimator, hierarchical models are an important con-
sideration in small area estimation (Best et al., 1999, Wakefield et al., 2010, Waller et al.,
1997). In this paper, we focus on some recently investigated hierarchical spatial smooth-
ing methods described in Mercer et al. (2014). These methods were further investigated
in the context of survey data by Vandendijck et al. (2016).

In general, in the context of disease mapping, the design of the survey is not taken
into account. We do refer to this model as the naive binomial model (NB):

yk|p̃k ∼ Binomial(nk, p̃k) (4.6)
logit(p̃k) = β0 + uk + vk,

where yk =
∑

i∈sk
yik is the total number of cases in the sample in area k. This is a

standard model in disease mapping, in which β0 is an overall effect, uk ∼ N (0, σ2
u) are

independent random effects taking into account extra heterogeneity amongst areas k, and
vk are spatially dependent random effects. It is assumed that vk follows the commonly
used intrinsic conditional auto-regressive (ICAR) model (Rue and Held, 2005)

vk|vk′ ∼ N

 1
mk

∑
k′ ∈ ne(k)

vk′ ,
σ2

v

mk

 , (4.7)

where ne(k) denotes the set of neighbours of area k and mk is the number of neighbours.
For identifiability reasons of the overall intercept β0, the sum of the random effects vk

is constrained to be zero (Eberly and Carlin, 2000). In this article, we take the common
approach to consider two areas as neighbours if they share a common boundary.

To account for the survey design, Mercer et al. (2014) proposed to first calculate the
HT estimator in the areas, and then to smooth them using a spatial smoothing model. As
the HT estimators are restricted to the [0, 1] interval, a transformation is applied to map
them on the (−∞, +∞) interval. A first possible transformation is the empirical logistic
transform. In this case, the response yL

k = log
[
p̂HT

k /(1 − p̂HT
k )

]
is modeled as

yL
k |p̃k ∼ N

(
logit(p̃k), σ2

k

)
(4.8)

logit(p̃k) = β0 + uk + vk,

where the variance σ2
k is set equal to v̂ar(p̂HT

k )/
[
p̂HT

k (1 − p̂HT
k )

]2. Model (4.8) is further
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referred to as the logit-normal (LN) model. Note that the same spatial smoothing model
is assumed as in (7), with both an unstructured and structured random effect. As an
alternative, the arcsine square-root transformation can be used (Mercer et al., 2014,
Raghunathan et al., 2007). In this case, the response is yA

k = sin−1
(√

p̂HT
k

)
, which is

modeled as

yA
k |p̃k ∼ N

(
sin−1(

√
p̃k), σ2

k

)
(4.9)

sin−1(
√

p̃k) = β0 + uk + vk.

This transformation has the advantage of stabilizing the variance, with variance σ2
k equal

to (4n∗
k)−1. In this formula, n∗

k is the effective sample size n∗
k = p̂HT

k (1−p̂HT
k )/v̂ar(p̂HT

k ).
This model is called the arcsine (AS) model.

Chen et al. (2015) proposed an alternative method to take into account the sampling
design. Instead of modeling the HT estimator directly, they proposed to model the ef-
fective number of cases, calculated using the sampling weights. The effective number of
cases is calculated as yE

k = n∗
kp̂HT

k , with n∗
k the effective sample size. This is modelled

as

yE
k |p̃k ∼ Binomial(n∗

k, p̃k) (4.10)
logit(p̃k) = β0 + uk + vk.

In this model, both the numerator and denominator are adjusted for the sampling design.
This model is referred to as the effective sample size model (ES).

For all these hierarchical spatial smoothing method, both local and global information
is borrowed amongst areas, via the use of the ICAR and independent random effects (Besag
et al., 1991). This ensures that predictions can be obtained for small areas in which no
samples were taken. However, when the number of sampled spatial units is relatively low,
the use of the ICAR model might become troublesome since the information that can
be borrowed from neighbors is too sparse to gain reliable estimates (Gómez-Rubio et al.,
2010). In Section 4.4, we will investigate the behavior of these predictions.

4.3.3 Combining survey data with auxiliary summary data

In previous models, predictions in off-sample areas are based solely on the spatial random
effect terms. This assumes that the only available information about the off-sample areas
is the spatial neighborhood structure of these areas. This is indeed correct if the survey
at hand is the only source of information. In many cases, however, other sources of
information are available as well. Often, summary data describing certain characteristics
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of areas are available. In this section, we propose a method to combine the survey data
with auxiliary summary data.

In the survey, let xik be a categorical variable available in the survey questionnaire
which is related to the health outcome yik. The categorical variable has G possible values
x1, . . . , xG. In addition, assume that there is another data source which has summary
information about this categorical variable in each area. Let πgk be the population fraction
by which category g occurs in area k.

In the first step, we define the subgroup-specific outcomes, corresponding to the
outcome variable in area k and group g. Depending on the model used, the outcome is
defined in a different way. In the NB model ygk corresponds to the total number of cases
in the sample in group g within area k, and ngk is the corresponding sample size. In the
second step, we jointly model all the outcomes ygk (g = 1, . . . , G and k = 1, . . . , K) as

ygk|p̃gk ∼ Binomial(ngk, p̃gk) (4.11)

logit(p̃gk) = β1 +
G∑

l=2

βlI(xg = l) + uk + vk

In this model, we allow that the prevalence of the health outcome is different in the differ-
ent subgroups, but assume a common spatial smoothing amongst the different subgroups.
In this way, information is shared amongst the different subgroups. In the third step, we
use the auxiliary data as a post-stratification weight, in order to obtain a prediction of
the overall prevalence at area-level k:

p̂k =
∑

g

p̃gkπgk, (4.12)

Note that the other models, discussed in previous section, can be adapted in similar way.
If p̂HT

gk corresponds to the HT estimator in group g and area k, then the empirical logistic
transform and the arcsine square-root transform of p̂HT

gk , correspond to ygk in the LN and
AS models. Similarly, ygk in the ES model is defined as the effective number of cases in
group g within area k. Depending on the distribution of the subgroup-specific outcome,
we assume that the outcome follows either a Binomial or a Gaussian distributions, as in
(8)-(10). A joint model is formulated for the outcomes, assuming a shared spatial trend
amongst the different subgroups. These subgroup-specific estimates are then combined,
using the auxiliary data, to obtain an estimate of the overall prevalence.



72
Spatial modelling to inform public health based on health surveys: impact of

unsampled areas at lower geographical scale

4.4 Simulation study
Two simulation studies are conducted. In the first simulation study, we investigate the
impact of the number of missing areas in the context of a simple random two-stage
sampling design. At the first level, districts are selected to be included in the survey.
At the second level, individuals are sampled by simple random sampling. In the second
simulation study, the impact of a complex sampling design in addition to missing districts
is investigated.

4.4.1 Simulation 1: The effect of missing areas

In this section we describe the setup of the simulation study to evaluate the performance
of the spatial smoothing models when dealing with an increasing number of missing areas.

As building block for the simulation study we use the districts of Mozambique and
their population sizes in 2008. We simulate a sample of 16,000 individuals according
to a stratified random sampling design with proportional allocation. The samples are
distributed across the 125 districts of Mozambique, proportionally to their respective
populations sizes Nk. The corresponding design weight for each observation is therefore
wik = Nk/nk. Indeed, in this study, the survey does not have a complex survey design.

We simulate 100 times the outcomes for each of the individuals in the sample based
on a Bernoulli model. The outcome for individual i in district k is simulated from

yik ∼ Bern(pk)

where

logit(pk) = α + uk + vk.

The effects vk ∼ N(0, σ2
v) are spatially unstructured effects and the effects uk are spatially

structured effects that are sampled from a zero mean ICAR(σ2
u) model. These random

effects (and consequently the prevalences pk) are kept fixed across the 100 simulation
runs. We simulate three different scenarios:

(A1): we set σ2
v = 0.15 and σ2

u = 0.03;

(A2): we set σ2
v = 0.09 and σ2

u = 0.09;

(A3): we set σ2
v = 0.03 and σ2

u = 0.15.

The parameter α is set to 0. The assumed population proportions Pk are presented,
for each of the three scenarios, in Figure 4.2. In order to investigate the impact of the
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Figure 4.2: Plot of assumed population proportions Pk for scenario (A1) (left), scenario
(A2) (middle) and scenario (A3) (right).

number of missing areas, for each simulation run, we randomly remove 5, 10, 15, . . . , 70
areas from the sample. This corresponds to 4%, 8%, 12%, . . . , 56% of the areas that are
missing.

4.4.2 Simulation 2: The effect of auxiliary data

In the second simulation, we evaluate the performance of the different small area estima-
tors in the context of a complex sampling design. Data are simulated according to the
sampling design of the PSIA survey. Models with and without the use of auxiliary data
are compared. In this simulation, we use auxiliary information about the energy source
that the households primarily use, which is a proxy for poverty of the individual.

For each individual sampled in the PSIA survey, we keep the design weight and its
information with respect to use of energy as in the study. We simulate, for each individual
in the survey, the outcome of interest:

yik ∼ Bernoulli(pik),

where we define pik according to one of the following two assumptions

(B1) logit(pik) = α + uk + vk

(B2) logit(pik) = α +
∑7

l=1 βlI(energyik = l) + uk + vk,

reflecting a scenario in which the outcome depends only on the spatial structure (B1) and
a scenario in which the outcome depends both on the spatial structure and the energy
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Model Description
(M0) logit(pk) = α + uk + vk

(M1) logit(pgk) = α +
∑7

l=1 βlI(energygk = l)
p̂k =

∑
g p̃gkπgk

(M2) logit(pgk) = α + uk + vk

p̂k =
∑

g p̃gkπgk

(M3) logit(pgk) = α +
∑7

l=1 βlI(energygk = l) + uk + vk

p̂k =
∑

g p̃gkπgk

Table 4.2: Overview simulation scenarios for Simulation 2. The first column is used to
identify the matching simulation settings, specified in the second column.

use of the individual (B2). Note that for scenario (B1) pik ≡ pk, since no individual-
specific information was used in the model. The spatial random effects uk and vk are
given by either one of the three assumptions (A1), (A2) or (A3), reflecting a minor, mild
and strong spatial structure. The parameters α and β are chosen based on a preliminary
analysis of the PSIA study (see Table C1 in Appendix C). For each of the scenarios, we
simulated 100 data sets.

Each simulated data set is analysed using four different model variations to construct
the district-level estimates of the prevalences pk. Each data set is analysed using the
different methods as described in Section 4.3. Table 4.2 summarized the different models.
The first model (M0), is called the baseline model and corresponds to a model that does
not take energy into account. All other models do use the auxiliary data on energy. Model
(M1) assumes that the outcome probability depends on energy, but does not assume a
spatial structure. Model (M2) assumes that the outcome only depends on the spatial
structure, but not on energy. However a post-stratification is done in this model using
the auxiliary variable. Note that this model is the same as model (M0) in the case of the
naive binomial model, but not for the other model-based estimators (because of the use
of the HT estimator as outcome in these models). Model (M3) does take into account
both the spatial structure and energy. This is considered the most flexible model among
models (M0) to (M3).

4.4.3 Summary statistics

To evaluate the different estimators we compare the estimated squared bias and the
estimated mean squared error (MSE). Denote by p̂

(s)
k the estimated proportion from the

sth simulated data set, and Pk the underlying true proportion. The statistics are then
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calculated as:

Bias2 = 1
K

K∑
k=1

(p̄k − Pk)2
, where p̄k = 1

S

S∑
s=1

p̂
(s)
k

MSE = 1
K

K∑
k=1

(
1
S

S∑
s=1

(p̂(s)
k − Pk)2

)
.

As the target is the estimand of the prevalence, the most obvious performance measures
to consider are bias, precision and coverage of confidence intervals (Morris et al., 2019).
The bias measures whether the estimand is unbiased, which is desirable. An efficient
estimator, i.e. an estimand with small variance, is also desirable, which is measured either
by the precision of the estimand or the MSE (which is a combination of biasedness and
efficiency).
We also calculated the coverage probabilities, whereby the nominal coverage is set at
95%:

Coverage = P
(

l̂s ≤ Pk ≤ ûs

)
=

∑K
k=1

(∑S
s=1 I

(
l̂s ≤ Pk ≤ ûs

))
S · K

,

where I(·) is an indicator function which return the value 1 if the true proportion Pk lies
between the lower bound l̂s and upper bound ûs of the 95% confidence intervals for the
design-based estimators or the 95% credible intervals for the model-based estimators, or
returns the value 0 otherwise. Lastly, we calculated the average length of the 95% credible
intervals of the prevalence estimates. Confidence intervals should have the property that
at least 100(1-α)% of intervals contain the true value, which is measured by the coverage
of the confidence intervals. We presented the results of all summary statistics for the
in-sample and off-sample areas separately.

4.4.4 Simulation results

4.4.4.1 Simulation 1: Effect of number of missing districts

Figures 4.3-4.5 show the squared bias, MSE and coverage as function of an increasing
number of missing areas. Figures on the left hand side correspond to the in-sample areas,
i.e. areas for which samples are available; figures on the right hand side correspond to
off-sample areas. Top panels correspond to scenario (A1) of a weak spatial structure,
middle panels to scenario (A2) of a mild spatial structure and bottom panels to scenario
(A3) of a strong spatial structure. Colors correspond to the different models (UNW, HT,
NB, LN, AS and ES). Results are also given in Tables C2-C7 in Appendix C.
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Figure 4.3: Simulation 1: Squared Bias (×103)

The squared bias for the design-based estimators (UNW and HT) in the in-sample areas
are smallest (Figure 4.3). This is expected, as these are considered unbiased estimators.
Note that in this setting the UNW and HT estimators are the same, as the survey has
a simple stratified random sampling design. The model-based estimators (NB, LN, AS
and ES) are all very similar, with slightly higher bias as compared to the design-based
estimators. For all estimators (both design- and model-based), the bias in the in-sample
areas is hardly affected by the number of missing areas, neither by the strength of the
spatial structure. In the off-sample areas, however, a different result is observed. First of
all, note that the design-based estimators are not available in the off-sample areas. Second,
the bias increases with the number of missing areas. When the number of missing areas is
small (less then 10 area or 4% of the areas missing), the bias is small; but bias increases
quickly before leveling-off when the number of missing areas is around 30 (24% of the
areas missing). Third, the bias in the off-sample areas is smaller when the spatial trend is
stronger. In this case, the information shared from neighboring regions is more informative
for the prediction in the missing areas. Finally, all model-based estimators behave similarly
in this setting.

In contrast to the bias, the MSE of the design-based estimators (UNW and HT) in
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Figure 4.4: Simulation 1: Mean Squared Error (×103)

the in-sample areas (Figure 4.4) is much higher. This is due to the instability (and high
variability) of the design-based estimators when the sample sizes in the areas are small.
This is why the design-based estimators are not recommended when the analysis is at a
smaller geographical level. All model-based estimators behave similarly, and have small
MSE in the in-sample areas, unaffected by the number of missing areas or the strength
of the spatial structure. The MSE in the off-sample areas is higher as compared to the
MSE in the in-sample areas, but smaller than those of the design-based estimators of the
in-sample areas. The MSE increases with the number of missing areas, but levels off when
the number of areas is above 30. The MSE is smaller for stronger spatial structures, even
if the number of missing areas is high (up to 56%).

The coverage for all methods (Figure 4.5) is excellent for the in-sample areas, and
further from the nominal value (95%) for off-sample areas (however above 90% for all
cases).

Based on these results, we conclude that the model-based estimators using spatial
smoothing are very well capable of recovering the underlying spatial structure, even if the
number of off-sample areas is large. The prediction in off-sample areas is better if the
underlying spatial structure is stronger. Prediction in the in-sample areas is not adversely
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Figure 4.5: Simulation 1: Coverage probabilities

affected, despite the smaller overall sample size.

4.4.4.2 Simulation 2: The effect of auxiliary data

Figures 4.6-4.8 show the squared bias, MSE and coverage of the different models ((M0)−
(M3)), corresponding to the different simulation scenarios. Figures on the left hand side
correspond to the in-sample areas, i.e. areas for which samples are available; figures on the
right hand side correspond to off-sample areas. Top panels correspond to scenario (A1)
of a weak spatial structure, middle panels to scenario (A2) of a mild spatial structure and
bottom panels to scenario (A3) of a strong spatial structure. Within each plot, the left
panel corresponds to scenario (B1) in which the true prevalence is spatially structured;
the right panel corresponds to scenario (B2) in which the true prevalence depends on
energy and the spatial location. Colors correspond to the different models (UNW, HT,
NB, LN, AS and ES). Results are also given in Tables C8-C15 in Appendix C.

Starting with the results of the baseline model (M0), which does not take into account
the auxiliary data and which was also used in the first simulation study. We observe again
that the design-based estimators are slightly better than the model-based estimators with
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Figure 4.6: Simulation 2: Squared Bias (×103)

respect to bias in the in-sample areas. However, no estimation can be obtained using
the design-based estimator in the off-sample areas. Also, the MSE of the design-based
estimators is somewhat higher than the model-based estimators. The bias for the off-
sample areas is higher, but slightly decreases as the spatial structure strengthens. Off-
sample areas have a larger coverage than in-sample areas, due to the larger standard error
by which the response is estimated. This is also confirmed by the average length of the
CI, which is higher for all estimators in the off-sample areas. It can also be observed that
using a strong spatial random effect in any simulation process for the response variable
generally resulted in a better performance of the models for the off-sample areas. In
the simulation scenario that depends on energy (B2), the bias slightly increases in the
in-sample areas, though the impact is limited. The bias increases for the (M2) models,
when comparing scenario (B2) to (B1). Since model (M2) cannot account for the effect
of energy (simulated by scenario (B2)), this will result in an increase in bias for these
model-based estimators. The difference is more pronounced for the off-sample areas, with
higher biases and MSE when the underlying prevalence does depend on energy. We are
interested in whether the use of auxiliary data can improve prediction, especially in the
off-sample areas.

Model (M1) does take into account the auxiliary information, but neglects the spatial
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Figure 4.7: Simulation 2: MSE (×103)

structure. This model is misspecified and results in much worse estimates. The bias and
MSE in the in-sample areas increases significantly based on the model-based methods,
with major biases when there is a stronger spatial correlation. In the off-sample areas, the
impact is less pronounced, except in the case of strong spatial trend (A3). In summary, the
model-based estimators based on model (M1) under-perform for all summary statistics, for
both the in-sample and off-sample areas. As such, one could conclude that the covariate
energy alone is insufficient to produce reliable estimates in this context. The design-
based estimators are constructed from averaging the area and energy-specific observed
proportions. The bias and MSE of the design-based estimator increases, as a result of the
sparseness in the data.

Model (M2) does only account for the auxiliary information via post-stratifying the
estimated prevalences with respect to energy. It is the same as model (M0), but for-
mulated at the energy-group level. Results are indeed similar to model (M0), but the
model-based estimators outperform the design-based estimators in terms of bias and MSE
in this case. Looking at the off-sample areas, there is a slight improvement across all sum-
mary statistics as compared to the baseline model (M0), when energy has a true impact
on the prevalence. One could also observe that the results vastly improve when there is
a stronger spatial effect in the data. This trend was reversed in model (M1) since the
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Figure 4.8: Simulation 2: Coverage probabilities

estimation model could not allow for the additional spatial variability in the data.

Model (M3) further reduces the bias in the off-sample areas, in the case both energy
and the spatial structure have an effect on the true prevalence. The results for the
Bias2 and MSE perform better in model (M3) compared to the the baseline model in
the off-sample areas. Bias, MSE and coverage are overall best for model the NB model,
incorporating both energy and the spatial structure. Though the number of missing areas
is large in this setting, the method works very good. And the use of auxiliary data improves
estimation in the off-sample areas.

Figure C4 in Appendix C shows the estimated proportions for models M0 and M3 and
scenario A3 and B2, using the AN estimator averaged over all 100 simulation runs. This
figure illustrates the effect of using auxiliary data in the estimation process. Since the
M0 model relies solely on the spatial correlation between districts, this map is smoothed
out. On the other hand, the map of the M3 model allows for more non-spatial variability
due to the auxiliary data, as can be seen in the northern part of Mozambique.
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Figure 4.9: Maps for estimated school attendance proportions in 2008 PSIA study for
a) UNW, b) HT, c) NB, d) LN, e) AS, f) ES estimators. No auxiliary data was used in
the modelling process.

4.5 Data analysis

In this section we analysed the 2008 PSIA survey using the proposed methods. The out-
come of interest was the proportion of school attendance in each of the 125 districts.
However, since only 65 of these 125 districts were sampled, information from a secondary
source was incorporated in the estimation process in order to obtain more reliable es-
timates. For the 2008 PSIA survey, the primary energy source of the household was
considered as this would give an indication of wealth. Both a model without and with the
auxiliary data were used.
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Figure 4.10: Maps for estimated school attendance proportions in 2008 PSIA study for
a) UNW, b) HT, c) NB, d) LN, e) AS, f) ES estimators. The information from variable
“energy” was used as auxiliary data.

4.5.1 Model without auxiliary data

Firstly, the PSIA data set was analysed using the baseline model (M0). The results of
the data analysis using the 6 estimators (UNW, HT, NB, LN, AS and ES) are visualised
in Figure 4.9. The unsampled areas are highlighted in white, with no estimation in these
areas based on the design-based estimators. The model-based methods provide predictions
for the proportion of school attendance in these areas, by incorporation of the spatial
correlation between the areas in the estimation process. Overall, based on the model-based
estimators, we conclude that the proportion of school attendance decreases gradually from
south to north, in addition to some outlying areas in the center of Mozambique. Results of
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the different model-based estimators are very similar. The resulting trend is very smooth.
Based on the simulation results, we know that we should look at these results with caution,
as the trend is based only on the neighborhood structure. From the simulation results, it
would be recommended to use the NB, LN, AS or ES method.

4.5.2 Model with auxiliary data

In a second step, the PSIA survey was augmented with auxiliary information. The PSIA
data was analysed using a model which included the energy covariate and the 2 random
effects in the linear predictor (M3). The final estimates for the 6 models are depicted in
Figure 4.10. The design-based estimators seem to produce similar results as in Section
4.5.1, but with more area-to-area variation. As in previous analysis, the NB, LN, AS or
ES method would be recommended for analysis of the data. These models again produce
similar results overall. The information from the spatial correlation, augmented with
auxiliary data from the energy variable produce a much more refined estimation of the
school attendance proportions in Mozambique.

4.6 Conclusion and discussion

In this paper the impact of missing districts on small area estimation was investigated
in the context of the 2008 PSIA survey. When implementing a survey for a country, it
might occur that not all areas are included in the study. This will result in biased results
when estimating parameters for the off-sample areas. Taking into account the spatial
correlation between areas in the hierarchical models helps reduce this bias, but is heavily
reliant on the strength of this correlation. In order to gain reliable estimates for all areas,
an extension to the classical hierarchical models was proposed: the inclusion of auxiliary
data. Two simulation studies were performed to (1) quantify the effect of increasing
numbers of missing spatial areas and (2) investigate the effect of auxiliary data on the
spatial estimates, both for in-sample and off-sample areas.

When investigating the impact of the number of missing district in the first simulation
setting, one could conclude that the estimates based on model-based method for the in-
sample areas were unaffected, regardless of the number of missing districts. However, for
the off-sample areas, the summary statistics for these estimates gradually declined until
a plateau was reached at 30 missing districts (or 24% of the districts). On the other
hand, a high spatial correlation between the districts did improve the performance of the
off-sample areas, which was reflected in the summary statistics.

For the second simulation setting, we utilized the sampling scheme of the 2008 Mozam-
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bique PSIA survey. The variable energy was used as auxiliary information as it was consid-
ered an indication of wealth. Wealthier households are more apt to use modern sources of
energy such as electricity and solar panels. Furthermore, we assumed that children from
wealthier households have a higher probability of attending school. From the simulation,
we conclude that results for the in-sample areas are not affected much with the addition
of auxiliary data. On the other hand, for the off-sample areas, the use of auxiliary data
was a huge benefit if the model contains both covariate information and spatial random
effects. One does have to be careful that the auxiliary variable(s) contains information
which can complement the available data in the study. Design-based estimators might
be very susceptible to the auxiliary information, as it does not have access to the spatial
correlation to smooth out this additional information.

In this paper, all hierarchical models were investigated at the level of the district, while
the survey was designed to obtain reliable (design-based) estimates at a larger geographical
scale only. If the number of unsampled districts is higher then the studied 56%, a spatial
random effect at a higher geographical level could be needed (Gómez-Rubio et al., 2010).
This will model larger-scale spatial patterns and provide more reliable estimates if the
amount of available data is sparse. This will be investigated in future research. A possible
limitation of the proposed models is that only one source of auxiliary information was
considered. As such, future research might include the investigation of multiple sources
of auxiliary data.
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Multivariate spatial models for
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This chapter is based on the following publication:
Watjou, K. and Faes, C. (2020). Multivariate spatial models for lattice data in complex
surveys. (Submitted for publication).

Abstract
When performing an analysis of a spatial health survey it often interesting to inves-
tigate multiple diseases simultaneously. Furthermore, the correlation between these
diseases could provide valuable information when analysing the data. We propose
a joint spatial model which incorporates the survey weights in the modeling process
while taking into account the correlation structure between the diseases. We investi-
gated the geographical distribution of the prevalences for asthma and COPD in Florida
using the 2013 Florida Behavioral Risk Factor Surveillance System (BRFSS) health survey.

Keywords: Joint Disease Mapping, Complex Survey Design, Hierarchical Spatial
Modeling.

5.1 Introduction
The spatial location plays an important role in understanding differences in health in
the population. Health surveys are designed to collect information about the health

87
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in the population, and are often performed in a complex survey setting. Commonly, the
analysis of spatial data is performed using spatial disease mapping methods such as spatial
conditional autoregressive models, but these methods do no take into account the survey
design. Recently however, efforts have been made to extend the spatial disease mapping
methods and incorporate the survey design in the spatial model (Mercer et al., 2014,
Chen et al., 2015, Vandendijck et al., 2016, Watjou et al., 2017). While these methods
focused on the analysis of a single outcome, we will extend these methods to the analysis
of multiple health outcomes in this paper.

As diseases might be impacted by the same environmental risk factor, it is of interest
to investigate the association amongst them. A multivariate spatial model can account
for this correlation structure between the diseases. Many contributions have already been
made in the context of bivariate spatial modelling. Dabney and Wakefield (2005) pre-
sented a comprehensive comparison between univariate and bivariate disease mapping
models and considered the benefits and issues when performing the latter. Crainiceanu
et al. (2008) presented bivariate binomial geostatistical model in order to map the preva-
lence of Loa loa. Knorr-Held and Best (2001) proposed a spatial shared component model,
separating the underlying risk surfaces for each disease using a shared and disease-specific
component. Several case studies illustrate the advantages of joint spatial modeling when
the data are collected from multiple sources (Sturrock et al., 2013, Ntirampeba et al.,
2017). However, none of these joint spatial analysis were based on data obtained from a
survey with a complex study design. From the field of small area estimation, several au-
thors have proposed methodology which includes the complex survey design when working
with general multivariate models, but they did not account for any geographical associ-
ation. As an example, Asparouhov and Muthen (2005) demonstrated how the pseudo
maximum likelihood could be extended to multistage stratified cluster sampling designs.

In this study, we combine knowledge from spatial disease mapping and small area
estimation, and extend the pseudo-likelihood approach by taking into account geographical
associations. Methods are illustrated using data from the 2013 Florida Behavioral Risk
Factor Surveillance System (BRFSS) health survey, investigating the joint geographical
distributions of asthma and chronic obstructive pulmonary disease (COPD). The primary
objective is to develop a bivariate spatial model, taking into account the effect of the
complex design of the BRFSS survey.

The structure of the manuscript is as follows. In Section 5.2 the 2013 BRFSS survey
is introduced which serves as the motivating example. In Section 5.3 we give an overview
of the methodology, including the notation which is used throughout the manuscript, and
the models which are applied to the data in Section 5.4. Conclusions and discussion are
given in Section 5.5.
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COPD
Yes No Total

Asthma Yes 1614 2761 4375
No 2160 25512 27672

Total 3774 28273 32047

Table 5.1: Table of observed counts for asthma and COPD.

5.2 The 2013 BRFSS survey

The BRFSS collects state-specific data on preventive health practices and risk behaviors
which are linked to chronic diseases, injuries and infectious diseases. This data were gath-
ered in all states of the United States in collaboration with the Centers for Disease Control
and Prevention. In this paper, data from the Florida BRFSS survey are investigated.

The study has a complex sampling design, and design weights are used to make the
study representative for the population. The design weights are constructed as follows:

Design Wt = Strat Wt × 1
Nr Telephones × Nr Adults × Raking Adjustment

×Post Strat Wt, (5.1)

where Strat Wt is calculated as the inverse probability of being sampled in a stra-
tum, Nr Telephones indicates the number of telephones in the respondent’s household,
Nr Adults signifies the number of adults in the household, the Raking Adjustment
accounts for underrepresented groups in the sample and Post Strat Wt is the post-
stratification weight. Further details on the technical details of the sampling procedures,
and the BRFSS questionnaire in general, can be found at https://www.cdc.gov/brfss/
annual_data/2013/pdf/overview_2013.pdf.

In this paper, the geographical distributions of asthma and chronic obstructive pul-
monary disease (COPD) are investigated. The observed number of cases for both diseases
are cross-tabulated in Table 5.1. Approximately 5% of the respondents have both dis-
eases, whereas 79.6% of the sample has neither asthma nor COPD. Furthermore, 6.7%
has COPD but not asthma while 8.6% suffers from asthma but does not have COPD.
In total, 286 observations are missing for one or both diseases. Since only the complete
cases are considered in the statistical analysis, these missing observations are accounted
for by the post-stratification weight in equation 5.1. While Table 5.1 suggests an impor-
tant association at the individual level, we want tot know whether such association also
holds after accounting for the design and aggregation at the county level. Figure D1 in
Appendix D presents the unweighted and weighted county-specific odds ratios, indicating
a strong association between asthma and COPD for large subset of the counties.

https://www.cdc.gov/brfss/annual_data/2013/pdf/overview_2013.pdf
https://www.cdc.gov/brfss/annual_data/2013/pdf/overview_2013.pdf
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Figure 5.1: Observed proportions for asthma (left) and COPD (right) in the 2013 BRFSS
survey.

The county-specific (unweighted) observed proportions for asthma and COPD are
visualized in Figure 5.1. In general, the asthma levels is more prevalent in the BRFSS
survey compared to COPD. Furthermore, it is observed that some counties with elevated
proportions for COPD have similar proportions for asthma.

5.3 Methodology

5.3.1 Notation

Let Yik,l be the binary health outcome of disease l for an individual i in county k (i =
1,...,Nk, k = 1,...,K, l = 1,2) and Nk the population size in county k. Interest is in the
true county-specific prevalence for the two diseases (l = 1, 2):

Pk,l =
∑Nk

i=1 Yik,l

Nk
(5.2)

However, data are only observed for a subset of the population. Let yik,l be the observed
binary health outcomes (i = 1, . . . , mk). Each health outcome is accompanied by a survey
weight wik, which is independent of disease l. The survey weights were recalibrated to
account for poststratification (see equation 5.1) at the area level and normalized to sum
up to the observed sample size mk in area k:

w̃∗
ik = mk · wik∑

i∈sk
wik

, (5.3)
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where sk is the set of observed individuals in county k and wik are the design weights as
defined by equation (5.1).

5.3.2 Hierarchical models

In this section, we review two Bayesian hierarchical smoothing models that account for
both the sampling design in the survey and the spatial association amongst areas: the
Pseudo likelihood model and the Effective sample size model. Both methods are defined
for the analysis of a single health outcomes, and will be extended in the next section to the
bivariate setting. These models consist of three stages: (1) The likelihood of the response
variable is defined conditional on the random effects at the first stage; (2) At the second
stage, the distributions for the random effect are defined; (3) Lastly, the distributions for
the variance parameters of the random effects are determined.

5.3.2.1 Model 1: Pseudo likelihood model (PL)

Let us describe the method for disease l. Congdon and Lloyd (2010) proposed the use
of a weighted likelihood which could be employed for the spatial analysis of data from a
complex survey, in which they weight the likelihood contribution of each observation by
the design weight. Mercer et al. (2014) noted that this model can be re-written as the
hierarchical model:

ỹk,l|Pk,l ∼ Binomial(mk, Pk,l)

logit(Pk,l) = β0,l + uk,l + vk,l (5.4)

in which the response outcome

ỹk,l =
mk∑
i=1

yik,lw̃
∗
ik

is obtained by weighting the binary health outcomes yik,l by the normalized weights w̃∗
ik,

in order to correct for the sampling design and represents the number of individuals in
area k which would have the health outcome l in a completely random sample of size mk.
Because of the equivalence with the weighted likelihood, this model is called the pseudo-
likelihood model. The parameter β0,l is the disease-specific intercept and uk,l and vk,l are
the spatially correlated and spatially uncorrelated random effects. The inclusion of these
random effects allows for the presence of spatial heterogeneity. The spatially uncorrelated
random effect vk,l follows a zero-centered normal distribution N(0, σ2

v,l). The spatially
correlated random effect uk,l follows an intrinsic conditional auto-regressive distribution
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defined as (Besag et al., 1991, Rue and Held, 2005):

uk,l|uk′ ,l;k≠k′ ∼ N

 1
|ne(k)|

∑
k′ ∈ne(k)

uk′ ,
σ2

u,l

|ne(k)|

 , (5.5)

where ne(k) represents the set of neighbors for county k and |ne(k)| denotes the number
of neighbors. In this paper we assume that two counties are neighbors if they share a
common boundary. These spatially correlated random effects allow for information to be
borrowed between counties. A vague Gamma(0.5,0.008) prior distribution was assigned
for the precision parameters σ−2

u,l and σ−2
v,l .

5.3.2.2 Model 2: Effective sample size model (ES)

An alternative model was proposed by Chen et al. (2015) to take the sampling design into
account in the spatial analysis. They suggested to model the effective number of cases
defined as

yE
k,l = m∗

k,l · p̂HT
k,l ,

where p̂HT
k,l = 1

mk

∑
i∈s∗

k
w̃∗

ikyik is the Horvitz-Thompson estimator (Horvitz and Thomp-
son (1952)) and m∗

k,l = p̂HT
k,l (1 − p̂HT

k,l )/V̂ ar(p̂HT
k,l ) denotes the effective sample size.

The effective sample size reflects the number of completely random measurements that
one would need to reach the same amount of information as obtained from the actual
sampled individuals in the survey. Similarly, the effective number of cases corresponds
to the corresponding number of measurements with health outcome l in a completely
random sample of size m∗

k,l. This is modeled as follows:

yE
k,l|Pk,l ∼ Binomial(m∗

k,l, Pk,l)

logit(Pk,l) = β0,l + uk,l + vk,l (5.6)

Note that the effective sample size m∗
k,l, in contrast to the ordinary sample size mk, does

depend on the disease l. The random effects uk,l and vk,l represent, as in the PL model,
the structured and unstructured spatial heterogeneity. Also the priors are set in the same
way as in the PL model.

Since these two models (PL and ES) use the design weights from the BRFSS survey,
they are called weighted models. In this paper, these models are compared to the
unweighted models, i.e. models were the design weights are assumed to be one (w̃∗

ik ≡ 1).
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5.3.3 Multivariate models

In this section, we extend previous models to different types of bivariate models. When
applying the models to the data, the likelihoods for the PL and ES models remain as stated
in Section 5.3.2. However, different linear predictors were considered when modeling the
bivariate data. To allow for flexibility between the linear predictors we assume different
intercepts for both diseases across all models.

5.3.3.1 Type I: Uncorrelated model

Separate univariate models are carried out by fitting the PL and ES model for each disease.
This coincides with a bivariate model with correlation between the two endpoints equal
to zero. The linear predictors for both diseases can be written as:

(Type I) : logit(Pk,1) = β0,1 + uk,1 + vk,1 (5.7)
logit(Pk,2) = β0,2 + uk,2 + vk,2,

where both the vector containing the spatially correlated random effects (uk,1, uk,2), as
well as the vector containing the spatially uncorrelated random effects (vk,1, vk,2) have
correlation zero and separate variances. The random effects (uk,1, uk,2) are assumed to
follow a multivariate CAR distribution, with cross-correlation zero and separate variances.
The random effects (vk,1, vk,2) are assumed to follow a multivariate normal distribution,
with correlation zero. This is represented in the upper panel in Table 5.2.

5.3.3.2 Type II: Compound symmetry model

A variance-covariance matrix is compound symmetric if all variances are equal and all co-
variances are equal. The bivariate compound symmetry model assumes that the variances
of the random effects for each of the diseases are equal. Furthermore, the covariances are
also equal, which is of course trivial in the bivariate case. While the linear predictor of
the model (Type II) is identical to the one of (Type I), the covariance structure for the
two random effects uk,l and vk,l include correlation parameters ρu and ρv respectively:

(Type II) :

(
uk,1

uk,2

)
∼ MVCAR

((
0
0

)
,

(
σ2

u ρuσ2
u

ρuσ2
u σ2

u

))
(5.8)(

vk,1

vk,2

)
∼ MVN

((
0
0

)
,

(
σ2

v ρvσ2
v

ρvσ2
v σ2

v

))
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The model assumes separate effects for the two diseases, but with common variance
and cross correlations ρu and ρv, corresponding to the correlation amongst the spatially
structured and spatially unstructured random effects.

5.3.3.3 Type III: Shared random effects model

The third model assumes the spatial random effect terms are shared between the two
diseases. This is valid if the spatial risk surface for both diseases is similar, possibly due
to the same environmental risk factor. However, as one disease might be more prevalent
as the other disease, different variances are assumed, by inclusion of a scaling factor
λ. To allow for different amount of unstructured heterogeneity, we further assume that
the spatially uncorrelated random effects are different, with separate variance but with
correlation ρv. The linear predictor for this method can be written as follows:

(Type III) : logit(Pk,1) = β0,1 + uk,1 + vk,1 (5.9)
logit(Pk,2) = β0,2 + λuk,1 + vk,2,

where (
uk,1

uk,2

)
∼ MVCAR

((
0
0

)
,

(
σ2

u ρuσ2
u

ρuσ2
u σ2

u

))
(5.10)(

vk,1

vk,2

)
∼ MVN

((
0
0

)
,

(
σ2

v,1 ρvσv,1σv,2

ρvσv,1σv,2 σ2
v,2

))

5.3.3.4 Type IV: Correlated random effects model

The final bivariate model which was considered is the full correlated random effects model.
This method allows for more flexibility in the definition of the covariance structure for
both random effects compared to the previous three methods. The linear predictor is the
same as in (Type I), but the random effects are now defined as separate, but correlated,
random effects, with different variance parameters:

(Type IV ) :

(
uk,1

uk,2

)
∼ MVCAR

((
0
0

)
,

(
σ2

u,1 ρuσu,1σu,2

ρuσu,1σu,2 σ2
u,2

))
(

vk,1

vk,2

)
∼ MVN

((
0
0

)
,

(
σ2

v,1 ρvσv,1σv,2

ρvσv,1σv,2 σ2
v,2

))

A summary of the four different model types is given in Table 5.2. The aforemen-
tioned models are implemented by means of the Integrated Nested Lagrange Approxima-
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Type Linear Predictor Description Random Effects

(I) logit(Pk,l) = β0,l + uk,l + vk,l

(
uk,1
uk,2

)
∼ MVCAR

((
0
0

)
,

(
σ2

u,1 0
0 σ2

u,2

))
(

vk,1
vk,2

)
∼ MVN

((
0
0

)
,

(
σ2

v,1 0
0 σ2

v,2

))
(II) logit(Pk,l) = β0,l + uk,l + vk,l

(
uk,1
uk,2

)
∼ MVCAR

((
0
0

)
,

(
σ2

u ρuσ2
u

ρuσ2
u σ2

u

))
(

vk,1
vk,2

)
∼ MVN

((
0
0

)
,

(
σ2

v ρvσ2
v

ρvσ2
v σ2

v

))
(III) logit(Pk,l) = β0,l + λuk,l + vk,l

(
uk,1
uk,1

)
∼ MVCAR

((
0
0

)
,

(
σ2

u 0
0 σ2

u

))
(

vk,1
vk,2

)
∼ MVN

((
0
0

)
,

(
σ2

v,1 ρvσv,1σv,2
ρvσv,1σv,2 σ2

v,2

))
(IV ) logit(Pk,l) = β0,l + uk,l + vk,l

(
uk,1
uk,2

)
∼ MVCAR

((
0
0

)
,

(
σ2

u,1 ρuσu,1σu,2
ρuσu,1σu,2 σ2

u,2

))
(

vk,1
vk,2

)
∼ MVN

((
0
0

)
,

(
σ2

v,1 ρvσv,1σv,2
ρvσv,1σv,2 σ2

v,2

))
Table 5.2: Overview linear predictors specified in Section 5.3.3. The first column is used
to identify the matching linear predictors and covariance structure of the random effects,
specified in the second and third column respectively.

tion (INLA) approach (Rue and Held, 2005). Palmi Perales et al. (2019) produced the
INLAMSM-package which is used to fit these multivariate models in R within the INLA
framework. Examples of R codes for all linear predictors are provided in Appendix D.

5.4 Results

The county-specific estimates for asthma and COPD in Florida are presented in Figures
5.2 and 5.3 respectively. The left column provides the estimates for the PL-model for both
figures, while the right column does so for the ES-model. The different rows correspond
to models of Type I, II, III and IV , respectively. Darker shades of red correspond
to higher county prevalences for asthma or COPD. Note that the spatial trends for both
diseases is smoothed due to the use of the spatially correlated random effects.

Figure 5.2 shows little variation between the asthma estimates of the PL- and ES-
models, for all four linear predictors. Overall, the prevalence of asthma seems to be
somewhat lower in the south of the country as compared to the north. In the north, some
counties with higher prevalence can be observed.

Figure 5.3 shows the estimated county-specific prevalences for COPD. These estimates
were generally low, for all four linear predictors. Even though all models share information
amongst the diseases, except for the Type I model, the impact on the estimation of the
prevalences is limited, as depicted in Figure 5.3.
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Figure 5.2: Estimated prevalences for asthma using the weighted PL-model (left column)
and weighted ES-model (right column) using models of Type I (first row), Type II
(second row), Type III (third row) and Type IV (last row).

Figure 5.4 shows the county-specific effective sample sizes, for both diseases, plotted
against the actual sample sizes in the survey. Black dots represent the effective sample
size of asthma, and red dots represent the effective sample size of COPD. First, the
effective sample size is generally lower than the actual sample size for each county. This
is expected, as the sampling variance of a complex sample is typically larger than the
sampling variance a simple random sample. Or, as compared to random sampling, the
design of the BRFSS results in a loss of information. Second, it can be observed that the
effective sample size corresponding to asthma is generally lower as compared to that of
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Figure 5.3: Estimated prevalences for COPD using the weighted PL-model (left column)
and weighted ES-model (right column) using models of Type I (first row), Type II
(second row), Type III (third row) and Type IV (last row).

COPD, due to the fact that COPD has a smaller prevalence.
Figures D2 and D3 in the Appendix D show the unweighted counterparts for asthma

and COPD respectively. The unweighted models yield lower estimates for asthma com-
pared to the weighted models in most counties, which indicate that the unweighted models
underestimate the prevalence of asthma. On the other hand, the unweighted COPD es-
timates are generally higher compared to their weighted counterparts, indicating that the
unweighted models overestimate the prevalence of COPD. This highlights the importance
of correctly accounting for the design of the study.
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Figure 5.4: Scatter plot of the county-specific effective sample size versus observed
sample sizes for asthma (black dots) and COPD (red dots) in the 2013 Florida BRFSS
survey.

Table 5.3 shows the estimated variance parameters σ2
u,l and σ2

v,l, correlation parame-
ters ρ̂u and ρ̂v and scaling parameter λu for both the unweighted and weighted models.
Note that for models with the (Type I) linear predictor, the diseases were modeled inde-
pendently. Additionally, the covariance matrix of the spatially correlated random effect
did not allow for a correlation structure when using the (Type III) linear predictor.
The correlation estimates are relatively low, albeit consistent across all models and the
(Type II) − (Type IV ). However, the inclusion of these correlation parameters in the
model remains important. In addition, the use of design weights has an impact on the
estimated correlation, resulting in smaller correlations. The scaling parameter in the
(Type III) linear predictor is generally estimated around two, except in the weighted
ES-model. This indicates that the spatial random effect for COPD is on average twice as
large as the spatial random effect for asthma. Furthermore, it could be observed that the
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PL-Model ES-model
(Type I) (Type II) (Type III) (Type IV ) (Type I) (Type II) (Type III) (Type IV )

Unweighted
DIC 1003.413 1003.747 1009.197 1002.332 1297.486 1297.77 1303.139 1295.901
ρ̂u / -0.001555 / 0.219476 / -0.000531 / 0.297715
ρ̂v / 0.573820 0.000419 0.011922 / 0.673039 0.001037 -0.004299
λu / / 2.008596 / / / 2.015556 /
σ2

u,1 0.006307 0.000056 0.039311 0.099232 0.006307 0.000052 0.039993 0.078637
σ2

u,2 0.010671 0.000056 0.039311 0.187671 0.010672 0.000052 0.039993 0.277560
σ2

v,1 0.014027 0.054835 0.045974 0.054542 0.014269 0.055033 0.045996 0.049343
σ2

v,2 0.085927 0.054835 0.257051 0.201954 0.086135 0.055033 0.257655 0.246266

Weighted
DIC 1253.576 1242.483 1277.064 1240.926 1153.919 1151.919 1160.247 1152.898
ρ̂u / -0.002069 / -0.001121 / -0.001571 / 0.023264
ρ̂v / 0.396035 -0.000725 -0.007381 / 0.505110 -0.000086 -0.004670
λ / / 2.075531 / / / 1.000095 /
σ2

u,1 0.008049 0.000057 0.024965 0.166813 0.009072 0.000054 0.000053 0.113720
σ2

u,2 0.016379 0.000057 0.024965 0.169797 0.015402 0.000054 0.000053 0.152338
σ2

v,1 0.037730 0.061580 0.058650 0.064150 0.012458 0.034637 0.055688 0.060212
σ2

v,2 0.070676 0.061580 0.259377 0.460696 0.039671 0.034637 0.255454 0.206747

Table 5.3: DIC and estimated correlation values, variance parameters and scaling pa-
rameters for the pseudo likelihood model and effective sample size model.

estimated variance parameters for COPD are larger compared to those for asthma. Thus,
more variation is observed in COPD as compared to the asthma prevalence.

The performance of the different linear predictors can be compared via the Deviance
Information Criterion (DIC) (Spiegelhalter et al., 2002). Note that the PL-model and the
ES-model can not be compared directly using the DIC, since the data that both models use
in the estimation process is different. Likewise, results from models using unweighted and
weighted data can not be compared. However, the four models (Type I)−(Type IV ) can
be compared. The DIC values for all analyses are presented in Table 5.3. The correlated
random effect model (Type IV ) yielded the lowest DIC value for the PL-model, whereas
the (Type II) linear predictor slightly performed better when using the ES-model. As
such, this indicates the importance of including the correlation structure of the spatial
and non-spatial variability between the two diseases.

5.5 Conclusion and discussion

In this paper, a modeling framework was proposed for the analysis of two diseases with data
collected in a survey with a complex sampling design. Two different modeling frameworks
were considered: the pseudo-likelihood method and effective sample size method. While
both take into account the sampling design, by correcting the response, reflecting the
number of positive individuals in the sample; the second method also corrects the sample
size based on the design of the study. In addition, four different bivariate random effects
models were proposed in order to model the association between prevalences of asthma
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and COPD in Florida using data from the 2013 BRFSS study. This framework can be used
in a wide variety of applications. The spatial and non-spatial correlation structure was
incorporated in the estimation process through the covariance structure of the spatially
and non-spatially correlated random effects respectively.

The correlated random effects model performed well in terms of DIC for both hier-
archical models, indicating the relevance of incorporating the correlation structure when
estimating the prevalence of both diseases. However, the performances for the unweighted
and weighted models could not be compared directly using the DIC, which is a limitation
of this method. However, Mercer et al. (2014), Chen et al. (2015) and Vandendijck et al.
(2016) demonstrated the necessity of the including the sampling design in the estimation
process (in the univariate setting). Furthermore they did already evaluate the performance
of the PL-model and the ES-model in a survey setting.

The strength of the multivariate method as compared to univariate analyses is that it
can help to share information from one disease to another one. Care is however needed
with interpretation of the correlation parameters as a small association at the aggregate
level does not imply a small association at the individual level. This is known as Simpson’s
paradox, and illustrated in this example.

An analysis at the individual level should be preferred, though due to computational
complexity, is not feasible in this case.



Chapter 6
General discussion and
conclusion

The main purpose of this thesis was to find models which could yield reliable estimates
when modeling spatial health survey data with missing data. Two types of missingness
were investigated: nonresponse based on the outcome variable and non-sampling of small
areas in the population of interest. These models were investigated using several simula-
tion studies and cases studies.

In Chapter 2 and 3, several area-level models that account for spatial association
were adjusted for nonresponse. These models were compared against an extension of the
unit-level smoothing model proposed by Vandendijck et al. (2016). The advantage of
these latter models is that the effect of the design and the missingness can be modeled
separately, which allows for more flexibility in the estimation process. When there is a
spatial trend present in the outcome variable, the unit-level models generally perform
better than their area-level counterparts. However, the increase in flexibility for the unit-
level smoothing models also implies an increase in computation time. In some cases (e.g.
if the data set is too large or if the design of the study is too complex) the model might
not even converge, as could be seen in Chapter 3.

Furthermore, the proposed methodology is only valid under the assumption of MCAR
and (S-)MAR. Simulations have shown that the performance of these models crumbles un-
der the assumption of (S-)MNAR. Future work might include methodology which is valid
when assuming the MNAR missingness mechanism. Chapter 2 and 3 focused primarily
on weighting methods in order to cope with missing data. However, other methodology
in the context of MCAR and MAR could be considered as well. As previously stated, a
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likelihood-based analysis on the available data is valid, given that the missingness is ig-
norable. Multiple imputation is a well-known, popular alternative which could have been
applied to the proposed data sets as well. However, when analysing larger or more com-
plex data sets, the longer runtime of the weight smoothing models when using multiple
imputation might prove to be uninviting. Generally, multiple imputation techniques can
be subdivided into two frameworks: joint model imputation (Schafer and Yucel, 2002,
Asparouhov and Muthén, 2010) and fully conditional specification imputation (Van Bu-
uren, 2007, Carpenter and Kenward, 2013). Mistler and Enders (2017) compared these
two frameworks in the context of multilevel missing data and concluded that the the ap-
proaches of Carpenter and Kenward (2013) and Asparouhov and Muthén (2010) proved
to be more flexible.

Caution has to be exercised when aggregating observations which follow a bernoulli
distribution within regions. In general, when the probability parameter of the bernoulli
distributions is dependent on individual characteristics, the resulting distribution of the
aggregated binary outcomes is a Poisson-binomial distribution instead of the regular bi-
nomial distribution. However, if the characteristics are specific for the region instead of
the individual, the binomial distribution still holds for the aggregated outcomes.

In Chapter 3, the performance of the models was compared by means of the DIC. While
this is an easy metric to use, the criterion does not give an indication on the significance
of the performance of these models when comparing them to each other. Other criteria
could be investigated when comparing and evaluating the fit of the models.

Chapter 4 investigated the effect of unsampled spatial units on the small area esti-
mates. The simulation study on the number of missing districts in Chapter 4 showed that
while the inclusion of a spatially correlated random effect is beneficial, the performance
usually collapses unless there is a strong spatial trend present in the data. An important
detail, which was not investigated in this study, is the spatial distribution of the unsam-
pled districts. Clustered unsampled districts might yield more biased estimates compared
to unsampled districts which are spread out equally across the map. However, this is
something that could be further investigated in the near future.

In order to reduce the bias in the off-sample areas, we proposed a model which aug-
mented the survey data with population data. This has a positive effect on the estimates
for the off-sample districts, if there is a spatial trend present, without affecting the in-
sample estimates. Future work might include the investigation of multiple sources of
auxiliary data. In this thesis we only considered a stratified approach based on the pri-
mary energy source of the households. Furthermore, the performance of the proposed
model could also be examined for a variable number of unsampled districts, in order to
determine the reach of the auxiliary data.
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Chapter 5 seems a little standalone, since the emphasis was not on the missing data
as such. Furthermore, only the complete response cases were analysed and the missing
observations were accounted for by means of a poststratification weight. However, these
models could serve as a stepping stone for models which can incorporate a variety of
missing data. The performance of several spatial multivariate models was investigated
on spatial health data, whereby the correlated random effects model proved to perform
the best in terms of DIC. This type of model could be extended to analyse bivariate data
where one outcome is missing for some respondents. Future work could investigate the
performance of these multivariate models, conditional on the strength of the correlation
between the two outcome variables.
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Appendix A
Supplementary Materials for
Chapter 2

UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 16.89 0.65 0.63 0.42 0.48 0.18 0.22 / / /

20% Missingness
MCAR (S2) 16.90(10) 0.88(9) 0.85(8) 0.56(6) 0.64(7) 0.34(1) 0.38(4) 0.37(2) 0.38(3) 0.51(5)

MAR (S5) 10.96(10) 0.49(9) 0.47(8) 0.31(6) 0.36(7) 0.19(1) 0.24(2) 0.26(4) 0.25(3) 0.31(5)

S-MAR (S6) 11.25(10) 0.54(9) 0.52(8) 0.35(6) 0.40(7) 0.21(1) 0.26(2) 0.32(4) 0.27(3) 0.34(5)

MNAR (S7) 7.80 0.60 0.58 0.54 0.53 0.70 0.82 0.55 0.63 0.56
S-MNAR (S8) 8.01 0.59 0.58 0.53 0.52 0.67 0.79 0.55 0.61 0.53

40% Missingness
MCAR (S2) 16.70(10) 1.16(9) 1.10(8) 0.73(5) 0.82(7) 0.58(1) 0.64(2) 0.68(4) 0.67(3) 0.79(6)

MAR (S5) 4.76(10) 0.23(9) 0.22(8) 0.14(1) 0.18(5) 0.18(2) 0.22(7) 0.22(6) 0.18(3) 0.18(4)

S-MAR (S6) 5.12(10) 0.25(8) 0.25(7) 0.18(1) 0.20(2) 0.22(4) 0.27(9) 0.23(6) 0.22(3) 0.22(5)

MNAR (S7) 0.88 4.27 4.24 4.42 4.21 4.81 4.96 4.05 4.46 4.27
S-MNAR (S8) 1.45 4.16 4.07 4.13 3.92 4.51 4.66 3.84 4.14 3.97

60% Missingness
MCAR (S2) 16.36(10) 1.72(9) 1.52(8) 1.11(1) 1.19(2) 1.20(3) 1.28(4) 1.45(7) 1.30(5) 1.41(6)

MAR (S5) 0.38(10) 0.18(9) 0.16(7) 0.10(2) 0.12(4) 0.15(6) 0.17(8) 0.08(1) 0.12(3) 0.12(5)

S-MAR (S6) 0.60(10) 0.15(7) 0.13(4) 0.09(1) 0.10(2) 0.22(8) 0.25(9) 0.14(6) 0.14(5) 0.12(3)

MNAR (S7) 5.60 19.68 19.47 19.42 18.54 19.20 19.21 17.99 19.33 19.01
S-MNAR (S8) 6.23 19.00 18.60 17.97 17.16 17.83 17.96 16.85 17.92 17.63

Table A1: Summary statistics of squared bias using adjusted weights, analysed under the
M1 simulation mechanism. The prior distribution of the precision parameters σ−2

u and
σ−2

v are assumed to follow a Gamma(2,1)-distribution. (×103)
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 0.04 0.04 0.86 0.36 1.74 0.34 0.34 / / /

20% Missingness
MCAR (S2) 0.03(1) 0.04(2) 1.78(9) 0.54(7) 2.54(10) 0.52(4) 0.52(5) 0.71(8) 0.53(6) 0.46(3)

MAR (S5) 0.04(1) 0.05(2) 1.46(9) 0.50(7) 2.05(10) 0.50(4) 0.50(6) 0.50(8) 0.50(5) 0.43(3)

S-MAR (S6) 0.04(1) 0.05(2) 1.51(9) 0.54(7) 2.44(10) 0.53(4) 0.54(6) 0.55(8) 0.53(5) 0.46(3)

MNAR (S7) 1.65 1.69 2.90 2.02 4.02 2.01 2.00 2.08 2.00 1.94
S-MNAR (S8) 1.59 1.66 3.08 2.06 4.06 2.02 2.03 2.08 2.03 1.95

40% Missingness
MCAR (S2) 0.05(1) 0.05(2) 3.27(9) 0.79(4) 4.54(10) 0.82(6) 0.83(7) 0.82(5) 0.84(8) 0.73(3)

MAR (S5) 0.04(1) 0.06(2) 3.03(9) 0.84(4) 4.10(10) 0.84(5) 0.85(7) 0.96(8) 0.85(6) 0.74(3)

S-MAR (S6) 0.06(1) 0.06(2) 2.93(9) 0.82(4) 4.49(10) 0.87(5) 0.88(7) 0.88(8) 0.88(6) 0.77(3)

MNAR (S7) 8.55 8.42 10.81 9.17 11.94 9.30 9.22 9.77 9.18 9.09
S-MNAR (S8) 8.36 8.42 11.39 9.36 12.53 9.38 9.38 9.70 9.33 9.21

60% Missingness
MCAR (S2) 0.08(1) 0.08(2) 5.55(9) 1.54(4) 10.64(10) 1.67(5) 1.67(8) 1.77(8) 1.67(6) 1.46(3)

MAR (S5) 0.08(1) 0.11(2) 6.16(9) 1.69(7) 10.03(10) 1.68(7) 1.69(8) 1.67(4) 1.68(6) 1.46(3)

S-MAR (S6) 0.07(1) 0.07(2) 6.00(9) 1.62(4) 9.96(10) 1.69(5) 1.70(7) 1.73(8) 1.70(6) 1.47(3)

MNAR (S7) 28.40 28.39 35.42 32.04 37.73 32.25 32.24 32.85 32.13 31.96
S-MNAR (S8) 27.86 27.94 35.89 31.94 37.94 32.20 32.37 32.50 32.27 32.10

Table A2: Summary statistics of squared bias using adjusted weights, analysed under the
M2 simulation mechanism. The prior distribution of the precision parameters σ−2

u and
σ−2

v are assumed to follow a Gamma(2,1)-distribution. (×103)

UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 20.61 6.22 5.53 2.74 2.76 2.01 1.99 / / /

20% Missingness
MCAR (S2) 21.71(10) 8.01(9) 6.93(8) 3.29(7) 3.29(6) 2.46(4) 2.43(3) 2.40(1) 2.41(2) 2.67(5)

MAR (S5) 15.80(10) 7.04(9) 5.98(8) 2.74(7) 2.67(6) 2.34(4) 2.26(1) 2.27(3) 2.27(2) 2.40(5)

S-MAR (S6) 16.07(10) 6.84(9) 5.84(8) 2.70(7) 2.68(6) 2.26(2) 2.23(1) 2.40(4) 2.26(3) 2.38(5)

MNAR (S7) 12.76 7.08 6.10 2.98 2.87 2.77 2.81 2.56 2.63 2.64
S-MNAR (S8) 12.96 7.25 6.27 3.05 2.97 2.79 2.83 2.61 2.62 2.64

40% Missingness
MCAR (S2) 23.05(10) 10.49(9) 8.67(8) 3.87(7) 3.85(6) 3.01(2) 3.03(3) 3.08(4) 2.99(1) 3.30(5)

MAR (S5) 11.74(10) 8.98(9) 7.16(8) 2.88(7) 2.70(5) 2.77(6) 2.58(3) 2.48(1) 2.50(2) 2.61(4)

S-MAR (S6) 11.64(10) 8.24(9) 6.64(8) 2.69(7) 2.63(5) 2.65(6) 2.51(4) 2.42(2) 2.40(1) 2.49(3)

MNAR (S7) 7.91 12.62 10.95 7.09 6.68 7.13 7.19 6.35 6.72 6.66
S-MNAR (S8) 8.53 12.69 10.94 6.88 6.51 6.97 7.03 6.26 6.43 6.40

60% Missingness
MCAR (S2) 26.09(10) 15.47(9) 11.08(8) 4.84(7) 4.51(6) 4.05(1) 4.09(3) 4.40(4) 4.08(2) 4.46(5)

MAR (S5) 11.44(10) 13.01(9) 9.01(8) 3.25(7) 2.93(3) 3.19(6) 3.00(5) 2.92(1) 2.80(2) 2.99(4)

S-MAR (S6) 11.92(10) 12.91(9) 8.57(8) 3.14(7) 2.79(1) 3.20(6) 3.08(5) 3.03(3) 2.87(2) 3.03(4)

MNAR (S7) 16.72 31.75 27.97 22.38 21.08 21.91 21.83 20.83 21.85 21.75
S-MNAR (S8) 18.11 31.63 26.82 21.05 19.74 20.74 20.78 19.51 20.62 20.55

Table A3: Summary statistics of MSE using adjusted weights, analysed under the M1
simulation mechanism. The prior distribution of the precision parameters σ−2

u and σ−2
v

are assumed to follow a Gamma(2,1)-distribution. (×103)
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 2.46 3.63 6.65 3.45 9.11 2.40 2.42 / / /

20% Missingness
MCAR (S2) 3.16(5) 4.65(8) 9.12(9) 4.39(7) 9.38(10) 3.08(2) 3.11(4) 3.94(6) 3.11(3) 3.08(1)

MAR (S5) 2.98(6) 4.27(8) 8.42(10) 4.02(7) 7.84(9) 2.92(2) 2.94(5) 2.93(4) 2.93(3) 2.90(1)

S-MAR (S6) 2.92(4) 4.15(8) 8.38(9) 3.96(7) 9.65(10) 2.90(2) 2.92(3) 2.95(6) 2.93(5) 2.88(1)

MNAR (S7) 4.70 6.08 9.50 5.72 12.67 4.52 4.54 5.00 4.54 4.51
S-MNAR (S8) 4.59 6.13 9.81 5.82 11.88 4.49 4.52 4.84 4.52 4.48

40% Missingness
MCAR (S2) 4.15(6) 5.96(8) 12.64(9) 5.48(7) 13.64(10) 3.99(2) 4.01(3) 4.02(5) 4.01(4) 3.97(1)

MAR (S5) 3.95(5) 5.38(8) 12.27(9) 5.07(7) 12.35(10) 3.89(2) 3.92(4) 4.43(6) 3.91(3) 3.85(1)

S-MAR (S6) 3.86(5) 5.20(8) 12.19(9) 4.90(7) 14.22(10) 3.82(2) 3.85(3) 3.87(6) 3.85(4) 3.80(1)

MNAR (S7) 12.98 14.55 19.20 14.05 20.38 12.73 12.68 14.41 12.64 12.61
S-MNAR (S8) 12.60 14.55 20.10 14.23 20.33 12.68 12.72 13.75 12.68 12.63

60% Missingness
MCAR (S2) 6.40(6) 8.64(8) 18.08(9) 7.73(7) 26.19(10) 6.07(2) 6.09(3) 6.34(5) 6.10(4) 6.01(1)

MAR (S5) 6.25(6) 8.03(8) 18.54(9) 7.39(7) 24.13(10) 6.03(2) 6.04(3) 6.05(5) 6.05(4) 5.97(1)

S-MAR (S6) 6.26(6) 7.83(8) 18.55(9) 7.32(7) 24.36(10) 6.10(2) 6.11(3) 6.25(5) 6.11(4) 6.03(1)

MNAR (S7) 36.43 38.84 47.57 39.46 49.21 37.78 37.80 38.98 37.72 37.75
S-MNAR (S8) 36.09 38.77 47.16 39.14 49.58 37.47 37.67 38.30 37.59 37.64

Table A4: Summary statistics of MSE using adjusted weights, analysed under the M2
simulation mechanism. The prior distribution of the precision parameters σ−2

u and σ−2
v

are assumed to follow a Gamma(2,1)-distribution. (×103)

UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 16.86 0.65 0.62 0.39 0.46 0.18 0.21 / / /

20% Missingness
MCAR (S2) 16.90(10) 0.88(9) 0.84(8) 0.53(6) 0.61(7) 0.48(4) 0.38(2) 0.37(1) 0.38(3) 0.50(5)

MAR (S5) 10.96(10) 0.49(9) 0.47(8) 0.29(5) 0.35(7) 0.13(1) 0.24(3) 0.23(2) 0.24(4) 0.31(6)

S-MAR (S6) 11.25(10) 0.54(9) 0.51(8) 0.33(5) 0.39(7) 0.15(1) 0.26(2) 0.29(4) 0.27(3) 0.34(6)

MNAR (S7) 7.80 0.60 0.57 0.54 0.52 0.66 0.80 0.50 0.62 0.56
S-MNAR (S8) 8.01 0.59 0.57 0.53 0.51 0.61 0.76 0.61 0.59 0.53

40% Missingness
MCAR (S2) 16.70(10) 1.16(9) 1.09(8) 0.69(4) 0.79(6) 1.01(7) 0.64(1) 0.66(2) 0.66(3) 0.77(5)

MAR (S5) 4.76(10) 0.23(9) 0.22(8) 0.14(1) 0.18(5) 0.16(2) 0.22(7) 0.21(6) 0.18(3) 0.18(4)

S-MAR (S6) 5.12(10) 0.25(8) 0.25(7) 0.18(1) 0.20(3) 0.18(2) 0.27(9) 0.22(4) 0.22(5) 0.22(6)

MNAR (S7) 0.88 4.27 4.22 4.46 4.23 4.57 4.92 4.05 4.45 4.27
S-MNAR (S8) 1.45 4.16 4.04 4.15 3.91 4.16 4.58 3.69 4.12 3.96

60% Missingness
MCAR (S2) 16.36(10) 1.72(8) 1.53(7) 1.07(1) 1.17(2) 2.11(9) 1.27(3) 1.40(6) 1.28(4) 1.38(5)

MAR (S5) 0.38(10) 0.18(8) 0.14(6) 0.10(2) 0.12(5) 0.26(9) 0.17(7) 0.07(1) 0.11(3) 0.11(4)

S-MAR (S6) 0.60(10) 0.15(7) 0.12(4) 0.09(1) 0.09(2) 0.27(9) 0.24(8) 0.13(5) 0.13(6) 0.11(3)

MNAR (S7) 5.60 19.68 19.38 19.51 18.57 18.50 19.22 18.20 19.34 19.03
S-MNAR (S8) 6.23 19.00 18.43 17.96 17.09 16.68 17.81 16.23 17.84 17.59

Table A5: Summary statistics of squared bias using adjusted weights, analysed under the
M1 simulation mechanism. The prior distribution of the precision parameters σ−2

u and
σ−2

v are assumed to follow a Gamma(1,0.5)-distribution. (×103)
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 0.04 0.04 0.86 0.33 1.68 0.32 0.32 / / /

20% Missingness
MCAR (S2) 0.03(1) 0.04(2) 1.74(9) 0.51(7) 2.46(10) 0.49(5) 0.49(6) 0.66(8) 0.49(4) 0.44(3)

MAR (S5) 0.04(1) 0.05(2) 1.43(9) 0.46(5) 1.97(10) 0.46(4) 0.47(7) 0.53(8) 0.47(6) 0.41(3)

S-MAR (S6) 0.04(1) 0.05(2) 1.49(9) 0.51(7) 2.36(10) 0.50(5) 0.50(6) 0.56(8) 0.50(4) 0.45(3)

MNAR (S7) 1.65 1.69 2.88 2.00 3.93 1.98 1.97 2.16 1.98 1.92
S-MNAR (S8) 1.59 1.66 3.05 2.03 3.97 1.99 2.00 1.99 2.00 1.94

40% Missingness
MCAR (S2) 0.05(1) 0.05(2) 3.19(9) 0.74(4) 4.39(10) 0.77(5) 0.78(6) 0.90(8) 0.78(7) 0.70(3)

MAR (S5) 0.04(1) 0.06(2) 2.96(9) 0.79(4) 3.95(10) 0.79(5) 0.79(6) 1.08(8) 0.80(7) 0.71(3)

S-MAR (S6) 0.06(1) 0.06(2) 2.89(9) 0.77(4) 4.35(10) 0.81(5) 0.82(6) 0.84(8) 0.83(7) 0.73(3)

MNAR (S7) 8.55 8.42 10.81 9.11 11.76 9.24 9.15 9.63 9.14 9.05
S-MNAR (S8) 8.36 8.42 11.40 9.30 12.37 9.31 9.32 9.56 9.27 9.17

60% Missingness
MCAR (S2) 0.08(1) 0.08(2) 5.51(9) 1.45(4) 10.34(10) 1.56(6) 1.57(7) 1.60(8) 1.56(5) 1.39(3)

MAR (S5) 0.08(1) 0.11(2) 6.09(9) 1.58(7) 9.73(10) 1.57(6) 1.58(8) 1.56(5) 1.56(4) 1.40(3)

S-MAR (S6) 0.07(1) 0.07(2) 5.92(9) 1.52(4) 9.69(10) 1.58(5) 1.59(8) 1.59(7) 1.59(6) 1.41(3)

MNAR (S7) 28.40 28.39 35.98 31.76 37.18 31.96 31.95 32.35 31.86 31.75
S-MNAR (S8) 27.86 27.94 36.42 31.68 37.44 31.91 32.09 33.18 32.02 31.85

Table A6: Summary statistics of squared bias using adjusted weights, analysed under the
M2 simulation mechanism. The prior distribution of the precision parameters σ−2

u and
σ−2

v are assumed to follow a Gamma(1,0.5)-distribution. (×103)

UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 20.58 6.22 5.15 2.25 2.28 1.70 1.66 / / /

20% Missingness
MCAR (S2) 21.71(10) 8.01(9) 6.39(8) 2.73(6) 2.75(7) 2.25(4) 2.04(2) 2.08(3) 2.03(1) 2.37(5)

MAR (S5) 15.80(10) 7.04(9) 5.48(8) 2.22(7) 2.18(6) 1.98(4) 1.86(1) 1.89(2) 1.93(3) 2.13(5)

S-MAR (S6) 16.07(10) 6.84(9) 5.36(8) 2.20(7) 2.20(6) 1.88(2) 1.84(1) 1.94(4) 1.92(3) 2.11(5)

MNAR (S7) 12.76 7.08 5.59 2.48 2.38 2.43 2.40 2.19 2.26 2.36
S-MNAR (S8) 12.96 7.25 5.74 2.53 2.48 2.38 2.41 2.31 2.24 2.36

40% Missingness
MCAR (S2) 23.05(10) 10.49(9) 7.89(8) 3.23(6) 3.25(7) 3.06(5) 2.56(3) 2.56(2) 2.55(1) 2.93(4)

MAR (S5) 11.74(10) 8.98(9) 6.37(8) 2.29(6) 2.15(4) 2.44(7) 2.09(1) 2.15(3) 2.12(2) 2.29(5)

S-MAR (S6) 11.64(10) 8.24(9) 5.93(8) 2.15(4) 2.12(3) 2.32(7) 2.06(7) 2.17(5) 2.06(1) 2.19(6)

MNAR (S7) 7.91 12.62 10.17 6.57 6.16 6.56 6.70 6.07 6.30 6.33
S-MNAR (S8) 8.53 12.69 10.14 6.32 5.96 6.20 6.48 5.56 6.00 6.06

60% Missingness
MCAR (S2) 26.09(10) 15.47(9) 9.88(8) 4.10(6) 3.85(4) 4.48(7) 3.53(1) 3.73(3) 3.55(2) 4.00(5)

MAR (S5) 11.44(10) 13.01(9) 7.78(8) 2.57(5) 2.34(2) 2.89(7) 2.42(1) 2.43(4) 2.35(3) 2.58(6)

S-MAR (S6) 11.92(10) 12.91(9) 7.40(8) 2.48(3) 2.19(1) 2.81(7) 2.49(4) 2.56(5) 2.40(2) 2.62(6)

MNAR (S7) 16.72 31.75 26.65 21.82 20.54 20.73 21.31 20.46 21.41 21.37
S-MNAR (S8) 18.11 31.63 25.49 20.40 19.12 19.12 20.10 18.45 20.10 20.11

Table A7: Summary statistics of MSE using adjusted weights, analysed under the M1
simulation mechanism. The prior distribution of the precision parameters σ−2

u and σ−2
v

are assumed to follow a Gamma(1,0.5)-distribution. (×103)
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 2.46 3.63 6.51 3.42 9.04 2.38 2.40 / / /

20% Missingness
MCAR (S2) 3.16(5) 4.65(8) 8.87(9) 4.35(7) 9.31(10) 3.05(2) 3.08(4) 3.93(6) 3.08(4) 3.05(1)

MAR (S5) 2.98(5) 4.27(8) 8.18(10) 3.98(7) 7.74(9) 2.88(2) 2.91(4) 3.25(6) 2.91(4) 2.87(1)

S-MAR (S6) 2.92(5) 4.15(8) 8.17(9) 3.94(7) 9.57(10) 2.88(2) 2.90(3) 3.16(6) 2.90(4) 2.86(1)

MNAR (S7) 4.70 6.08 9.28 5.68 12.58 4.50 4.52 5.01 4.51 4.48
S-MNAR (S8) 4.59 6.13 9.56 5.79 11.78 4.47 4.50 4.47 4.50 4.46

40% Missingness
MCAR (S2) 4.15(5) 5.96(8) 12.25(9) 5.42(7) 13.50(10) 3.94(2) 3.97(4) 4.40(6) 3.96(3) 3.93(1)

MAR (S5) 3.95(5) 5.38(8) 11.89(9) 5.01(6) 12.22(10) 3.85(2) 3.87(4) 5.18(7) 3.86(3) 3.80(1)

S-MAR (S6) 3.86(6) 5.20(8) 11.85(9) 4.85(7) 14.11(10) 3.77(2) 3.80(3) 3.82(5) 3.81(4) 3.75(1)

MNAR (S7) 12.98 14.55 18.93 13.97 20.17 12.68 12.62 14.14 12.60 12.54
S-MNAR (S8) 12.60 14.55 19.79 14.17 20.12 12.63 12.66 13.53 12.63 12.58

60% Missingness
MCAR (S2) 6.40(6) 8.64(8) 17.55(9) 7.63(7) 26.00(10) 5.96(2) 6.00(4) 6.05(5) 6.00(3) 5.91(1)

MAR (S5) 6.25(6) 8.03(8) 18.08(9) 7.27(7) 23.89(10) 5.92(2) 5.95(4) 5.97(5) 5.95(3) 5.85(1)

S-MAR (S6) 6.26(6) 7.83(8) 18.07(9) 7.20(7) 24.16(10) 6.00(2) 6.02(5) 6.01(3) 6.02(4) 5.91(1)

MNAR (S7) 36.43 38.84 47.63 39.19 48.62 37.51 37.51 38.33 37.46 37.47
S-MNAR (S8) 36.09 38.77 47.33 38.91 49.08 37.21 37.44 39.80 37.39 37.34

Table A8: Summary statistics of MSE using adjusted weights, analysed under the M2
simulation mechanism. The prior distribution of the precision parameters σ−2

u and σ−2
v

are assumed to follow a Gamma(1,0.5)-distribution.(×103)

UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 20.61 6.22 1.34 0.55 0.61 0.80 0.74 / / /

20% Missingness
MCAR (S2) 21.71(10) 8.01(9) 1.71(8) 0.74(1) 0.82(2) 1.01(6) 0.93(4) 1.00(5) 0.92(3) 1.33(7)

MAR (S5) 15.80(10) 7.04(9) 1.22(8) 0.51(1) 0.55(2) 0.99(4) 0.71(3) 1.15(6) 1.00(5) 1.20(7)

S-MAR (S6) 16.07(10) 6.84(9) 1.25(8) 0.52(1) 0.56(2) 0.91(4) 0.73(3) 1.15(6) 1.02(5) 1.22(7)

MNAR (S7) 12.76 7.08 1.41 0.91 0.82 1.24 1.09 1.23 1.11 1.41
S-MNAR (S8) 12.96 7.25 1.47 0.90 0.88 1.19 1.08 1.24 1.08 1.39

40% Missingness
MCAR (S2) 16.70(10) 1.16(9) 0.77(8) 0.49(1) 0.59(3) 0.58(2) 0.68(6) 0.60(4) 0.65(5) 0.69(7)

MAR (S5) 4.76(10) 0.23(7) 0.22(6) 0.20(3) 0.24(8) 0.22(4) 0.28(9) 0.18(1) 0.22(5) 0.20(2)

S-MAR (S6) 5.12(10) 0.25(7) 0.25(6) 0.23(3) 0.24(4) 0.26(8) 0.34(9) 0.19(1) 0.25(5) 0.23(2)

MNAR (S7) 0.88 4.27 4.38 4.85 4.52 4.50 4.51 4.37 4.38 4.36
S-MNAR (S8) 1.45 4.16 4.00 4.50 4.13 4.18 4.20 3.97 4.03 4.03

60% Missingness
MCAR (S2) 16.36(10) 1.72(9) 1.19(8) 0.80(1) 0.94(2) 1.12(4) 1.25(7) 1.17(5) 1.12(3) 1.18(6)

MAR (S5) 0.38(10) 0.18(7) 0.12(4) 0.14(5) 0.16(6) 0.19(8) 0.21(9) 0.11(3) 0.08(2) 0.08(1)

S-MAR (S6) 0.60(10) 0.15(6) 0.12(3) 0.15(5) 0.16(7) 0.21(8) 0.23(9) 0.14(4) 0.10(2) 0.09(1)

MNAR (S7) 5.60 19.68 19.17 19.95 18.89 18.91 18.88 18.22 19.27 19.17
S-MNAR (S8) 6.23 19.00 17.75 18.38 17.36 17.46 17.47 16.80 17.80 17.70

Table A9: Summary statistics of squared bias using adjusted weights, analysed under
the M1 simulation mechanism with second-order neighbors. The prior distribution of the
precision parameters σ−2

u and σ−2
v are assumed to follow a Gamma(0.5,0.008)-distribution.

(×103)



120 Appendix A

UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 20.58 6.22 1.34 0.55 0.61 0.81 0.74 / / /

20% Missingness
MCAR (S2) 21.71(10) 8.01(9) 1.71(8) 0.74(1) 0.82(2) 1.01(6) 0.93(4) 1.00(5) 0.92(3) 1.33(7)

MAR (S5) 15.80(10) 7.04(9) 1.22(8) 0.51(1) 0.55(2) 0.99(3) 0.71(4) 1.15(6) 1.00(5) 1.20(7)

S-MAR (S6) 16.07(10) 6.84(9) 1.25(8) 0.52(1) 0.56(2) 0.91(4) 0.73(3) 1.15(6) 1.02(5) 1.22(7)

MNAR (S7) 12.76 7.08 1.41 0.91 0.82 1.24 1.09 1.23 1.11 1.41
S-MNAR (S8) 12.96 7.25 1.47 0.90 0.88 1.19 1.08 1.24 1.08 1.39

40% Missingness
MCAR (S2) 23.05(10) 10.49(9) 2.17(8) 0.99(1) 1.14(2) 1.23(6) 1.20(3) 1.21(4) 1.23(5) 1.64(7)

MAR (S5) 11.74(10) 8.98(9) 1.12(5) 0.47(1) 0.47(2) 1.16(6) 0.65(3) 1.23(8) 1.09(4) 1.21(7)

S-MAR (S6) 11.64(10) 8.24(9) 1.18(6) 0.47(1) 0.55(2) 1.10(5) 0.71(3) 1.26(8) 1.10(4) 1.20(7)

MNAR (S7) 7.91 12.62 5.26 5.12 4.75 5.16 4.93 5.21 5.05 5.29
S-MNAR (S8) 8.53 12.69 5.02 4.78 4.44 4.83 4.66 4.79 4.69 4.96

60% Missingness
MCAR (S2) 26.09(10) 15.47(9) 2.71(8) 1.44(1) 1.46(2) 1.77(3) 1.81(4) 1.93(6) 1.86(5) 2.27(7)

MAR (S5) 11.44(9) 13.01(10) 1.26(7) 0.47(1) 0.58(2) 0.98(4) 0.65(3) 1.29(8) 1.08(5) 1.18(6)

S-MAR (S6) 11.92(9) 12.91(10) 1.09(5) 0.48(2) 0.43(1) 1.01(4) 0.67(3) 1.36(8) 1.11(6) 1.25(7)

MNAR (S7) 16.72 31.75 20.04 20.24 19.11 19.52 19.30 19.12 19.96 20.12
S-MNAR (S8) 18.11 31.63 18.73 18.80 17.67 18.23 18.07 17.77 18.65 18.75

Table A10: Summary statistics of MSE using adjusted weights, analysed under the M1
simulation mechanism with second-order neighbors. The prior distribution of the precision
parameters σ−2

u and σ−2
v are assumed to follow a Gamma(0.5,0.008)-distribution. (×103)

UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 0.04 0.04 1.03 0.34 1.88 0.32 0.33 / / /

20% Missingness
MCAR (S2) 0.03(1) 0.04(2) 2.06(9) 0.51(8) 2.84(10) 0.48(6) 0.48(7) 0.48(5) 0.48(4) 0.46(3)

MAR (S5) 0.04(1) 0.05(2) 1.68(9) 0.47(8) 2.33(10) 0.46(5) 0.46(7) 0.46(6) 0.45(4) 0.44(3)

S-MAR (S6) 0.04(1) 0.05(2) 1.81(9) 0.52(8) 2.74(10) 0.50(6) 0.51(7) 0.50(5) 0.50(4) 0.48(3)

MNAR (S7) 1.65 1.69 3.16 2.03 4.24 2.00 1.99 2.27 1.98 1.96
S-MNAR (S8) 1.59 1.66 3.38 2.04 4.36 1.99 2.00 2.18 2.00 1.98

40% Missingness
MCAR (S2) 0.05(1) 0.05(2) 3.77(9) 0.76(4) 5.13(10) 0.78(6) 0.78(7) 0.88(8) 0.77(5) 0.74(3)

MAR (S5) 0.04(1) 0.06(2) 3.49(9) 0.80(5) 4.65(10) 0.80(6) 0.80(7) 1.05(8) 0.79(4) 0.76(3)

S-MAR (S6) 0.06(1) 0.06(2) 3.44(9) 0.79(4) 4.96(10) 0.81(8) 0.81(7) 0.79(5) 0.80(6) 0.77(3)

MNAR (S7) 8.55 8.42 11.64 9.16 12.46 9.26 9.17 10.13 9.12 9.12
S-MNAR (S8) 8.36 8.42 12.36 9.29 13.21 9.31 9.31 9.72 9.26 9.26

60% Missingness
MCAR (S2) 0.08(1) 0.08(2) 7.31(9) 1.50(3) 11.61(10) 1.59(6) 1.59(7) 2.60(8) 1.57(5) 1.52(4)

MAR (S5) 0.08(1) 0.11(2) 7.50(9) 1.67(7) 10.96(10) 1.64(6) 1.64(5) 1.74(8) 1.62(4) 1.57(3)

S-MAR (S6) 0.07(1) 0.07(2) 7.34(9) 1.57(4) 10.87(10) 1.63(8) 1.63(7) 1.62(6) 1.61(5) 1.56(3)

MNAR (S7) 28.40 28.39 39.47 31.80 38.81 31.97 31.94 32.74 31.82 31.85
S-MNAR (S8) 27.86 27.94 40.58 31.63 39.53 31.88 32.02 34.33 31.87 31.91

Table A11: Summary statistics of squared bias using adjusted weights, analysed under
the M2 simulation mechanism with second-order neighbors. The prior distribution of the
precision parameters σ−2

u and σ−2
v are assumed to follow a Gamma(0.5,0.008)-distribution.

(×103)
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
Complete (S1) 2.46 3.63 6.72 3.49 9.34 2.44 2.45 / / /

20% Missingness
MCAR (S2) 3.16(5) 4.65(8) 9.29(9) 4.44(7) 9.83(10) 3.13(1) 3.15(3) 3.16(6) 3.16(4) 3.14(2)

MAR (S5) 2.98(5) 4.27(8) 8.41(10) 4.08(7) 8.30(9) 2.96(1) 2.98(6) 2.96(3) 2.97(4) 2.96(2)

S-MAR (S6) 2.92(1) 4.15(8) 8.56(9) 4.03(7) 10.10(10) 2.95(5) 2.96(6) 2.94(3) 2.95(4) 2.94(2)

MNAR (S7) 4.70 6.08 9.61 5.79 12.99 4.58 4.60 6.06 4.59 4.58
S-MNAR (S8) 4.59 6.13 9.98 5.87 12.36 4.53 4.56 5.56 4.56 4.56

40% Missingness
MCAR (S2) 4.15(5) 5.96(8) 12.78(9) 5.57(7) 14.43(10) 4.07(2) 4.09(4) 4.46(6) 4.08(3) 4.06(1)

MAR (S5) 3.95(1) 5.38(8) 12.36(9) 5.16(7) 13.13(10) 3.97(3) 4.01(5) 5.08(6) 3.98(4) 3.96(2)

S-MAR (S6) 3.86(3) 5.20(8) 12.42(9) 4.98(7) 14.93(10) 3.86(4) 3.88(6) 3.85(2) 3.87(5) 3.85(1)

MNAR (S7) 12.98 14.55 19.85 14.12 21.17 12.79 12.73 15.74 12.68 12.68
S-MNAR (S8) 12.60 14.55 20.84 14.26 21.37 12.72 12.75 14.15 12.71 12.72

60% Missingness
MCAR (S2) 6.40(5) 8.64(7) 19.64(9) 7.90(6) 27.49(10) 6.20(2) 6.22(3) 9.40(8) 6.22(4) 6.19(1)

MAR (S5) 6.25(5) 8.03(8) 19.43(9) 7.60(7) 25.37(10) 6.19(2) 6.22(3) 6.74(6) 6.22(4) 6.19(1)

S-MAR (S6) 6.26(5) 7.83(8) 19.36(9) 7.46(7) 25.55(10) 6.24(3) 6.26(6) 6.23(2) 6.25(4) 6.22(1)

MNAR (S7) 36.43 38.84 50.82 39.30 50.75 37.56 37.55 39.50 37.48 37.53
S-MNAR (S8) 36.09 38.77 51.30 39.08 51.58 37.39 37.56 42.49 37.45 37.50

Table A12: Summary statistics of MSE using adjusted weights, analysed under the M2
simulation mechanism with second-order neighbors. The prior distribution of the precision
parameters σ−2

u and σ−2
v are assumed to follow a Gamma(0.5,0.008)-distribution. (×103)

Description Missingness probabilities qm
i(j)k

Age Group 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
No missing Data 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
MAR (1) 0.95 0.90 0.85 0.80 0.75 0.70 0.65 0.60 0.55 0.50 0.45 0.40 0.35 0.30 0.25 0.20 0.15 0.10
MAR (2) 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.45 0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95
MAR (3) 0.90 0.80 0.75 0.70 0.65 0.60 0.55 0.50 0.55 0.65 0.55 0.40 0.35 0.30 0.25 0.20 0.15 0.10
MAR (4) 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 0.90 0.80 0.70 0.60 0.50 0.40 0.30 0.20 0.10
MAR (5) 0.90 0.80 0.70 0.60 0.50 0.40 0.30 0.20 0.10 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90

Table A13: Definition of the separate missingness probability weight for five different
MAR scenarios. MAR (1) and MAR (2) coincide with simulation scenario (S4) and (S6)
respectively. Their corresponding spatial counterparts are constructed by the addition of
the same random effect uk described in Section 2.3.
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
20% Missingness

MAR (1) 10.96 0.48 0.36 0.24 0.29 0.21 0.27 0.11 0.12 0.17
MAR (2) 25.36 1.63 1.18 0.64 0.78 0.69 0.78 1.13 1.14 1.21
MAR (3) 12.34 0.62 0.43 0.27 0.33 0.26 0.30 0.13 0.12 0.17
MAR (4) 17.84 0.64 0.50 0.28 0.37 0.34 0.41 0.20 0.18 0.26
MAR (5) 15.83 1.14 0.77 0.44 0.50 0.36 0.42 0.43 0.43 0.49
S-MAR (1) 11.27 0.54 0.40 0.26 0.32 0.23 0.30 0.24 0.29 0.33
S-MAR (2) 25.13 1.54 1.10 0.62 0.79 0.66 0.76 1.30 0.79 0.88
S-MAR (3) 12.31 0.58 0.39 0.25 0.30 0.25 0.28 0.22 0.28 0.31
S-MAR (4) 17.94 0.70 0.49 0.28 0.37 0.33 0.40 0.15 0.24 0.32
S-MAR (5) 15.86 1.19 0.77 0.45 0.54 0.37 0.43 0.68 0.64 0.67

40% Missingness
MAR (1) 4.77 0.22 0.21 0.17 0.22 0.21 0.26 0.19 0.21 0.20
MAR (2) 39.09 4.69 3.49 2.21 2.41 2.79 2.94 4.35 3.15 3.32
MAR (3) 7.03 0.38 0.30 0.22 0.27 0.27 0.32 0.26 0.29 0.28
MAR (4) 19.50 0.68 0.61 0.33 0.44 0.44 0.53 0.13 0.18 0.29
MAR (5) 14.59 1.98 1.37 0.92 1.01 1.01 1.09 1.86 1.71 1.63
S-MAR (1) 5.11 0.24 0.24 0.20 0.22 0.25 0.32 0.19 0.24 0.23
S-MAR (2) 38.41 4.22 3.19 2.07 2.39 2.73 2.87 4.00 3.00 3.15
S-MAR (3) 7.02 0.34 0.29 0.21 0.24 0.23 0.30 0.27 0.25 0.25
S-MAR (4) 19.79 0.89 0.63 0.33 0.46 0.46 0.54 0.13 0.18 0.30
S-MAR (5) 14.43 1.92 1.37 0.90 1.01 0.97 1.06 1.83 1.67 1.59

60% Missingness
MAR (1) 0.38 0.18 0.09 0.11 0.14 0.18 0.20 0.10 0.08 0.08
MAR (2) 61.97 14.37 11.55 9.03 7.72 11.69 12.02 14.06 12.59 12.68
MAR (3) 1.99 0.10 0.11 0.13 0.15 0.20 0.23 0.15 0.12 0.11
MAR (4) 22.18 0.57 0.57 0.22 0.35 0.35 0.46 0.10 0.11 0.16
MAR (5) 12.87 3.49 2.67 2.16 2.19 3.48 3.68 4.45 4.33 4.12
S-MAR (1) 0.60 0.15 0.10 0.12 0.13 0.20 0.23 0.13 0.10 0.09
S-MAR (2) 59.53 12.57 10.45 8.18 6.77 11.12 11.45 13.79 11.78 11.88
S-MAR (3) 2.13 0.13 0.13 0.13 0.15 0.19 0.23 0.17 0.14 0.12
S-MAR (4) 22.65 1.01 0.72 0.34 0.52 0.45 0.54 0.11 0.14 0.24
S-MAR (5) 13.10 3.26 2.69 2.14 2.03 3.37 3.62 4.35 4.36 4.12

Table A14: Summary statistics of squared bias for the MAR and S-MAR settings using
adjusted weights, analysed under the M1 simulation mechanism (×103)
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
20% Missingness

MAR (1) 15.80 7.04 1.47 0.56 0.60 1.03 0.74 0.98 0.84 0.80
MAR (2) 29.96 9.13 2.89 1.27 1.56 1.38 1.41 1.93 1.83 1.97

MAR (3) 17.03 7.21 1.58 0.60 0.65 0.96 0.76 0.87 0.73 0.75
MAR (4) 22.46 7.82 1.86 0.72 0.82 1.08 0.94 0.97 0.80 0.89
MAR (5) 20.58 8.07 2.13 0.84 1.02 0.93 0.92 1.03 0.93 1.02
S-MAR (1) 16.07 6.85 1.51 0.58 0.63 0.94 0.75 1.18 1.04 1.26
S-MAR (2) 29.57 9.05 2.79 1.28 1.49 1.34 1.38 2.16 1.53 1.84
S-MAR (3) 17.10 7.18 1.59 0.60 0.64 1.00 0.75 1.06 0.95 1.26
S-MAR (4) 22.52 7.69 1.85 0.75 0.84 1.01 0.92 0.83 0.82 1.23
S-MAR (5) 20.53 7.94 2.09 0.89 0.98 0.96 0.95 1.33 1.16 1.51

40% Missingness
MAR (1) 11.75 9.00 1.39 0.52 0.52 1.20 0.70 1.28 1.12 1.25
MAR (2) 44.72 15.53 6.22 3.65 4.17 3.71 3.79 5.44 4.25 4.51
MAR (3) 13.92 9.11 1.51 0.57 0.58 1.05 0.79 1.19 1.06 1.31
MAR (4) 25.76 10.80 2.46 1.05 1.20 1.26 1.15 0.96 0.91 1.36
MAR (5) 20.91 10.89 2.83 1.44 1.50 1.58 1.61 2.50 2.27 2.49
S-MAR (1) 11.62 8.26 1.41 0.51 0.59 1.14 0.74 1.32 1.13 1.24
S-MAR (2) 43.97 15.01 5.91 3.50 4.08 3.61 3.71 5.14 4.09 4.35
S-MAR (3) 13.80 8.63 1.56 0.55 0.64 0.97 0.74 1.23 1.03 1.31
S-MAR (4) 26.10 10.87 2.37 1.00 1.11 1.22 1.15 0.88 0.88 1.36
S-MAR (5) 21.04 11.02 2.93 1.46 1.55 1.58 1.58 2.47 2.25 2.47

60% Missingness
MAR (1) 11.44 13.01 1.56 0.53 0.62 1.04 0.71 1.36 1.13 1.24
MAR (2) 68.88 31.06 16.07 12.38 12.39 12.92 13.15 15.38 14.05 14.19
MAR (3) 12.98 12.85 1.41 0.54 0.48 0.99 0.72 1.27 1.08 1.34
MAR (4) 31.58 16.30 3.18 1.55 1.69 1.47 1.43 1.31 1.28 1.71
MAR (5) 23.16 17.06 4.37 2.87 2.78 4.11 4.25 5.12 5.08 5.06
S-MAR (1) 11.92 12.91 1.34 0.52 0.47 1.07 0.74 1.38 1.17 1.30
S-MAR (2) 67.00 29.75 14.76 11.29 11.18 12.32 12.55 15.15 13.22 13.37
S-MAR (3) 13.05 12.66 1.60 0.57 0.65 0.96 0.73 1.30 1.11 1.38
S-MAR (4) 31.85 16.32 3.26 1.62 1.81 1.53 1.44 1.34 1.26 1.71
S-MAR (5) 23.20 16.84 4.67 2.93 2.98 4.04 4.24 5.06 5.11 5.08

Table A15: Summary statistics of MSE for the MAR and S-MAR settings using adjusted
weights, analysed under the M1 simulation mechanism (×103)
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
20% Missingness

MAR (1) 0.52 0.95 0.97 0.98 0.98 1.00 0.99 0.99 1.00 1.00
MAR (2) 0.27 0.92 0.87 0.88 0.84 0.96 0.94 0.96 0.98 1.00
MAR (3) 0.49 0.95 0.97 0.99 0.98 1.00 1.00 0.99 0.99 1.00
MAR (4) 0.38 0.94 0.96 0.98 0.98 1.00 0.99 1.00 1.00 1.00
MAR (5) 0.41 0.93 0.94 0.96 0.94 0.99 0.99 0.99 0.99 1.00
S-MAR (1) 0.51 0.95 0.97 0.98 0.98 1.00 0.99 0.98 0.99 1.00
S-MAR (2) 0.28 0.91 0.87 0.87 0.84 0.96 0.95 0.96 0.98 1.00
S-MAR (3) 0.49 0.95 0.97 0.98 0.98 1.00 1.00 0.99 1.00 1.00
S-MAR (4) 0.37 0.95 0.96 0.99 0.98 1.00 1.00 1.00 1.00 1.00
S-MAR (5) 0.41 0.93 0.94 0.96 0.94 0.99 0.99 0.99 0.99 1.00

40% Missingness
MAR (1) 0.79 0.92 0.92 0.88 0.88 0.96 0.95 0.99 1.00 1.00
MAR (2) 0.22 0.83 0.67 0.63 0.57 0.81 0.77 0.85 0.89 0.97
MAR (3) 0.71 0.93 0.96 0.95 0.96 0.99 0.98 0.99 1.00 1.00
MAR (4) 0.42 0.93 0.95 0.97 0.96 1.00 0.99 1.00 1.00 1.00
MAR (5) 0.52 0.91 0.92 0.92 0.91 0.97 0.96 0.96 0.96 1.00
S-MAR (1) 0.78 0.92 0.94 0.89 0.89 0.96 0.96 0.99 1.00 1.00
S-MAR (2) 0.22 0.84 0.69 0.63 0.59 0.82 0.78 0.87 0.90 0.98
S-MAR (3) 0.70 0.94 0.96 0.95 0.94 0.99 0.99 0.99 1.00 1.00
S-MAR (4 0.41 0.93 0.95 0.98 0.97 1.00 0.99 1.00 1.00 1.00
S-MAR (5 0.52 0.91 0.91 0.92 0.90 0.97 0.96 0.96 0.96 0.99

60% Missingness
MAR (1) 0.93 0.85 0.83 0.65 0.64 0.81 0.78 1.00 1.00 1.00
MAR (2) 0.18 0.70 0.43 0.40 0.34 0.50 0.43 0.56 0.61 0.74
MAR (3) 0.89 0.89 0.91 0.82 0.82 0.94 0.92 1.00 1.00 1.00
MAR (4) 0.48 0.91 0.95 0.94 0.93 0.99 0.99 1.00 1.00 1.00
MAR (5) 0.64 0.88 0.87 0.84 0.80 0.89 0.84 0.85 0.82 0.95
S-MAR (1) 0.92 0.86 0.83 0.67 0.67 0.83 0.79 1.00 1.00 1.00
S-MAR (2) 0.19 0.71 0.43 0.41 0.33 0.52 0.45 0.56 0.64 0.77
S-MAR (3) 0.89 0.90 0.91 0.83 0.82 0.95 0.93 0.99 1.00 1.00
S-MAR (4) 0.47 0.91 0.93 0.95 0.92 0.99 0.99 1.00 1.00 1.00
S-MAR (5) 0.63 0.87 0.87 0.84 0.78 0.89 0.84 0.86 0.83 0.96

Table A16: Nominal coverage probabilities for the MAR and S-MAR settings using
adjusted weights, analysed under the M1 simulation mechanism
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
20% Missingness

MAR (1) 0.04 0.05 1.37 0.46 2.01 0.47 0.48 0.54 0.47 0.45
MAR (2) 0.05 0.07 1.46 0.53 2.61 0.50 0.51 0.50 0.51 0.49
MAR (3) 0.02 0.03 1.60 0.44 2.79 0.47 0.47 0.45 0.47 0.45
MAR (4) 0.04 0.05 1.51 0.49 2.52 0.48 0.48 0.47 0.48 0.47
MAR (5) 0.05 0.05 1.99 0.48 3.10 0.48 0.48 0.47 0.48 0.46
S-MAR (1) 0.04 0.04 1.49 0.50 2.40 0.50 0.51 0.48 0.50 0.49
S-MAR (2) 0.04 0.05 1.64 0.46 2.36 0.46 0.46 0.65 0.46 0.45
S-MAR (3) 0.04 0.05 1.77 0.46 3.03 0.47 0.48 0.60 0.47 0.46
S-MAR (4) 0.05 0.05 1.84 0.47 2.74 0.49 0.50 0.49 0.50 0.48
S-MAR (5) 0.04 0.05 1.66 0.52 2.51 0.52 0.52 0.51 0.52 0.50

40% Missingness
MAR (1) 0.04 0.06 2.83 0.78 4.32 0.78 0.78 0.90 0.78 0.76
MAR (2) 0.06 0.10 2.69 0.80 4.65 0.80 0.81 1.06 0.81 0.78
MAR (3) 0.02 0.03 2.67 0.69 4.21 0.75 0.75 0.82 0.74 0.73
MAR (4) 0.05 0.05 2.47 0.71 5.01 0.73 0.73 0.84 0.73 0.72
MAR (5) 0.06 0.06 3.43 0.79 4.94 0.79 0.79 0.95 0.78 0.76
S-MAR (1) 0.06 0.06 2.82 0.76 4.62 0.79 0.79 0.78 0.79 0.78
S-MAR (2) 0.05 0.08 3.05 0.78 5.14 0.81 0.80 0.82 0.80 0.80
S-MAR (3) 0.04 0.05 3.09 0.76 5.12 0.80 0.79 1.01 0.80 0.77
S-MAR (4) 0.05 0.06 3.03 0.70 4.99 0.75 0.75 0.87 0.75 0.73
S-MAR (5) 0.06 0.08 2.65 0.86 4.99 0.84 0.84 0.96 0.84 0.83

60% Missingness
MAR (1) 0.08 0.11 6.17 1.54 10.58 1.54 1.53 1.53 1.52 1.50
MAR (2) 0.08 0.08 5.68 1.43 10.26 1.55 1.54 1.59 1.52 1.51
MAR (3) 0.04 0.05 5.11 1.51 8.41 1.60 1.59 1.63 1.58 1.56
MAR (4) 0.07 0.06 6.17 1.30 10.61 1.40 1.39 1.70 1.38 1.35
MAR (5) 0.10 0.14 6.26 1.66 9.13 1.64 1.63 1.97 1.62 1.59
S-MAR (1) 0.07 0.07 6.05 1.48 10.42 1.56 1.56 1.54 1.54 1.51
S-MAR (2) 0.05 0.09 5.45 1.49 11.05 1.60 1.61 1.75 1.60 1.55
S-MAR (3) 0.05 0.08 5.20 1.60 8.47 1.67 1.66 1.83 1.65 1.61
S-MAR (4) 0.07 0.08 5.56 1.17 9.77 1.39 1.41 1.52 1.38 1.37
S-MAR (5) 0.07 0.10 6.05 1.65 11.32 1.71 1.71 1.76 1.69 1.64

Table A17: Summary statistics of squared bias for the MAR and S-MAR settings using
adjusted weights, analysed under the M2 simulation mechanism (×103)
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
20% Missingness

MAR (1) 2.98 4.26 7.60 3.96 7.81 2.87 2.90 3.45 2.89 2.88
MAR (2) 3.12 4.81 8.61 4.49 11.46 3.03 3.05 3.10 3.06 3.05
MAR (3) 3.00 4.16 8.23 3.89 11.68 2.91 2.93 2.95 2.93 2.92
MAR (4) 3.13 4.74 8.13 4.40 10.19 3.00 3.03 3.06 3.03 3.03
MAR (5) 3.09 4.36 9.03 4.06 11.83 2.96 2.98 3.00 2.99 2.98
S-MAR (1) 2.92 4.16 7.87 3.92 9.71 2.87 2.89 2.90 2.88 2.87
S-MAR (2) 3.08 4.81 8.47 4.41 8.73 2.95 2.97 3.88 2.96 2.96
S-MAR (3) 3.01 4.25 8.21 3.95 11.84 2.90 2.92 3.58 2.92 2.91
S-MAR (4) 3.01 4.56 8.93 4.24 10.03 2.93 2.97 2.99 2.96 2.95
S-MAR (5) 3.04 4.41 8.17 4.16 9.31 2.98 3.00 3.03 3.00 2.99

40% Missingness
MAR (1) 3.94 5.38 11.10 5.18 12.78 3.97 3.96 4.47 3.96 3.90
MAR (2) 4.09 6.50 11.72 6.14 15.11 4.09 4.11 4.87 4.13 4.08
MAR (3) 4.05 5.33 11.08 5.10 13.37 4.03 4.04 4.19 4.03 4.00
MAR (4) 4.09 6.34 11.66 5.93 17.39 4.03 4.03 4.47 4.02 3.96
MAR (5) 4.24 5.84 12.49 5.57 14.06 4.19 4.20 4.74 4.20 4.15
S-MAR (1) 3.87 5.24 11.36 5.04 14.67 3.91 3.92 3.87 3.92 3.87
S-MAR (2) 4.09 6.78 11.79 6.33 15.82 4.11 4.12 4.08 4.13 4.08
S-MAR (3) 4.01 5.43 11.08 5.17 15.39 4.01 4.04 4.71 4.04 3.99
S-MAR (4) 4.02 6.32 12.27 5.91 15.41 4.00 4.03 4.64 4.03 3.99
S-MAR (5) 4.10 5.76 11.32 5.59 16.42 4.18 4.19 4.53 4.17 4.15

60% Missingness
MAR (1) 6.25 8.03 17.50 7.44 25.10 6.04 6.02 6.09 6.02 6.02
MAR (2) 5.97 10.30 18.08 9.28 24.83 5.86 5.93 5.93 5.90 5.92
MAR (3) 5.95 7.52 15.39 7.14 20.43 5.95 5.92 6.01 5.93 5.87
MAR (4) 6.10 9.84 18.67 8.75 24.82 5.81 5.84 7.01 5.85 5.87
MAR (5) 6.48 8.54 18.24 8.02 21.30 6.34 6.37 7.37 6.36 6.35
S-MAR (1) 6.26 7.83 17.51 7.35 25.19 6.12 6.09 6.15 6.10 6.03
S-MAR (2) 6.26 10.93 17.53 9.77 27.63 6.08 6.15 6.77 6.18 6.21
S-MAR (3) 6.14 7.97 15.76 7.48 20.52 6.09 6.11 6.72 6.10 6.07
S-MAR (4) 5.94 9.41 17.56 8.40 23.93 5.70 5.73 6.24 5.73 5.73
S-MAR (5) 6.07 8.11 17.62 7.69 27.35 6.02 6.04 6.35 6.05 6.00

Table A18: Summary statistics of MSE for the MAR and S-MAR settings using adjusted
weights, analysed under the M2 simulation mechanism (×103)
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UNW HT AN PL ES MB1 (RW1) MB1 (SP) MB3 (RW1) MB3 (SP) MB3 (SP + OD)
20% Missingness

MAR (1) 0.91 0.87 0.88 0.90 0.83 0.95 0.95 0.94 0.95 0.95
MAR (2) 0.91 0.87 0.86 0.89 0.81 0.94 0.94 0.94 0.94 0.94
MAR (3) 0.91 0.87 0.87 0.90 0.82 0.95 0.94 0.95 0.94 0.95
MAR (4) 0.91 0.87 0.87 0.90 0.84 0.95 0.95 0.94 0.94 0.95
MAR (5) 0.90 0.87 0.86 0.90 0.80 0.95 0.95 0.95 0.95 0.95
S-MAR (1) 0.91 0.87 0.88 0.91 0.84 0.95 0.95 0.95 0.95 0.95
S-MAR (2) 0.91 0.86 0.85 0.89 0.81 0.94 0.94 0.92 0.95 0.94
S-MAR (3) 0.91 0.88 0.87 0.91 0.80 0.95 0.95 0.93 0.95 0.95
S-MAR (4) 0.91 0.87 0.87 0.89 0.82 0.95 0.95 0.94 0.95 0.95
S-MAR (5) 0.91 0.87 0.87 0.90 0.83 0.95 0.95 0.94 0.95 0.95

40% Missingness
MAR (1) 0.89 0.86 0.87 0.91 0.81 0.95 0.95 0.94 0.95 0.95
MAR (2) 0.89 0.85 0.84 0.88 0.74 0.94 0.94 0.93 0.95 0.95
MAR (3) 0.89 0.86 0.88 0.91 0.82 0.94 0.94 0.94 0.94 0.95
MAR (4) 0.89 0.84 0.85 0.89 0.76 0.94 0.94 0.93 0.94 0.94
MAR (5) 0.89 0.85 0.86 0.90 0.80 0.95 0.95 0.94 0.95 0.95
S-MAR (1) 0.89 0.86 0.86 0.91 0.80 0.95 0.95 0.95 0.95 0.95
S-MAR (2) 0.89 0.84 0.84 0.88 0.77 0.94 0.94 0.94 0.94 0.94
S-MAR (3) 0.89 0.86 0.85 0.91 0.76 0.95 0.95 0.93 0.95 0.95
S-MAR (4) 0.89 0.84 0.85 0.89 0.77 0.95 0.95 0.94 0.95 0.95
S-MAR (5) 0.89 0.86 0.86 0.90 0.77 0.94 0.94 0.94 0.94 0.94

60% Missingness
MAR (1) 0.86 0.82 0.83 0.91 0.70 0.95 0.95 0.95 0.95 0.95
MAR (2) 0.87 0.80 0.81 0.87 0.69 0.94 0.95 0.94 0.95 0.95
MAR (3) 0.87 0.83 0.83 0.92 0.71 0.95 0.95 0.95 0.95 0.95
MAR (4) 0.85 0.79 0.80 0.87 0.67 0.94 0.95 0.93 0.95 0.95
MAR (5) 0.86 0.82 0.83 0.91 0.71 0.94 0.94 0.93 0.94 0.95
S-MAR (1) 0.86 0.82 0.81 0.91 0.70 0.94 0.94 0.94 0.94 0.94
S-MAR (2) 0.86 0.79 0.79 0.87 0.67 0.94 0.94 0.93 0.94 0.95
S-MAR (3) 0.86 0.83 0.83 0.91 0.73 0.95 0.95 0.94 0.95 0.95
S-MAR (4) 0.85 0.79 0.80 0.88 0.67 0.95 0.95 0.94 0.95 0.95
S-MAR (5) 0.86 0.82 0.83 0.91 0.69 0.94 0.95 0.94 0.95 0.95

Table A19: Nominal coverage probabilities for the MAR and S-MAR settings using
adjusted weights, analysed under the M2 simulation mechanism
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Figure A1: Geographic distribution of the simulated non-spatial (left) and spatial random
effect (right) used in prevalence model M2.
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Figure A2: Geographic distribution of the simulated spatial random effect used in scenario
S4, S6 and S8.
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Figure A3: Spatial maps displaying the estimated prevalence for the HT estimator (top
row), AN estimator (middle row), MB1 (RW1) estimator (bottom left) and MB3 (SP +
OD) estimator (bottom right), analysed under the M1 simulation mechanism and S1 (left
column) and S2 (right column) missingness mechanism with 60% missingness.



130 Appendix A

[0.5,0.53) [0.53,0.54) [0.54,0.55) [0.55,0.56) [0.56,0.57) [0.57,0.58) [0.58,0.59) [0.59,0.65]

Figure A4: Spatial maps displaying the estimated prevalence for the HT estimator (top
row), AN estimator (middle row) and MB3 (SP + OD) estimator (bottom row), anal-
ysed under the M1 simulation mechanism and S3 (left column) and S4 (right column)
missingness mechanism with 60% missingness.
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Figure A5: Spatial maps displaying the estimated prevalence for the HT estimator (top
row), AN estimator (middle row) and MB3 (SP + OD) estimator (bottom row), anal-
ysed under the M2 simulation mechanism and S1 (left column) and S2 (right column)
missingness mechanism with 60% missingness.
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Figure A6: Spatial maps displaying the estimated prevalence for the HT estimator (top
row), AN estimator (middle row) and MB3 (SP + OD) estimator (bottom row), anal-
ysed under the M2 simulation mechanism and S3 (left column) and S4 (right column)
missingness mechanism with 60% missingness.
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Figure A7: Geographic distribution of the estimated random effects uk + vk of the HIS
application.
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Index County Index County Index County Index County
1 Alachua 18 Franklin 35 Lee 52 Pinellas
2 Baker 19 Gadsden 36 Leon 53 Polk
3 Bay 20 Gilchrist 37 Levy 54 Putnam
4 Bradford 21 Glades 38 Liberty 55 St. Johns
5 Brevard 22 Gulf 39 Madison 56 St. Lucie
6 Broward 23 Hamilton 40 Manatee 57 Santa Rosa
7 Calhoun 24 Hardee 41 Marion 58 Sarasota
8 Charlotte 25 Hendry 42 Martin 59 Seminole
9 Citrus 26 Hernando 43 Miami-Dade 60 Sumter

10 Clay 27 Highlands 44 Monroe 61 Suwannee
11 Collier 28 Hillsborough 45 Nassau 62 Taylor
12 Columbia 29 Holmes 46 Okaloosa 63 Union
13 DeSoto 30 Indian River 47 Okeechobee 64 Volusia
14 Dixie 31 Jackson 48 Orange 65 Wakulla
15 Duval 32 Jefferson 49 Osceola 66 Walton
16 Escambia 33 Lafayette 50 Palm Beach 67 Washington
17 Flagler 34 Lake 51 Pasco

Table B1: Counties in the state of Florida in alphabetical order and the associated index
corresponding to Figure B1 .
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Figure B1: Map of indices for counties in the state of Florida.
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Figure C1: Simulation 1: Plot of generated random effects uk + vk for a weak spatial
trend (left), moderate spatial trend (middle) and strong spatial trend (right).
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(B1) (B2)
Parameter Estimate Parameter Estimate
α̂ 0.79 α̂ 0.71

β̂candle 0.40
β̂electricity 1.39
β̂firewood -0.33
β̂gas 1.42
β̂generator/solarpower 1.01
β̂oil/kerosene/paraffin -0.07
β̂other -0.41

Table C1: Simulation 2: Parameter values for the true α- and β- parameters in scenario’s
(B1) and (B2)

.
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# Missing Districts UNW HT NB LN AS ES
Bias2 (×103)
0 0.03 0.03 0.71 0.86 0.63 0.74
5 0.03 0.03 0.71 0.85 0.63 0.74
10 0.03 0.03 0.76 0.91 0.68 0.8
15 0.03 0.03 0.87 1.03 0.78 0.91
20 0.04 0.04 0.89 1.07 0.8 0.93
25 0.03 0.03 0.91 1.11 0.81 0.95
30 0.05 0.05 0.87 1.04 0.76 0.91
35 0.04 0.04 0.95 1.14 0.84 0.99
40 0.04 0.04 0.98 1.18 0.86 1.02
45 0.06 0.06 0.83 1 0.73 0.87
50 0.04 0.04 0.77 0.93 0.68 0.81
55 0.04 0.04 0.76 0.9 0.66 0.79
60 0.04 0.04 0.78 0.93 0.7 0.82
65 0.04 0.04 0.65 0.78 0.57 0.68
70 0.04 0.04 0.68 0.82 0.6 0.71
MSE (×103)
0 3.97 3.97 2.4 2.41 2.41 2.4
5 4.03 4.03 2.45 2.45 2.46 2.45
10 4.02 4.02 2.52 2.53 2.52 2.52
15 3.95 3.95 2.59 2.61 2.59 2.59
20 4.07 4.07 2.62 2.65 2.61 2.62
25 4.12 4.12 2.6 2.64 2.6 2.6
30 4.12 4.12 2.59 2.62 2.59 2.6
35 4.22 4.22 2.71 2.74 2.71 2.71
40 4.13 4.13 2.72 2.76 2.72 2.73
45 3.95 3.95 2.52 2.56 2.54 2.53
50 4.02 4.02 2.5 2.51 2.53 2.5
55 4.11 4.11 2.57 2.57 2.61 2.57
60 4 4 2.59 2.59 2.64 2.59
65 4.11 4.11 2.5 2.47 2.55 2.49
70 4.05 4.05 2.47 2.46 2.52 2.46
Coverage
0 0.94 0.94 0.95 0.95 0.95 0.95
5 0.94 0.94 0.95 0.95 0.95 0.95
10 0.95 0.95 0.95 0.95 0.95 0.95
15 0.94 0.94 0.95 0.95 0.95 0.95
20 0.94 0.94 0.95 0.95 0.95 0.95
25 0.94 0.94 0.95 0.95 0.95 0.95
30 0.94 0.94 0.95 0.95 0.95 0.95
35 0.94 0.94 0.95 0.95 0.95 0.95
40 0.94 0.94 0.95 0.95 0.95 0.95
45 0.94 0.94 0.95 0.95 0.95 0.95
50 0.94 0.94 0.95 0.95 0.95 0.95
55 0.94 0.94 0.95 0.95 0.95 0.95
60 0.94 0.94 0.95 0.95 0.95 0.95
65 0.94 0.94 0.94 0.95 0.95 0.95
70 0.94 0.94 0.95 0.94 0.95 0.95

Table C2: Simulation 1: Summary statistics of in-sample areas with a weak spatial
structure (A1)
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# Missing Districts UNW HT NB LN AS ES
Bias2 (×103)
5 1.24 1.24 1.51 1.24
10 4.49 4.47 5.65 4.49
15 7.69 7.68 8.21 7.69
20 8.55 8.53 9.35 8.55
25 10.85 10.84 11.68 10.85
30 10.94 10.93 11.82 10.94
35 10.2 10.19 10.93 10.2
40 10.79 10.8 11.46 10.79
45 10.23 10.24 10.46 10.23
50 10.19 10.21 10.19 10.19
55 9.4 9.42 9.36 9.4
60 9.03 9.05 9.01 9.03
65 9.25 9.27 9.25 9.26
70 9.26 9.28 9.11 9.26
MSE (×103)
5 1.21 1.19 1.12 1.21
10 4.37 4.37 5 4.37
15 7.64 7.65 8.05 7.64
20 8.57 8.58 9.39 8.57
25 10.42 10.43 11.01 10.43
30 10.39 10.38 10.92 10.39
35 9.86 9.87 10.2 9.86
40 10.24 10.26 10.52 10.25
45 10.31 10.32 10.61 10.31
50 10.25 10.28 10.33 10.26
55 9.46 9.48 9.51 9.47
60 9.09 9.11 9.16 9.1
65 9.33 9.35 9.42 9.34
70 9.33 9.34 9.28 9.34
Coverage
5 1 1 1 1
15 0.99 0.98 0.97 0.99
10 0.99 0.99 0.97 0.99
20 0.99 0.98 0.95 0.99
25 0.94 0.93 0.91 0.94
30 0.95 0.94 0.92 0.95
35 0.96 0.95 0.94 0.96
40 0.96 0.95 0.94 0.96
45 0.97 0.96 0.95 0.97
50 0.97 0.97 0.96 0.97
55 0.98 0.98 0.98 0.98
60 0.98 0.98 0.99 0.98
65 0.99 0.98 0.98 0.99
70 0.99 0.98 0.99 0.99

Table C3: Simulation 1: Summary statistics of off-sample areas with a weak spatial
structure (A1)
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# Missing Districts UNW HT NB LN AS ES
Bias2 (×103)
0 0.03 0.03 0.91 1.07 0.79 0.94
5 0.03 0.03 0.88 1.04 0.76 0.92
10 0.03 0.03 0.97 1.12 0.85 1
15 0.03 0.03 1.03 1.18 0.9 1.06
20 0.04 0.04 1.07 1.23 0.94 1.1
25 0.04 0.04 1.06 1.22 0.92 1.09
30 0.05 0.05 1.13 1.32 0.96 1.17
35 0.04 0.04 1.05 1.23 0.87 1.08
40 0.04 0.04 1.1 1.26 0.92 1.13
45 0.05 0.05 0.98 1.13 0.81 1.01
50 0.04 0.04 1.02 1.18 0.84 1.06
55 0.05 0.05 1.02 1.18 0.83 1.06
60 0.04 0.04 1.03 1.19 0.84 1.07
65 0.06 0.06 0.86 1.01 0.68 0.89
70 0.07 0.07 0.92 1.07 0.72 0.95
MSE (×103)
0 3.91 3.91 2.11 2.14 2.09 2.11
5 4.07 4.07 2.17 2.19 2.16 2.17
10 4.11 4.11 2.24 2.27 2.23 2.24
15 3.94 3.94 2.26 2.3 2.24 2.26
20 4.09 4.09 2.32 2.35 2.3 2.32
25 4.12 4.12 2.32 2.35 2.3 2.32
30 4.24 4.24 2.35 2.41 2.32 2.36
35 4.14 4.14 2.29 2.34 2.26 2.3
40 4.17 4.17 2.32 2.36 2.29 2.32
45 4.06 4.06 2.21 2.24 2.19 2.22
50 4.07 4.07 2.29 2.32 2.27 2.29
55 4.09 4.09 2.29 2.32 2.26 2.3
60 4.02 4.02 2.3 2.33 2.27 2.31
65 4.18 4.18 2.17 2.19 2.15 2.17
70 4.31 4.31 2.24 2.26 2.2 2.24
Coverage
0 0.94 0.94 0.95 0.94 0.95 0.95
5 0.94 0.94 0.94 0.94 0.95 0.94
10 0.94 0.94 0.94 0.94 0.95 0.94
15 0.94 0.94 0.94 0.94 0.95 0.94
20 0.94 0.94 0.94 0.93 0.94 0.94
25 0.95 0.95 0.94 0.94 0.95 0.94
30 0.94 0.94 0.94 0.93 0.94 0.94
35 0.94 0.94 0.94 0.94 0.94 0.94
40 0.94 0.94 0.94 0.94 0.94 0.94
45 0.94 0.94 0.94 0.94 0.95 0.95
50 0.94 0.94 0.94 0.94 0.94 0.94
55 0.94 0.94 0.94 0.94 0.95 0.94
60 0.94 0.94 0.94 0.94 0.95 0.94
65 0.94 0.94 0.94 0.94 0.95 0.95
70 0.94 0.94 0.94 0.94 0.95 0.94

Table C4: Simulation 1: Summary statistics of in-sample areas with a moderate spatial
structure (A2)
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# Missing Districts UNW HT NB LN AS ES
Bias2 (×103)
5 1.73 1.79 1.59 1.74
10 4.21 4.22 4.34 4.21
15 5.48 5.49 5.53 5.48
20 5.27 5.25 5.26 5.26
25 5.12 5.11 5.15 5.11
30 6.26 6.24 6.28 6.25
35 6.23 6.22 6.24 6.23
40 6.64 6.61 6.77 6.64
45 6.51 6.5 6.57 6.51
50 6.28 6.29 6.24 6.28
55 6.1 6.12 6.01 6.1
60 6.3 6.32 6.2 6.3
65 6.24 6.25 6.36 6.24
70 6.23 6.24 6.37 6.23
MSE (×103)
5 1.84 1.89 1.78 1.84
10 4.3 4.31 4.49 4.3
15 5.58 5.58 5.69 5.57
20 5.38 5.36 5.44 5.38
25 5.22 5.21 5.32 5.22
30 6.37 6.34 6.45 6.37
35 6.33 6.32 6.4 6.33
40 6.77 6.73 6.94 6.76
45 6.65 6.63 6.77 6.64
50 6.42 6.43 6.44 6.42
55 6.21 6.22 6.18 6.21
60 6.41 6.42 6.37 6.4
65 6.4 6.39 6.55 6.4
70 6.41 6.4 6.59 6.41
Coverage
5 1 1 1 1
10 1 1 1 1
15 0.97 0.96 0.97 0.97
20 0.97 0.97 0.97 0.97
25 0.98 0.97 0.98 0.98
30 0.94 0.93 0.94 0.94
35 0.95 0.94 0.95 0.95
40 0.95 0.95 0.95 0.95
45 0.92 0.92 0.94 0.92
50 0.94 0.93 0.95 0.94
55 0.95 0.94 0.97 0.95
60 0.95 0.95 0.96 0.95
65 0.96 0.95 0.97 0.95
70 0.96 0.95 0.98 0.96

Table C5: Simulation 1: Summary statistics of off-sample areas with a moderate spatial
structure (A2)
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# Missing Districts UNW HT NB LN AS ES
Bias2 (×103)
0 0.03 0.03 0.62 0.67 0.55 0.64
5 0.03 0.03 0.62 0.67 0.54 0.63
10 0.04 0.04 0.65 0.71 0.58 0.67
15 0.04 0.04 0.63 0.68 0.55 0.64
20 0.04 0.04 0.57 0.62 0.49 0.58
25 0.03 0.03 0.59 0.64 0.51 0.6
30 0.05 0.05 0.64 0.7 0.56 0.66
35 0.04 0.04 0.67 0.73 0.55 0.68
40 0.03 0.03 0.8 0.86 0.62 0.82
45 0.05 0.05 0.8 0.85 0.63 0.82
50 0.05 0.05 0.72 0.79 0.54 0.74
55 0.06 0.06 0.77 0.84 0.59 0.79
60 0.04 0.04 0.76 0.83 0.58 0.78
65 0.05 0.05 0.73 0.79 0.55 0.75
70 0.04 0.04 0.61 0.65 0.43 0.62
MSE (×103)
0 3.67 3.67 1.51 1.49 1.55 1.51
5 3.86 3.86 1.56 1.53 1.61 1.56
10 3.8 3.8 1.6 1.58 1.65 1.6
15 3.71 3.71 1.61 1.58 1.65 1.6
20 3.8 3.8 1.57 1.54 1.61 1.56
25 3.88 3.88 1.6 1.58 1.65 1.6
30 3.89 3.89 1.7 1.67 1.74 1.69
35 3.9 3.9 1.65 1.63 1.7 1.65
40 3.97 3.97 1.69 1.68 1.72 1.69
45 3.85 3.85 1.69 1.68 1.72 1.69
50 3.8 3.8 1.59 1.58 1.63 1.59
55 3.86 3.86 1.66 1.65 1.7 1.66
60 3.75 3.75 1.67 1.66 1.71 1.67
65 3.87 3.87 1.68 1.66 1.72 1.67
70 3.86 3.86 1.5 1.48 1.57 1.49
Coverage
0 0.95 0.95 0.95 0.95 0.95 0.95
5 0.94 0.94 0.95 0.95 0.95 0.95
10 0.94 0.94 0.95 0.95 0.95 0.95
15 0.94 0.94 0.95 0.95 0.95 0.95
20 0.95 0.95 0.95 0.95 0.95 0.95
25 0.95 0.95 0.95 0.95 0.96 0.95
30 0.95 0.95 0.95 0.95 0.95 0.95
35 0.94 0.94 0.95 0.94 0.95 0.95
40 0.94 0.94 0.94 0.94 0.95 0.94
45 0.94 0.94 0.95 0.95 0.96 0.95
50 0.94 0.94 0.95 0.95 0.96 0.95
55 0.94 0.94 0.95 0.95 0.96 0.95
60 0.95 0.95 0.95 0.95 0.96 0.95
65 0.94 0.94 0.95 0.95 0.96 0.95
70 0.94 0.94 0.96 0.96 0.96 0.96

Table C6: Simulation 1: Summary statistics of in-sample areas with a strong spatial
structure (A3)
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# Missing Districts UNW HT NB LN AS ES
Bias2 (×103)
5 1.57 1.62 1.58 1.57
10 2.03 2.08 2.09 2.03
15 1.97 2.02 2.06 1.97
20 2.64 2.67 2.73 2.64
25 2.54 2.59 2.63 2.54
30 2.36 2.41 2.44 2.36
35 3.97 3.96 3.94 3.97
40 4.8 4.8 4.84 4.81
45 4.54 4.54 4.57 4.54
50 4.69 4.7 4.7 4.69
55 4.47 4.46 4.48 4.47
60 4.28 4.27 4.29 4.28
65 4.22 4.23 4.22 4.22
70 5.09 5.1 5.03 5.09
MSE (×103)
5 1.94 1.97 1.89 1.94
10 2.34 2.37 2.35 2.33
15 2.31 2.33 2.34 2.31
20 2.96 2.98 3.01 2.96
25 2.83 2.86 2.88 2.83
30 2.69 2.71 2.72 2.68
35 4.28 4.25 4.2 4.28
40 5.1 5.08 5.1 5.1
45 4.84 4.83 4.82 4.84
50 4.97 4.96 4.94 4.97
55 4.74 4.72 4.72 4.74
60 4.6 4.57 4.56 4.6
65 4.56 4.55 4.51 4.56
70 5.46 5.44 5.34 5.45
Coverage
5 1 1 1 1
10 1 1 1 1
15 1 1 1 1
20 1 1 1 1
25 0.98 0.98 0.99 0.98
30 0.99 0.98 0.99 0.99
35 0.95 0.94 0.95 0.95
40 0.91 0.9 0.92 0.9
45 0.92 0.91 0.94 0.92
50 0.91 0.91 0.95 0.91
55 0.92 0.92 0.95 0.92
60 0.93 0.93 0.96 0.93
65 0.94 0.94 0.97 0.94
70 0.94 0.93 0.97 0.94

Table C7: Simulation 1: Summary statistics of off-sample areas with a strong spatial
structure (A3)
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Scenario (B) Scenario (A) UNW HT NB LN AN ES
Bias2 (×103)

1 1 0.04 0.04 1.07 1.88 1.71 1.75
1 2 0.03 0.04 0.60 0.93 0.80 0.90
1 3 0.02 0.02 0.54 0.57 0.39 0.53
2 1 0.14 0.34 0.81 1.93 1.84 1.83
2 2 0.14 0.37 0.34 0.85 0.86 0.85
2 3 0.09 0.36 0.39 0.82 0.68 0.83

Variance (×103)
1 1 2.98 3.56 1.46 1.90 2.11 1.96
1 2 2.97 3.53 1.09 1.48 1.60 1.51
1 3 2.67 3.13 0.91 1.48 1.65 1.51
2 1 3 3.58 1.49 1.77 1.82 1.78
2 2 2.88 3.50 1.42 1.79 1.79 1.80
2 3 2.60 3.15 1.30 1.77 1.88 1.79

MSE (×103)
1 1 3.01 3.60 2.54 3.78 3.81 3.71
1 2 3 3.57 1.69 2.41 2.40 2.41
1 3 2.69 3.16 1.45 2.05 2.04 2.03
2 1 3.14 3.91 2.30 3.69 3.66 3.61
2 2 3.02 3.87 1.76 2.65 2.65 2.65
2 3 2.69 3.51 1.69 2.59 2.56 2.62

Coverage
1 1 0.94 0.93 0.94 0.81 0.81 0.81
1 2 0.94 0.94 0.95 0.83 0.83 0.82
1 3 0.94 0.94 0.95 0.83 0.83 0.83
2 1 0.95 0.93 0.95 0.80 0.80 0.80
2 2 0.95 0.94 0.96 0.81 0.81 0.81
2 3 0.95 0.92 0.96 0.81 0.80 0.80

Average Length CI
1 1 0.20 0.22 0.17 0.17 0.17 0.17
1 2 0.20 0.22 0.16 0.16 0.16 0.16
1 3 0.19 0.21 0.14 0.14 0.15 0.14
2 1 0.20 0.22 0.17 0.17 0.17 0.17
2 2 0.20 0.22 0.17 0.18 0.17 0.17
2 3 0.19 0.21 0.16 0.17 0.17 0.17

Table C8: Simulation 2: Summary Statistics for the in-sample areas for model (M0),
not taking into account the auxiliary data
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Scenario (B) Scenario (A) UNW HT NB LN AN ES
Bias2 (×103)

1 1 7.06 6.86 6.87 6.95
1 2 4.91 5.01 5.16 4.95
1 3 2.86 3.06 2.86 3.04
2 1 10.11 9.28 9.86 9.98
2 2 9.08 7.96 8.38 8.58
2 3 7.12 7.26 7.20 7.99

Variance (×103)
1 1 0.05 0.08 0.17 0.08
1 2 0.09 0.11 0.15 0.11
1 3 0.25 0.34 0.28 0.33
2 1 0.10 0.13 0.17 0.12
2 2 0.20 0.23 0.22 0.23
2 3 0.23 0.28 0.26 0.27

MSE (×103)
1 1 7.11 6.94 7.04 7.04
1 2 5.00 5.12 5.31 5.06
1 3 3.11 3.40 3.15 3.37
2 1 10.22 9.41 10.03 10.10
2 2 9.28 8.20 8.60 8.81
2 3 7.35 7.54 7.46 8.26

Coverage
1 1 0.96 0.97 0.98 0.98
1 2 0.96 0.99 0.99 0.99
1 3 0.99 0.99 1 0.99
2 1 0.94 0.94 0.95 0.94
2 2 0.97 0.99 0.99 0.99
2 3 0.97 0.98 1 0.98

Average Length CI
1 1 0.38 0.39 0.41 0.39
1 2 0.29 0.32 0.34 0.32
1 3 0.26 0.30 0.33 0.30
2 1 0.38 0.39 0.40 0.39
2 2 0.38 0.41 0.40 0.41
2 3 0.38 0.41 0.43 0.41

Table C9: Simulation 2: Summary Statistics for the off-sample areas for model (M0),
not taking into account the auxiliary data
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Scenario (B) Scenario (A) UNW HT NB LN AN ES
Bias2 (×103)

1 1 5.83 5.84 9.30 9.74 10.65 10.50
1 2 7.74 7.73 5.77 5.72 6.01 5.88
1 3 9.15 9.23 18.53 20.44 19.64 20.08
2 1 5.62 5.60 9.04 9.22 9.98 9.85
2 2 7.33 7.36 6.14 6.11 6.31 6.24
2 3 8.65 8.65 18.99 20.31 20.03 20.28

Variance (×103)
1 1 3.46 3.95 0.05 0.18 0.27 0.25
1 2 3.45 3.96 0.05 0.29 0.32 0.32
1 3 3.22 3.64 0.05 0.17 0.45 0.37
2 1 3.51 4.04 0.05 0.15 0.21 0.20
2 2 3.43 3.94 0.05 0.22 0.22 0.23
2 3 3.20 3.70 0.06 0.18 0.38 0.32

MSE (×103)
1 1 9.29 9.79 9.35 9.91 10.91 10.75
1 2 11.19 11.69 5.82 6.01 6.33 6.20
1 3 12.37 12.88 18.58 20.61 20.09 20.45
2 1 9.13 9.64 9.09 9.37 10.19 10.04
2 2 10.76 11.31 6.19 6.33 6.54 6.47
2 3 11.86 12.34 19.04 20.49 20.41 20.59

Coverage
1 1 0.82 0.83 0.14 0.12 0.14 0.13
1 2 0.81 0.81 0.19 0.14 0.16 0.14
1 3 0.83 0.83 0.03 0.05 0.06 0.05
2 1 0.81 0.82 0.14 0.13 0.14 0.13
2 2 0.80 0.80 0.19 0.15 0.16 0.15
2 3 0.82 0.83 0.04 0.04 0.06 0.06

Average Length CI
1 1 0.21 0.23 0.03 0.02 0.03 0.02
1 2 0.21 0.22 0.03 0.02 0.03 0.02
1 3 0.20 0.22 0.03 0.03 0.03 0.02
2 1 0.22 0.23 0.03 0.03 0.03 0.02
2 2 0.22 0.23 0.03 0.03 0.03 0.02
2 3 0.21 0.22 0.03 0.03 0.03 0.02

Table C10: Simulation 2: Summary Statistics for the in-sample areas for model (M1).
The simulated data was analysed using “energy” as a covariate.
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Scenario (B) Scenario (A) UNW HT NB LN AN ES
Bias2 (×103)

1 1 7.05 6.92 7.18 7.03
1 2 5.33 5.37 5.62 5.47
1 3 17.56 19.14 17.82 18.10
2 1 7.69 7.59 7.76 7.67
2 2 5.95 5.98 6.13 6.05
2 3 19.20 20.47 19.85 19.94

Variance (×103)
1 1 0.06 0.18 0.25 0.24
1 2 0.06 0.28 0.31 0.31
1 3 0.06 0.18 0.42 0.34
2 1 0.06 0.16 0.21 0.20
2 2 0.06 0.21 0.23 0.23
2 3 0.07 0.18 0.35 0.29

MSE (×103)
1 1 7.11 7.10 7.44 7.26
1 2 5.39 5.66 5.94 5.78
1 3 17.62 19.32 18.24 18.44
2 1 7.75 7.75 7.97 7.87
2 2 6.01 6.20 6.36 6.28
2 3 19.27 20.64 20.20 20.23

Coverage
1 1 0.13 0.14 0.15 0.14
1 2 0.12 0.13 0.12 0.11
1 3 0.09 0.07 0.06 0.06
2 1 0.13 0.13 0.14 0.13
2 2 0.11 0.11 0.12 0.11
2 3 0.09 0.07 0.06 0.05

Av Length CI
1 1 0.03 0.03 0.03 0.03
1 2 0.03 0.03 0.03 0.03
1 3 0.03 0.03 0.03 0.03
2 1 0.03 0.03 0.03 0.03
2 2 0.03 0.03 0.03 0.03
2 3 0.03 0.03 0.03 0.03

Table C11: Simulation 2: Summary Statistics for the off-sample areas for model (M1).
The simulated data was analysed using “energy” as a covariate.
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Scenario (B) Scenario (A) UNW HT NB LN AN ES
Bias2 (×103)

1 1 5.83 5.84 1.07 2.56 2.36 2.42
1 2 7.74 7.73 0.60 1.14 0.92 1.04
1 3 9.15 9.23 0.54 1.30 0.70 0.90
2 1 5.62 5.60 3.09 6.20 7.29 6.84
2 2 7.33 7.36 2.03 4.79 6.23 5.66
2 3 8.65 8.65 2.72 5.13 5.99 5.66

Variance (×103)
1 1 3.46 3.95 1.46 1.90 2.19 2.06
1 2 3.45 3.96 1.09 1.66 1.89 1.78
1 3 3.22 3.64 0.91 1.51 1.80 1.65
2 1 3.51 4.04 1.49 1.94 2.30 2.27
2 2 3.43 3.94 1.42 1.81 2.12 2.09
2 3 3.20 3.70 1.31 1.81 2.14 2.02

MSE (×103)
1 1 9.29 9.79 2.53 4.46 4.55 4.47
1 2 11.19 11.69 1.69 2.80 2.81 2.81
1 3 12.37 12.88 1.46 2.81 2.50 2.55
2 1 9.13 9.64 4.59 8.15 9.59 9.12
2 2 10.76 11.31 3.45 6.60 8.35 7.75
2 3 11.86 12.34 4.03 6.95 8.13 7.68

Coverage
1 1 0.82 0.83 0.84 0.71 0.70 0.70
1 2 0.81 0.81 0.84 0.73 0.73 0.73
1 3 0.83 0.83 0.83 0.69 0.73 0.71
2 1 0.81 0.82 0.69 0.63 0.61 0.62
2 2 0.80 0.80 0.68 0.67 0.62 0.63
2 3 0.82 0.83 0.69 0.65 0.63 0.64

Average Length CI
1 1 0.21 0.23 0.12 0.14 0.14 0.14
1 2 0.21 0.22 0.11 0.13 0.13 0.13
1 3 0.20 0.22 0.10 0.12 0.12 0.12
2 1 0.22 0.23 0.12 0.15 0.15 0.15
2 2 0.22 0.23 0.12 0.15 0.15 0.15
2 3 0.21 0.22 0.12 0.14 0.14 0.14

Table C12: Simulation 2: Summary Statistics for the in-sample areas for model (M2).
The simulated data was analysed using the random effects u∗

k & v∗
k.
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Scenario (B) Scenario (A) UNW HT UWB LN AN ESS
Bias2 (×103)

1 1 7.07 7.16 6.94 6.98
1 2 4.91 4.98 5.13 4.94
1 3 2.86 3.95 3.24 3.41
2 1 9.99 10.02 11.25 10.80
2 2 8.30 9.00 10.99 10.24
2 3 5.70 7.28 8.01 7.73

Variance (×103)
1 1 0.06 0.09 0.18 0.09
1 2 0.09 0.14 0.19 0.14
1 3 0.25 0.34 0.31 0.35
2 1 0.10 0.12 0.24 0.14
2 2 0.21 0.27 0.31 0.35
2 3 0.23 0.27 0.27 0.29

MSE (×103)
1 1 7.13 7.25 7.11 7.07
1 2 5.00 5.12 5.32 5.09
1 3 3.11 4.29 3.54 3.76
2 1 10.10 10.14 11.49 10.94
2 2 8.50 9.28 11.30 10.59
2 3 5.93 7.55 8.28 8.02

Coverage
1 1 0.87 0.89 0.91 0.90
1 2 0.83 0.87 0.90 0.88
1 3 0.89 0.87 0.98 0.92
2 1 0.86 0.89 0.89 0.90
2 2 0.89 0.91 0.90 0.91
2 3 0.94 0.97 0.96 0.97

Average Length CI
1 1 0.28 0.29 0.31 0.29
1 2 0.22 0.24 0.26 0.25
1 3 0.19 0.22 0.25 0.23
2 1 0.28 0.33 0.34 0.35
2 2 0.28 0.31 0.33 0.34
2 3 0.27 0.32 0.34 0.33

Table C13: Simulation 2: Summary Statistics for the off-sample areas for model (M2).
The simulated data was analysed using the random effects u∗

k & v∗
k.
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Scenario (B) Scenario (A) UNW HT NB LN AN ES
Bias2 (×103)

1 1 5.83 5.84 1.07 2.54 2.34 2.38
1 2 7.74 7.73 0.60 1.12 0.91 1.01
1 3 9.15 9.23 0.54 1.26 0.66 0.84
2 1 5.62 5.60 1.12 2.46 2.58 2.25
2 2 7.33 7.36 0.65 1.21 1.20 1.06
2 3 8.65 8.65 0.63 1.38 1.03 1.00

Variance (×103)
1 1 3.46 3.95 1.48 2.08 2.35 2.25
1 2 3.45 3.96 1.11 1.85 2.06 1.99
1 3 3.22 3.64 0.94 1.72 1.98 1.83
2 1 3.51 4.04 1.52 2.30 2.24 2.53
2 2 3.43 3.94 1.12 1.98 1.95 2.20
2 3 3.20 3.70 0.93 1.84 1.93 1.99

MSE (×103)
1 1 9.29 9.79 2.55 4.62 4.69 4.62
1 2 11.19 11.69 1.72 2.96 2.97 3.00
1 3 12.37 12.88 1.48 2.98 2.64 2.66
2 1 9.13 9.64 2.64 4.76 4.82 4.78
2 2 10.76 11.31 1.76 3.19 3.15 3.26
2 3 11.86 12.34 1.56 3.22 2.95 2.99

Coverage
1 1 0.82 0.83 0.85 0.72 0.71 0.71
1 2 0.81 0.81 0.85 0.74 0.74 0.74
1 3 0.83 0.83 0.84 0.70 0.74 0.72
2 1 0.81 0.82 0.85 0.72 0.70 0.72
2 2 0.80 0.80 0.86 0.75 0.73 0.75
2 3 0.82 0.83 0.86 0.72 0.73 0.74

Average Length CI
1 1 0.21 0.23 0.13 0.14 0.14 0.14
1 2 0.21 0.22 0.12 0.13 0.13 0.13
1 3 0.20 0.22 0.11 0.12 0.13 0.12
2 1 0.22 0.23 0.13 0.15 0.14 0.15
2 2 0.22 0.23 0.12 0.14 0.13 0.14
2 3 0.21 0.22 0.11 0.13 0.13 0.13

Table C14: Simulation 2: Summary Statistics for the in-sample areas for model (M3).
The simulated data was analysed using the random effects u∗

k & v∗
k and “energy” as a

covariate.
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Scenario (B) Scenario (A) UNW HT NB LN AN ES
Bias2 (×103)

1 1 7.08 7.19 6.88 6.94
1 2 4.89 4.99 5.12 4.94
1 3 2.88 4.00 3.25 3.38
2 1 7.75 7.80 7.49 7.64
2 2 5.44 5.54 5.66 5.49
2 3 3.17 4.34 3.90 3.75

Variance (×103)
1 1 0.09 0.18 0.27 0.20
1 2 0.12 0.27 0.32 0.27
1 3 0.28 0.48 0.44 0.51
2 1 0.09 0.19 0.31 0.21
2 2 0.15 0.27 0.35 0.28
2 3 0.27 0.44 0.41 0.50

MSE (×103)
1 1 7.16 7.37 7.15 7.14
1 2 5.01 5.26 5.44 5.21
1 3 3.16 4.48 3.69 3.89
2 1 7.84 7.99 7.81 7.85
2 2 5.59 5.82 6.01 5.78
2 3 3.44 4.79 4.30 4.25

Coverage
1 1 0.87 0.89 0.92 0.91
1 2 0.83 0.88 0.90 0.88
1 3 0.89 0.88 0.98 0.92
2 1 0.86 0.90 0.88 0.91
2 2 0.83 0.87 0.86 0.89
2 3 0.90 0.91 0.97 0.94

Average Length CI
1 1 0.28 0.30 0.31 0.30
1 2 0.22 0.25 0.27 0.25
1 3 0.19 0.23 0.25 0.23
2 1 0.29 0.31 0.29 0.32
2 2 0.23 0.26 0.26 0.27
2 3 0.20 0.24 0.26 0.25

Table C15: Simulation 2: Summary Statistics for the off-sample areas for model (M3).
The simulated data was analysed using the random effects u∗

k & v∗
k and “energy” as a

covariate.
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Figure C2: Simulation 2: Variance
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Figure C3: Simulation 2: Length Confidence Intervals
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Figure C4: Simulation 2: Estimated proportion for the AN estimator under simulation
scenario A3 and B2 for models M0 (left) and M3 (right), averaged over 100 simulation
runs.



Appendix D
Supplementary Materials for
Chapter 5

155



156 Appendix D

[2,5) [5,10) [10,15) [15,20) [20,25]

Figure D1: Estimated unweighted (left) and weighted (right) odds ratio for asthma and
COPD in the BRFSS data set.
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Figure D2: Estimated prevalences for asthma using the unweighted PL-model (left col-
umn) and unweighted ES-model (right column) using models of Type I (first row),
Type II (second row), Type III (third row) and Type IV (last row).
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Figure D3: Estimated prevalences for COPD using the unweighted PL-model (left col-
umn) and unweighted ES-model (right column) using models of Type I (first row),
Type II (second row), Type III (third row) and Type IV (last row).
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Code

Type I Linear Predictor

### Pseudo Likelihood model
pll.agg.typeI <- function(inputdata,arronddata,graph.loc){

data2 = merge(inputdata, arronddata, by=c("county"))
y.pseudo.lik_asthma = y.pseudo.lik_copd = samplesize = NULL
k=1
for (i in unique(data2$county)){

set = data2[data2$county==i,]
y.pseudo.lik_asthma[k] = sum(set$wn_miss * set$asthma)
y.pseudo.lik_copd[k] = sum(set$wn_miss * set$copd)
samplesize[k] = sum(set$wn_miss)
k=k+1

}

arronddata$y.pseudo.lik_asthma = y.pseudo.lik_asthma
arronddata$y.pseudo.lik_copd = y.pseudo.lik_copd
arronddata$region.unstruct = arronddata$index
arronddata$region.struct = arronddata$index
arronddata$samplesize = samplesize

formula_asthma = y.pseudo.lik_asthma ~ f(region.unstruct,model="iid",
param=c(0.5,0.008)) + f(region.struct,model="besag",
graph=graph.loc,param=c(0.5,0.008), adjust.for.con.comp = FALSE)

formula_copd = y.pseudo.lik_copd ~ f(region.unstruct,model="iid",
param=c(0.5,0.008)) + f(region.struct,model="besag",
graph=graph.loc,param=c(0.5,0.008), adjust.for.con.comp = FALSE)

mod_asthma <- inla(formula_asthma, family = "binomial",
data = arronddata, Ntrials=samplesize,
control.predictor=list(compute=TRUE,link=1),
control.compute=list(dic=TRUE))

mod_copd <- inla(formula_copd, family = "binomial",
data = arronddata, Ntrials=samplesize,
control.predictor=list(compute=TRUE,link=1),
control.compute=list(dic=TRUE))
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p.est.asthma <- mod_asthma$summary.fitted.values[, "mean"]
p.se.asthma <- mod_asthma$summary.fitted.values[, "sd"]
p.ll.asthma <- mod_asthma$summary.fitted.values[, "0.025quant"]
p.ul.asthma <- mod_asthma$summary.fitted.values[, "0.975quant"]
p.est.copd <- mod_copd$summary.fitted.values[, "mean"]
p.se.copd <- mod_copd$summary.fitted.values[, "sd"]
p.ll.copd <- mod_copd$summary.fitted.values[, "0.025quant"]
p.ul.copd <- mod_copd$summary.fitted.values[, "0.975quant"]
uk.asthma <- mod_asthma$summary.random$region.struct[, "mean"]
vk.asthma <- mod_asthma$summary.random$region.unstruct[, "mean"]
uk.copd <- mod_copd$summary.random$region.struct[, "mean"]
vk.copd <- mod_copd$summary.random$region.unstruct[, "mean"]
intercept.asthma <- mod_asthma$summary.fixed[,"mean"]
intercept.sd.asthma <- mod_asthma$summary.fixed[,"sd"]
intercept.copd <- mod_copd$summary.fixed[,"mean"]
intercept.sd.copd <- mod_copd$summary.fixed[,"sd"]
dic.asthma <- mod_asthma$dic$dic
dic.copd <- mod_copd$dic$dic
theta.uk.asthma <-
mod_asthma$summary.hyperpar["Precision for region.struct","mean"]

theta.uk.sd.asthma <-
mod_asthma$summary.hyperpar["Precision for region.struct","sd"]

theta.vk.asthma <-
mod_asthma$summary.hyperpar["Precision for region.unstruct","mean"]

theta.vk.sd.asthma <-
mod_asthma$summary.hyperpar["Precision for region.unstruct","sd"]

theta.uk.copd <-
mod_copd$summary.hyperpar["Precision for region.struct","mean"]

theta.uk.sd.copd <-
mod_copd$summary.hyperpar["Precision for region.struct","sd"]

theta.vk.copd <-
mod_copd$summary.hyperpar["Precision for region.unstruct","mean"]

theta.vk.sd.copd <-
mod_copd$summary.hyperpar["Precision for region.unstruct","sd"]

return(list(p.est.asthma, p.se.asthma, p.ll.asthma, p.ul.asthma,
p.est.copd, p.se.copd, p.ll.copd, p.ul.copd,
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arronddata$county, uk.asthma, vk.asthma, uk.copd, vk.copd,
dic.asthma, dic.copd, intercept.asthma, intercept.sd.asthma,
intercept.copd, intercept.sd.copd, theta.uk.asthma,
theta.uk.sd.asthma, theta.vk.asthma, theta.vk.sd.asthma,
theta.uk.copd, theta.uk.sd.copd, theta.vk.copd,
theta.vk.sd.copd))

}

### Effective Sample Size model
eff.ss.agg.typeI <- function(inputdata,arronddata,graph.loc){

data2 = merge(inputdata, arronddata, by=c("county"))
my.svydesign = svydesign(id=~1, strata=~county,

weights=~wn_miss, data=data2, fpc=~popsize)
design.consistent.estimates.asthma = svyby(~asthma, ~county,

svymean, design=my.svydesign)
design.consistent.estimates.copd = svyby(~copd, ~county,

svymean, design=my.svydesign)

arronddata$eff.samplesize_asthma =
design.consistent.estimates.asthma$asthma*
(1-design.consistent.estimates.asthma$asthma) /
design.consistent.estimates.asthma$se^2

arronddata$eff.samplesize_copd =
design.consistent.estimates.copd$copd*
(1-design.consistent.estimates.copd$copd) /
design.consistent.estimates.copd$se^2

arronddata$y.effss_asthma =
design.consistent.estimates.asthma$asthma*
arronddata$eff.samplesize_asthma

arronddata$y.effss_copd = design.consistent.estimates.copd$copd*
arronddata$eff.samplesize_copd

arronddata$region.unstruct = arronddata$index
arronddata$region.struct = arronddata$index

k=1
samplesize=NULL
for (i in unique(data2$county)){
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set = data2[data2$county==i,]
samplesize[k] = sum(set$wn_miss)
k=k+1

}
arronddata$samplesize = samplesize

formula_asthma = y.effss_asthma ~ f(region.unstruct,model="iid",
param=c(0.5,0.008)) + f(region.struct,model="besag",
graph=graph.loc,param=c(0.5,0.008), adjust.for.con.comp = FALSE)

formula_copd = y.effss_copd ~ f(region.unstruct,model="iid",
param=c(0.5,0.008)) + f(region.struct,model="besag",
graph=graph.loc,param=c(0.5,0.008), adjust.for.con.comp = FALSE)

mod_asthma <- inla(formula_asthma, family = "binomial",
data = arronddata,Ntrials=eff.samplesize_asthma,
control.predictor=list(compute=TRUE,link=1),

control.compute=list(dic=TRUE))
mod_copd <- inla(formula_copd, family = "binomial",

data = arronddata, Ntrials=eff.samplesize_copd,
control.predictor=list(compute=TRUE,link=1),

control.compute=list(dic=TRUE))

p.est.asthma <- mod_asthma$summary.fitted.values[, "mean"]
p.se.asthma <- mod_asthma$summary.fitted.values[, "sd"]
p.ll.asthma <- mod_asthma$summary.fitted.values[, "0.025quant"]
p.ul.asthma <- mod_asthma$summary.fitted.values[, "0.975quant"]
p.est.copd <- mod_copd$summary.fitted.values[, "mean"]
p.se.copd <- mod_copd$summary.fitted.values[, "sd"]
p.ll.copd <- mod_copd$summary.fitted.values[, "0.025quant"]
p.ul.copd <- mod_copd$summary.fitted.values[, "0.975quant"]
uk.asthma <- mod_asthma$summary.random$region.struct[, "mean"]
vk.asthma <- mod_asthma$summary.random$region.unstruct[, "mean"]
uk.copd <- mod_copd$summary.random$region.struct[, "mean"]
vk.copd <- mod_copd$summary.random$region.unstruct[, "mean"]
intercept.asthma <- mod_asthma$summary.fixed[,"mean"]
intercept.sd.asthma <- mod_asthma$summary.fixed[,"sd"]
intercept.copd <- mod_copd$summary.fixed[,"mean"]
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intercept.sd.copd <- mod_copd$summary.fixed[,"sd"]
dic.asthma <- mod_asthma$dic$dic
dic.copd <- mod_copd$dic$dic
theta.uk.asthma <-
mod_asthma$summary.hyperpar["Precision for region.struct","mean"]

theta.uk.sd.asthma <-
mod_asthma$summary.hyperpar["Precision for region.struct","sd"]

theta.vk.asthma <-
mod_asthma$summary.hyperpar["Precision for region.unstruct","mean"]

theta.vk.sd.asthma <-
mod_asthma$summary.hyperpar["Precision for region.unstruct","sd"]

theta.uk.copd <-
mod_copd$summary.hyperpar["Precision for region.struct","mean"]

theta.uk.sd.copd <-
mod_copd$summary.hyperpar["Precision for region.struct","sd"]

theta.vk.copd <-
mod_copd$summary.hyperpar["Precision for region.unstruct","mean"]

theta.vk.sd.copd <-
mod_copd$summary.hyperpar["Precision for region.unstruct","sd"]

return(list(p.est.asthma, p.se.asthma, p.ll.asthma, p.ul.asthma,
p.est.copd, p.se.copd,p.ll.copd, p.ul.copd,
arronddata$county, uk.asthma, vk.asthma, uk.copd, vk.copd,
dic.asthma, dic.copd, intercept.asthma, intercept.sd.asthma,
intercept.copd, intercept.sd.copd, theta.uk.asthma,
theta.uk.sd.asthma, theta.vk.asthma, theta.vk.sd.asthma,
theta.uk.copd, theta.uk.sd.copd, theta.vk.copd,
theta.vk.sd.copd))

}

Type II Linear Predictor

### Pseudo Likelihood model
pll.agg.typeII <- function(inputdata,arronddata,graph.loc){

data2 = merge(inputdata, arronddata, by=c("county"))
y.pseudo.lik_asthma = y.pseudo.lik_copd = NULL
k=1
for (i in unique(data2$county)){

set = data2[data2$county==i,]
y.pseudo.lik_asthma[k] = sum(set$wn_miss * set$asthma)
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y.pseudo.lik_copd[k] = sum(set$wn_miss * set$copd)
k=k+1

}

yy = c(y.pseudo.lik_asthma, y.pseudo.lik_copd)
intercept = as.factor(rep(1:2, each = nrow(arronddata)))
region.unstruct = rep(1:nrow(arronddata), 2)
region.struct = rep(1:nrow(arronddata), 2)
g.u = rep(1:2, each = nrow(arronddata))
g.v = g.u
samplesize = c(arronddata$samplesize, arronddata$samplesize)

formula = yy ~ -1 + intercept +
f(region.struct, model="besag", graph=graph.loc, group = g.u) +
f(region.unstruct, model="iid", group = g.v)

mod <- inla(formula, family = "binomial",
data = data.frame(intercept, region.unstruct, region.struct,
yy ,g.u, g.v, samplesize), Ntrials=samplesize,
control.predictor=list(compute=TRUE,link=1),
control.fixed=list(prec.intercept=1),
control.compute=list(dic=TRUE))

p.est.asthma <- mod$summary.fitted.values[1:67, "mean"]
p.se.asthma <- mod$summary.fitted.values[1:67, "sd"]
p.ll.asthma <- mod$summary.fitted.values[1:67, "0.025quant"]
p.ul.asthma <- mod$summary.fitted.values[1:67, "0.975quant"]
p.est.copd <- mod$summary.fitted.values[68:134, "mean"]
p.se.copd <- mod$summary.fitted.values[68:134, "sd"]
p.ll.copd <- mod$summary.fitted.values[68:134, "0.025quant"]
p.ul.copd <- mod$summary.fitted.values[68:134, "0.975quant"]
uk <- mod$summary.random$region.struct[, "mean"]
vk <- mod$summary.random$region.unstruct[, "mean"]
rho.uk <-
mod$summary.hyperpar["GroupRho for region.struct","mean"]

rho.uk.sd <-
mod$summary.hyperpar["GroupRho for region.struct","sd"]
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rho.vk <-
mod$summary.hyperpar["GroupRho for region.unstruct","mean"]

rho.vk.sd <-
mod$summary.hyperpar["GroupRho for region.unstruct","sd"]

intercept.asthma <- mod$summary.fixed[1,"mean"]
intercept.sd.asthma <- mod$summary.fixed[1,"sd"]
intercept.copd <- mod$summary.fixed[2,"mean"]
intercept.sd.copd <- mod$summary.fixed[2,"sd"]
dic <- mod$dic$dic
theta.uk <-
mod$summary.hyperpar["Precision for region.struct","mean"]

theta.uk.sd <-
mod$summary.hyperpar["Precision for region.struct","sd"]

theta.vk <-
mod$summary.hyperpar["Precision for region.unstruct","mean"]

theta.vk.sd <-
mod$summary.hyperpar["Precision for region.unstruct","sd"]

return(list(p.est.asthma, p.se.asthma, p.ll.asthma, p.ul.asthma,
p.est.copd, p.se.copd, p.ll.copd, p.ul.copd,
arronddata$county, uk, vk, rho.uk, rho.vk, dic, rho.uk.sd,
rho.vk.sd, intercept.asthma, intercept.sd.asthma,
intercept.copd, intercept.sd.copd, theta.uk, theta.uk.sd,
theta.vk, theta.vk.sd))

}

### Effective Sample Size model
eff.ss.agg.typeII <- function(inputdata,arronddata,graph.loc){

data2 = merge(inputdata, arronddata, by=c("county"))
my.svydesign = svydesign(id=~1, strata=~county,

weights=~wn_miss, data=data2, fpc=~popsize)
design.consistent.estimates.asthma = svyby(~asthma, ~county,

svymean, design=my.svydesign)
design.consistent.estimates.copd = svyby(~copd, ~county,

svymean, design=my.svydesign)

arronddata$eff.samplesize_asthma =
design.consistent.estimates.asthma$asthma*
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(1-design.consistent.estimates.asthma$asthma) /
design.consistent.estimates.asthma$se^2

arronddata$eff.samplesize_copd =
design.consistent.estimates.copd$copd*
(1-design.consistent.estimates.copd$copd) /
design.consistent.estimates.copd$se^2

arronddata$y.effss_asthma =
design.consistent.estimates.asthma$asthma*
arronddata$eff.samplesize_asthma

arronddata$y.effss_copd =
design.consistent.estimates.copd$copd*
arronddata$eff.samplesize_copd

arronddata$region.unstruct = arronddata$index
arronddata$region.struct = arronddata$index

yy = c(arronddata$y.effss_asthma, arronddata$y.effss_copd)
intercept = as.factor(rep(1:2, each = nrow(arronddata)))
region.unstruct = rep(1:nrow(arronddata), 2)
region.struct = rep(1:nrow(arronddata), 2)
g.u = rep(1:2, each = nrow(arronddata))
g.v = g.u
samplesize = c(arronddata$eff.samplesize_asthma,

arronddata$eff.samplesize_copd)

formula = yy ~ -1 + intercept + f(region.struct, model="besag",
graph=graph.loc, group = g.u) +
f(region.unstruct, model="iid", group = g.v)

mod <- inla(formula, family = "binomial",
data = data.frame(intercept, region.unstruct,
region.struct, yy ,g.u, g.v, samplesize),
Ntrials=samplesize,
control.predictor=list(compute=TRUE,link=1),
control.fixed=list(prec.intercept=1),
control.compute=list(dic=TRUE))

p.est.asthma <- mod$summary.fitted.values[1:67, "mean"]
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p.se.asthma <- mod$summary.fitted.values[1:67, "sd"]
p.ll.asthma <- mod$summary.fitted.values[1:67, "0.025quant"]
p.ul.asthma <- mod$summary.fitted.values[1:67, "0.975quant"]
p.est.copd <- mod$summary.fitted.values[68:134, "mean"]
p.se.copd <- mod$summary.fitted.values[68:134, "sd"]
p.ll.copd <- mod$summary.fitted.values[68:134, "0.025quant"]
p.ul.copd <- mod$summary.fitted.values[68:134, "0.975quant"]
uk <- mod$summary.random$region.struct[, "mean"]
vk <- mod$summary.random$region.unstruct[, "mean"]
rho.uk <-
mod$summary.hyperpar["GroupRho for region.struct","mean"]

rho.uk.sd <-
mod$summary.hyperpar["GroupRho for region.struct","sd"]

rho.vk <-
mod$summary.hyperpar["GroupRho for region.unstruct","mean"]

rho.vk.sd <-
mod$summary.hyperpar["GroupRho for region.unstruct","sd"]

intercept.asthma <- mod$summary.fixed[1,"mean"]
intercept.sd.asthma <- mod$summary.fixed[1,"sd"]
intercept.copd <- mod$summary.fixed[2,"mean"]
intercept.sd.copd <- mod$summary.fixed[2,"sd"]
dic <- mod$dic$dic
theta.uk <-
mod$summary.hyperpar["Precision for region.struct","mean"]

theta.uk.sd <-
mod$summary.hyperpar["Precision for region.struct","sd"]

theta.vk <-
mod$summary.hyperpar["Precision for region.unstruct","mean"]

theta.vk.sd <-
mod$summary.hyperpar["Precision for region.unstruct","sd"]

return(list(p.est.asthma, p.se.asthma, p.ll.asthma, p.ul.asthma,
p.est.copd, p.se.copd, p.ll.copd, p.ul.copd,
arronddata$county, uk, vk, rho.uk, rho.vk, dic, rho.uk.sd,
rho.vk.sd, intercept.asthma, intercept.sd.asthma,
intercept.copd, intercept.sd.copd, theta.uk, theta.uk.sd,
theta.vk, theta.vk.sd))

}
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Type III Linear Predictor

### Pseudo Likelihood model
pll.agg.typeIII <- function(inputdata,arronddata,graph.loc){

data2 = merge(inputdata, arronddata, by=c("county"))
y.pseudo.lik_asthma = y.pseudo.lik_copd = NULL
k=1
for (i in unique(data2$county)){

set = data2[data2$county==i,]
y.pseudo.lik_asthma[k] = sum(set$wn_miss * set$asthma)
y.pseudo.lik_copd[k] = sum(set$wn_miss * set$copd)
k=k+1

}

yy = c(y.pseudo.lik_asthma, y.pseudo.lik_copd)
intercept = as.factor(rep(1:2, each = nrow(arronddata)))
region.unstruct = rep(1:nrow(arronddata), 2)
region.struct1 = c(1:nrow(arronddata), rep(NA, nrow(arronddata)))
region.struct2 = c(rep(NA, nrow(arronddata)), 1:nrow(arronddata))
samplesize = c(arronddata$samplesize, arronddata$samplesize)

formula = yy ~ -1 + intercept +
f(region.struct1, model="besag", graph=graph.loc) +
f(region.struct2, model="besag", copy="region.struct1",
fixed=F) +
f(region.unstruct, model="iid2d", n = length(samplesize))

mod <- inla(formula, family = "binomial",
data = data.frame(intercept, region.unstruct,
region.struct1, yy , region.struct2, samplesize),
Ntrials=samplesize,
control.predictor=list(compute=TRUE,link=1),
control.fixed=list(prec.intercept=1),
control.compute=list(dic=TRUE))

p.est.asthma <- mod$summary.fitted.values[1:67, "mean"]
p.se.asthma <- mod$summary.fitted.values[1:67, "sd"]
p.ll.asthma <- mod$summary.fitted.values[1:67, "0.025quant"]
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p.ul.asthma <- mod$summary.fitted.values[1:67, "0.975quant"]
p.est.copd <- mod$summary.fitted.values[68:134, "mean"]
p.se.copd <- mod$summary.fitted.values[68:134, "sd"]
p.ll.copd <- mod$summary.fitted.values[68:134, "0.025quant"]
p.ul.copd <- mod$summary.fitted.values[68:134, "0.975quant"]
uk1 <- mod$summary.random$region.struct1[, "mean"]
uk2 <- mod$summary.random$region.struct2[, "mean"]
vk <- mod$summary.random$region.unstruct[, "mean"]
beta.uk <-
mod$summary.hyperpar["Beta for region.struct2","mean"]

beta.uk.sd <-
mod$summary.hyperpar["Beta for region.struct2","sd"]

rho.vk <-
mod$summary.hyperpar["Rho1:2 for region.unstruct","mean"]

rho.vk.sd <-
mod$summary.hyperpar["Rho1:2 for region.unstruct","sd"]

intercept.asthma <- mod$summary.fixed[1,"mean"]
intercept.sd.asthma <- mod$summary.fixed[1,"sd"]
intercept.copd <- mod$summary.fixed[2,"mean"]
intercept.sd.copd <- mod$summary.fixed[2,"sd"]
dic <- mod$dic$dic
theta.uk <-
mod$summary.hyperpar["Precision for region.struct1","mean"]

theta.uk.sd <-
mod$summary.hyperpar["Precision for region.struct1","sd"]

theta.vk1 <-
mod$summary.hyperpar["Precision for region.unstruct (component 1)",
"mean"]

theta.vk1.sd <-
mod$summary.hyperpar["Precision for region.unstruct (component 1)",
"sd"]

theta.vk2 <-
mod$summary.hyperpar["Precision for region.unstruct (component 2)",
"mean"]

theta.vk2.sd <-
mod$summary.hyperpar["Precision for region.unstruct (component 2)",
"sd"]
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return(list(p.est.asthma, p.se.asthma, p.ll.asthma,
p.ul.asthma, p.est.copd, p.se.copd, p.ll.copd, p.ul.copd,
arronddata$county, uk1, uk2, vk, beta.uk, rho.vk, dic,
beta.uk.sd, rho.vk.sd, intercept.asthma, intercept.sd.asthma,
intercept.copd, intercept.sd.copd, theta.uk, theta.uk.sd,
theta.vk1, theta.vk1.sd, theta.vk2, theta.vk2.sd))

}

### Effective Sample Size model
eff.ss.agg.typeIII <- function(inputdata,arronddata,graph.loc){

data2 = merge(inputdata, arronddata, by=c("county"))
my.svydesign = svydesign(id=~1, strata=~county,

weights=~wn_miss, data=data2, fpc=~popsize)
design.consistent.estimates.asthma = svyby(~asthma, ~county,

svymean, design=my.svydesign)
design.consistent.estimates.copd = svyby(~copd, ~county,

svymean, design=my.svydesign)

arronddata$eff.samplesize_asthma =
design.consistent.estimates.asthma$asthma*
(1-design.consistent.estimates.asthma$asthma) /
design.consistent.estimates.asthma$se^2

arronddata$eff.samplesize_copd =
design.consistent.estimates.copd$copd*
(1-design.consistent.estimates.copd$copd) /
design.consistent.estimates.copd$se^2

arronddata$y.effss_asthma =
design.consistent.estimates.asthma$asthma*
arronddata$eff.samplesize_asthma

arronddata$y.effss_copd =
design.consistent.estimates.copd$copd*
arronddata$eff.samplesize_copd

arronddata$region.unstruct = arronddata$index
arronddata$region.struct = arronddata$index

yy = c(arronddata$y.effss_asthma, arronddata$y.effss_copd)
intercept = as.factor(rep(1:2, each = nrow(arronddata)))
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region.unstruct = rep(1:nrow(arronddata), 2)
region.struct1 = c(1:nrow(arronddata), rep(NA, nrow(arronddata)))
region.struct2 = c(rep(NA, nrow(arronddata)), 1:nrow(arronddata))
samplesize = c(arronddata$eff.samplesize_asthma,

arronddata$eff.samplesize_copd)

formula = yy ~ -1 + intercept +
f(region.struct1, model="besag", graph=graph.loc) +
f(region.struct2, model="besag", copy="region.struct1",
fixed=F) +
f(region.unstruct, model="iid2d", n = length(samplesize))

mod <- inla(formula, family = "binomial",
data = data.frame(intercept, region.unstruct,
region.struct1, yy , region.struct2, samplesize),
Ntrials=samplesize,
control.predictor=list(compute=TRUE,link=1),
control.fixed=list(prec.intercept=1),
control.compute=list(dic=TRUE))

p.est.asthma <- mod$summary.fitted.values[1:67, "mean"]
p.se.asthma <- mod$summary.fitted.values[1:67, "sd"]
p.ll.asthma <- mod$summary.fitted.values[1:67, "0.025quant"]
p.ul.asthma <- mod$summary.fitted.values[1:67, "0.975quant"]
p.est.copd <- mod$summary.fitted.values[68:134, "mean"]
p.se.copd <- mod$summary.fitted.values[68:134, "sd"]
p.ll.copd <- mod$summary.fitted.values[68:134, "0.025quant"]
p.ul.copd <- mod$summary.fitted.values[68:134, "0.975quant"]
uk1 <- mod$summary.random$region.struct1[, "mean"]
uk2 <- mod$summary.random$region.struct2[, "mean"]
vk <- mod$summary.random$region.unstruct[, "mean"]
beta.uk <-
mod$summary.hyperpar["Beta for region.struct2","mean"]

beta.uk.sd <-
mod$summary.hyperpar["Beta for region.struct2","sd"]

rho.vk <-
mod$summary.hyperpar["Rho1:2 for region.unstruct","mean"]
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rho.vk.sd <-
mod$summary.hyperpar["Rho1:2 for region.unstruct","sd"]

intercept.asthma <- mod$summary.fixed[1,"mean"]
intercept.sd.asthma <- mod$summary.fixed[1,"sd"]
intercept.copd <- mod$summary.fixed[2,"mean"]
intercept.sd.copd <- mod$summary.fixed[2,"sd"]
dic <- mod$dic$dic
theta.uk <-
mod$summary.hyperpar["Precision for region.struct1","mean"]

theta.uk.sd <-
mod$summary.hyperpar["Precision for region.struct1","sd"]

theta.vk1 <-
mod$summary.hyperpar["Precision for region.unstruct (component 1)",
"mean"]

theta.vk1.sd <-
mod$summary.hyperpar["Precision for region.unstruct (component 1)",
"sd"]

theta.vk2 <-
mod$summary.hyperpar["Precision for region.unstruct (component 2)",
"mean"]

theta.vk2.sd <-
mod$summary.hyperpar["Precision for region.unstruct (component 2)",
"sd"]

return(list(p.est.asthma, p.se.asthma, p.ll.asthma, p.ul.asthma,
p.est.copd, p.se.copd, p.ll.copd, p.ul.copd,
arronddata$county, uk1, uk2, vk, beta.uk, rho.vk, dic,
beta.uk.sd, rho.vk.sd, intercept.asthma, intercept.sd.asthma,
intercept.copd, intercept.sd.copd, theta.uk, theta.uk.sd,
theta.vk1, theta.vk1.sd, theta.vk2, theta.vk2.sd))

}

Type IV Linear Predictor

### Pseudo Likelihood model
pll.agg.typeIV <- function(inputdata,arronddata,graph.loc,W.matrix){

data2 = merge(inputdata, arronddata, by=c("county"))
y.pseudo.lik_asthma = y.pseudo.lik_copd = NULL
k=1
for (i in unique(data2$county)){
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set = data2[data2$county==i,]
y.pseudo.lik_asthma[k] = sum(set$wn_miss * set$asthma)
y.pseudo.lik_copd[k] = sum(set$wn_miss * set$copd)
k=k+1

}

yy = c(y.pseudo.lik_asthma, y.pseudo.lik_copd)
intercept = as.factor(rep(1:2, each = nrow(arronddata)))
region.unstruct = rep(1:nrow(arronddata), 2)
region.struct = c(1:length(yy))
samplesize = c(arronddata$samplesize, arronddata$samplesize)

model_IMCAR = inla.rgeneric.define(inla.rgeneric.IMCAR.model,
k=2, W=W.matrix)

formula = yy ~ -1 + intercept +
f(region.struct, model=model_IMCAR) +
f(region.unstruct, model="iid2d", n = length(samplesize))

mod <- inla(formula, family = "binomial",
data = data.frame(intercept, region.unstruct,
region.struct, yy, samplesize), Ntrials=samplesize,
control.predictor=list(compute=TRUE,link=1),
control.fixed=list(prec.intercept=1),
control.compute=list(dic=TRUE))

p.est.asthma <- mod$summary.fitted.values[1:67, "mean"]
p.se.asthma <- mod$summary.fitted.values[1:67, "sd"]
p.ll.asthma <- mod$summary.fitted.values[1:67, "0.025quant"]
p.ul.asthma <- mod$summary.fitted.values[1:67, "0.975quant"]
p.est.copd <- mod$summary.fitted.values[68:134, "mean"]
p.se.copd <- mod$summary.fitted.values[68:134, "sd"]
p.ll.copd <- mod$summary.fitted.values[68:134, "0.025quant"]
p.ul.copd <- mod$summary.fitted.values[68:134, "0.975quant"]
uk1 <- mod$summary.random$region.struct[1:67, "mean"]
uk2 <- mod$summary.random$region.struct[68:134, "mean"]
vk1 <- mod$summary.random$region.unstruct[1:67, "mean"]
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vk2 <- mod$summary.random$region.unstruct[68:134, "mean"]
rho.uk <-
mod$summary.hyperpar["Theta3 for region.struct","mean"]

rho.uk.sd <-
mod$summary.hyperpar["Theta3 for region.struct","sd"]

rho.vk <-
mod$summary.hyperpar["Rho1:2 for region.unstruct","mean"]

rho.vk.sd <-
mod$summary.hyperpar["Rho1:2 for region.unstruct","sd"]

intercept.asthma <- mod$summary.fixed[1,"mean"]
intercept.sd.asthma <- mod$summary.fixed[1,"sd"]
intercept.copd <- mod$summary.fixed[2,"mean"]
intercept.sd.copd <- mod$summary.fixed[2,"sd"]
dic <- mod$dic$dic
theta.uk1 <-
mod$summary.hyperpar["Theta1 for region.struct","mean"]

theta.uk1.sd <-
mod$summary.hyperpar["Theta1 for region.struct","sd"]

theta.uk2 <-
mod$summary.hyperpar["Theta2 for region.struct","mean"]

theta.uk2.sd <-
mod$summary.hyperpar["Theta2 for region.struct","sd"]

theta.vk1 <-
mod$summary.hyperpar["Precision for region.unstruct (component 1)",
"mean"]

theta.vk1.sd <-
mod$summary.hyperpar["Precision for region.unstruct (component 1)",
"sd"]

theta.vk2 <-
mod$summary.hyperpar["Precision for region.unstruct (component 2)",
"mean"]

theta.vk2.sd <-
mod$summary.hyperpar["Precision for region.unstruct (component 2)",
"sd"]
return(list(p.est.asthma, p.se.asthma, p.ll.asthma, p.ul.asthma,

p.est.copd, p.se.copd, p.ll.copd, p.ul.copd,
arronddata$county, uk1, uk2, vk1, vk2, rho.uk, rho.vk, dic,
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rho.uk.sd, rho.vk.sd, intercept.asthma, intercept.sd.asthma,
intercept.copd, intercept.sd.copd, theta.uk1, theta.uk1.sd,
theta.uk2, theta.uk2.sd, theta.vk1, theta.vk1.sd, theta.vk2,
theta.vk2.sd))

}

### Effective Sample Size model
eff.ss.agg.typeIV <- function(inputdata,arronddata,graph.loc,W.matrix){

data2 = merge(inputdata, arronddata, by=c("county"))
my.svydesign = svydesign(id=~1, strata=~county,

weights=~wn_miss, data=data2, fpc=~popsize)
design.consistent.estimates.asthma = svyby(~asthma, ~county,

svymean, design=my.svydesign)
design.consistent.estimates.copd = svyby(~copd, ~county,

svymean, design=my.svydesign)

arronddata$eff.samplesize_asthma =
design.consistent.estimates.asthma$asthma*
(1-design.consistent.estimates.asthma$asthma) /
design.consistent.estimates.asthma$se^2

arronddata$eff.samplesize_copd =
design.consistent.estimates.copd$copd*
(1-design.consistent.estimates.copd$copd) /
design.consistent.estimates.copd$se^2

arronddata$y.effss_asthma =
design.consistent.estimates.asthma$asthma*
arronddata$eff.samplesize_asthma

arronddata$y.effss_copd =
design.consistent.estimates.copd$copd*
arronddata$eff.samplesize_copd

arronddata$region.unstruct = arronddata$index
arronddata$region.struct = arronddata$index

yy = c(arronddata$y.effss_asthma, arronddata$y.effss_copd)
intercept = as.factor(rep(1:2, each = nrow(arronddata)))
region.unstruct = rep(1:nrow(arronddata), 2)
region.struct = c(1:length(yy))
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samplesize = c(arronddata$eff.samplesize_asthma,
arronddata$eff.samplesize_copd)

model_IMCAR = inla.rgeneric.define(inla.rgeneric.IMCAR.model,
k=2, W=W.matrix)

formula = yy ~ -1 + intercept +
f(region.struct, model=model_IMCAR) +
f(region.unstruct, model="iid2d", n = length(samplesize))

mod <- inla(formula, family = "binomial",
data = data.frame(intercept, region.unstruct,
region.struct, yy, samplesize), Ntrials=samplesize,
control.predictor=list(compute=TRUE,link=1),
control.fixed=list(prec.intercept=1),
control.compute=list(dic=TRUE))

p.est.asthma <- mod$summary.fitted.values[1:67, "mean"]
p.se.asthma <- mod$summary.fitted.values[1:67, "sd"]
p.ll.asthma <- mod$summary.fitted.values[1:67, "0.025quant"]
p.ul.asthma <- mod$summary.fitted.values[1:67, "0.975quant"]
p.est.copd <- mod$summary.fitted.values[68:134, "mean"]
p.se.copd <- mod$summary.fitted.values[68:134, "sd"]
p.ll.copd <- mod$summary.fitted.values[68:134, "0.025quant"]
p.ul.copd <- mod$summary.fitted.values[68:134, "0.975quant"]
uk1 <- mod$summary.random$region.struct[1:67, "mean"]
uk2 <- mod$summary.random$region.struct[68:134, "mean"]
vk1 <- mod$summary.random$region.unstruct[1:67, "mean"]
vk2 <- mod$summary.random$region.unstruct[68:134, "mean"]
rho.uk <-
mod$summary.hyperpar["Theta3 for region.struct","mean"]

rho.uk.sd <-
mod$summary.hyperpar["Theta3 for region.struct","sd"]

rho.vk <-
mod$summary.hyperpar["Rho1:2 for region.unstruct","mean"]

rho.vk.sd <-
mod$summary.hyperpar["Rho1:2 for region.unstruct","sd"]
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intercept.asthma <- mod$summary.fixed[1,"mean"]
intercept.sd.asthma <- mod$summary.fixed[1,"sd"]
intercept.copd <- mod$summary.fixed[2,"mean"]
intercept.sd.copd <- mod$summary.fixed[2,"sd"]
dic <- mod$dic$dic
theta.uk1 <-
mod$summary.hyperpar["Theta1 for region.struct","mean"]

theta.uk1.sd <-
mod$summary.hyperpar["Theta1 for region.struct","sd"]

theta.uk2 <-
mod$summary.hyperpar["Theta2 for region.struct","mean"]

theta.uk2.sd <-
mod$summary.hyperpar["Theta2 for region.struct","sd"]

theta.vk1 <-
mod$summary.hyperpar["Precision for region.unstruct (component 1)",
"mean"]

theta.vk1.sd <-
mod$summary.hyperpar["Precision for region.unstruct (component 1)",
"sd"]

theta.vk2 <-
mod$summary.hyperpar["Precision for region.unstruct (component 2)",
"mean"]

theta.vk2.sd <-
mod$summary.hyperpar["Precision for region.unstruct (component 2)",
"sd"]

return(list(p.est.asthma, p.se.asthma, p.ll.asthma, p.ul.asthma,
p.est.copd, p.se.copd, p.ll.copd, p.ul.copd,
arronddata$county, uk1, uk2, vk1, vk2, rho.uk, rho.vk, dic,
rho.uk.sd, rho.vk.sd, intercept.asthma, intercept.sd.asthma,
intercept.copd, intercept.sd.copd, theta.uk1, theta.uk1.sd,
theta.uk2, theta.uk2.sd, theta.vk1, theta.vk1.sd, theta.vk2,
theta.vk2.sd))

}





Summary

Statistics are used to draw conclusions from a population of interest, based on a represen-
tative sample. Surveys are a frequent example of a sample, where people, sampled from
the population, answer questions or fill out a questionnaire. The distribution of certain
characteristics (e.g. age, sex, socioeconomic status) between sample and population may
differ. In order to account for this difference, a survey weight is assigned to every person
in the sample.

When conducting a survey, some respondents do not want to or are unable to answer
certain questions. This introduces incomplete data when analyzing the survey. It is
important for researchers to deal with the missing data in a correct way, in order to
avoid biased estimates. Therefore, an assumption has to be made for the reason why
someone did not respond to the question of interest. We distinguish three possibilities:
(1) the missingness is completely random (MCAR), (2) the missingness depends solely
on the observed measurements, independent of the unobserved measurements (MAR)
and (3) the missingness depends on both the observed and unobserved measurements
(MNAR)(Rubin, 1976).

In this thesis, we investigate models which can correctly analyse survey data with
missing observations. Furthermore, we account for the spatial context of the data. Esti-
mates are provided at the level of “small areas” (e.g. districts, counties, provinces). The
measurements of areas which are close to each other are assumed to be more alike than
those of areas which are more distant. The goal of this thesis is to develop methodology
which can analyse these three types of data simultaneously.

In Chapter 2, the impact of missing data in health surveys was evaluated when es-
timating area-specific prevalences. The methods described by Mercer et al. (2014) and
Vandendijck et al. (2016) served as a foundation, and vary from the unweighted mean in
the frequentist framework to the unit-specific spatial random effects model in the Bayesian
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framework. To account for missing observations in the analysis, a new missingness weight
was defined. The inclusion of this missingness weight can correct for distributional shifts,
caused by missing data. An extensive simulation study showed that unbiased estimates
for the prevalence were yielded under the MCAR and MAR assumption. However, under
the MNAR assumption the missingness weight did not have enough support to account
for the missing data, as expected. Furthermore, we define a new weight smoothing model,
which can model the survey design and the missing data in a flexible, non-linear way. This
model produced the best results when a strong spatial effect is present in the data. The
2001 Belgian Health Interview Survey (HIS) was used as an application. The perceived
health of respondents was investigated using the proposed models for the 43 administrative
districts.

Chapter 3 further extended these weight smoothing models by adding covariate in-
formation. The analysis was carried out under the MAR assumption. The 2013 Florida
Behavioral Risk Factor Surveillance System (BRFSS) was used as an example. The pro-
portion of inhabitants without health insurance coverage was the outcome of interest for
the 67 counties. The income of the inhabitants was incorporated in the weight smoothing
model as a covariate on the one hand and by means of a subgroup analysis on the other
hand. Finally, the direct standardized rate was determined, which corrects for risk factors
and allows us to directly compare the results from different counties.

Due to economical or practical reasons, it might occur that not every area is included in
the survey. As such, it is more difficult to produce unbiased estimates for the areas missing
in the sample. In Chapter 4, methods were introduced to cope with the lack of information
in these unsampled areas. Again, the methods from Mercer et al. (2014) were used as a
foundation in the analysis. The simulation study showed that the results remained stable if
about 75% of the intended areas were included in the survey. Furthermore, a strong spatial
effect in the data implied that the results remained stable longer as more areas were missing
from the survey. Next, we demonstrated a new methodology to improve the estimates for
non-sampled areas, using census data about certain population characteristics. While this
method had no effect on the results of the sampled areas, the results for the non-sampled
areas greatly improved, given that the support for these areas was strong enough. Lastly,
this new methodology was applied to the 2008 Mozambique Poverty and Social Impact
Analysis (PSIA) survey, where the proportion of school attendance was investigated for
the 125 districts.

Finally, in Chapter 5, the performance of several multivariate methods were compared
in order to model two outcome variables. Since these two outcome variables can be
correlated, it is important to include this correlation when constructing the model. Four
spatial multivariate models were considered in this chapter. The correlated random effects
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models produced the best results, highlighting the importance of including the correlation
structure between the two outcome variables in the analysis. This was illustrated using
the 2013 Florida BRFSS survey, where the prevalences of asthma and COPD were jointly
estimated.





Samenvatting

Met behulp van statistiek kan er aan de hand van een representatieve steekproef conclu-
sies getrokken worden over een onderzochte populatie. Een veelvoorkomend voorbeeld
van zo een steekproef is een enquête, waarbij vragen worden gesteld aan personen uit
de populatie. Het komt vaak voor dat de verdeling van bepaalde karakteristieken (bv.:
leeftijd, geslacht, socio-economische status) verschillen tussen populatie en de steekproef.
Om dit verschil op te vangen wordt er gebruik gemaakt van enquêtegewichten, waarbij
aan iedere ondervraagde persoon een gewicht wordt toegekend.

Bij een enquête kunnen er echter vragen zijn waarbij de ondervraagden het antwoord
niet willen of kunnen geven. Hierdoor wordt er ontbrekende data geïntroduceerd. Als on-
derzoeker is het belangrijk om op een correcte manier met deze ontbrekende data om te
gaan, aangezien men anders het risico loopt om onjuiste schattingen te maken. Hiervoor
moet de onderzoeker een aanname maken over de reden waarom de ondervraagde persoon
niet geantwoord heeft. Hierbij wordt een onderscheid gemaakt tussen drie modelijkheden:
(1) de reden is volledig willekeurig (MCAR), (2) de reden hangt af van geobserveerde
metingen (MAR) en (3) de reden hangt af van geobserveerde en niet-geobserveerde me-
tingen (MNAR) (Rubin, 1976).
In deze thesis onderzoeken we modellen die enquêtegegevens met ontbrekende gegevens
op een correcte manier kunnen analyseren. Bovendien houden we ook rekening met de
spatiale context van de gegevens. Hierbij worden schattingen gemaakt op het niveau van
“kleine”gebieden (bv. gemeenten, provincies, arrondissementen). Hierbij wordt veronder-
steld dat metingen van gebieden die dicht bij elkaar liggen meer op elkaar gelijken dan
metingen van gebieden die verder uit elkaar gelegen zijn. Het uiteindelijke doel van deze
thesis is het ontwikkelen van methodologie die deze drie types van gegevens (enquêtege-
gevens, spatiale gegevens, ontbrekende gegevens) kunnen analyseren.

In Hoofdstuk 2 werd de impact van ontbrekende gegevens in gezondheidsenquêtes ge-
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meten bij het schatten van gebiedsspecifieke prevalenties. Hierbij werd er verder gebouwd
op methodologie die reeds werd beschreven door Mercer et al. (2014) en Vandendijck et al.
(2016). Deze modellen variëren van het ongewogen gemiddelde uit het frequentistische
kader tot een persoonsgebonden spatiaal random effect model binnen het Bayesiaanse ka-
der. Om de ontbrekende gegevens mee in rekening te nemen bij de analyse werd een nieuw
“missingness-”gewicht gedefinieerd. Door dit gewicht mee in de modellen op te nemen,
kunnen eventuele verschuivingen in verdeling door de ontbrekende data gecorrigeerd wor-
den. Uit een uitgebreide simulatiestudie volgde dat onder de MCAR- en MAR-assumptie
correcte schattingen werden verkregen voor de prevalenties. In het MNAR-scenario had,
zoals verwacht, het nieuwe missingess-gewicht echter niet genoeg draagkracht om de ont-
brekende data op te vangen. Bovendien definiëren we een nieuw weight smoothing model
waarbij het design van de studie en de ontbrekende gegevens op een flexibele, niet-lineaire
manier apart werden gemodelleerd. Dit model presteerde het beste wanneer er een sterk
spatiaal effect in de data aanwezig was. Als toepassing werd in dit hoofdstuk de Belgische
gezondheidsenquête (HIS) uit 2001 gebruikt. Hierbij werd de waargenomen gezondheid
van ondervraagden onderzocht aan de hand van de voorgestelde modellen voor de 43
administratieve arrondissementen.

Hoofdstuk 3 ging verder in op deze modellen en breidde deze nog verder uit door een
verklarende variabele in het weight smoothing model toe te voegen. De analyse gebeurde
onder de MAR-assumptie. Hierbij werd de Florida Behavioral Risk Factor Surveillance
System (BRFSS) enquête uit 2013 ter illustratie gebruikt. Het percentage inwoners zonder
ziekteverzekering werd als uitkomstvariabele onderzocht binnen de 67 provincies in Florida.
In de analyse met het weight smoothing model werd het inkomen van de ondervraagde
personen mee in rekening genomen, enerzijds als verklarende variabele, anderzijds met
behulp van een subgroepanalyse. Tenslotte berekenen we met behulp van het flexibele
weight smoothing model de direct standardized rate, waardoor we kunnen corrigeren voor
risicofactoren en de gebieden rechtstreeks met elkaar kunnen vergelijken.

Uit economische of praktische overwegingen kan het voorkomen dat niet ieder gebied
in de populatie mee in rekening genomen worden in de enquête. Hierdoor wordt het
moeilijker om een correcte schatting te geven voor die ontbrekende gebieden. In Hoofdstuk
4 werden methodes onderzocht om het gebrek aan informatie in deze gebieden op te
vangen. Opnieuw werden de modellen gebruikt uit Mercer et al. (2014) als basis gebruikt
in de analyse. Uit een simulatiestudie bleek dat de resultaten stabiel bleven indien ongeveer
75% van de beoogde gebieden in de steekproef werden opgenomen. Verder zorgde een
sterk spatiaal effect in de data ervoor dat de geschatte parameters langer stabiel blijven
naarmate meer gebieden uit de steekproef zouden ontbreken. Vervolgens demonstreerde
we een nieuwe methodologie om betere schattingen te krijgen voor de niet-bevraagde
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gebieden door gebruik te maken van algemene populatiedata over karakteristieken van de
populatie. Hoewel deze werkwijze geen effect had op de gebieden in de steekproef, was
er een sterke verbetering zichtbaar voor de niet-bevraagde gebieden, mits het draagvlak
sterk genoeg was. Tenslotte werd deze nieuwe methodologie toegepast op de Poverty and
Social Impact Analysis (PSIA) enquête uit 2008, uitgevoerd in Mozambique. De variabele
die hierbij werd onderzocht was de schoolaanwezigheid binnen 125 districten.

Tenslotte werden in Hoofdstuk 5 methodes vergeleken om twee uitkomsten tegelijker-
tijd te modelleren. Aangezien deze twee uitkomstvariabelen gecorreleerd kunnen zijn, is
het belangrijk om deze parameter mee in rekening te nemen bij het opstellen van het mo-
del. Vier spatiale multivariate modellen werden opgesteld en vergeleken. Het gecorreleerd
random effect model presteerde hierbij het beste, waardoor het belang werd getoond om
de correlatiestructuur tussen beide uitkomstvariabelen mee in rekening te nemen bij de
analyse. Dit werd geïllustreerd aan de hand van de Florida BRFSS studie uit 2013 waarbij
de prevalenties van astma en chronische obstructieve longziekte werden geschat.
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