
KU Leuven

Group Biomedical Sciences

Faculty of Medicine

Departement of Public Health, L-Biostat

Flexible Statistical Modeling Approaches

For Hierarchical and Overdispersed Data

Mehreteab AREGAY

Doctoral Thesis in Biomedical Sciences
Leuven, 2013





KU Leuven

Group Biomedical Sciences

Faculty of Medicine

Departement of Public Health, L-Biostat

Flexible Statistical Modeling Approaches

For Hierarchical and Overdispersed Data

Mehreteab AREGAY

Promoter: Prof. Dr. Geert Molenberghs
Co-Promoter: Prof. Dr. Ziv Shkedy
Co-Promoter: Prof. Dr. Geert Verbeke
Chair: Prof. Dr. Emmanuel Lesaffre
Secretary: Prof. Dr. Stein Aerts
Jury members: Prof. Dr. Francis Tuerlinckx

Prof. Dr. Niel Hens
Dr. Luc Bijnens
Dr. Fabian Tibaldi

Leuven, 27.09.2013
Doctoral Thesis in Biomedical Sciences



c⃝ 2013. Groep Biomedische Wetenschappen, Campus Gasthuisberg O&N2, Herestraat 49, bus 700,
3000 Leuven, Belgium.

Alle rechten voorbehouden. Niets uit deze uitgave mag worden vermenigvuldigd en/of openbaar
gemaakt worden door middel van druk, fotokopie, microfilm, elektronisch of op welke andere wijze
dan ook zonder voorafgaandelijke schriftelijke toestemming van de uitgever.

All rights reserved. No part of the publication may be reproduced in any form by print, photoprint,
microfilm, electronic or any other means without prior written permission from the publisher.

ISBN

D/2013/09/27



Acknowledgements

Psalm 116:12-“What shall I render unto the LORD for all his benefits toward me?”

This thesis would not be fruitful without the help of many peoples. I would

like to thank from my heartfelt for all who made it possible.

First and foremost, I would like to express my unreserved gratitude to my

supervisor Prof. dr. Geert Molenberghs for his enthusiasm, inspiration, guidance,

and support throughout these four years. It has been a great pleasure working with

you. Above all, I got a lot of encouragement and supervision from you. Further, I

would like to thank to my co-supervisor Prof. dr. Ziv Shkedy for his great ideas,

support, and suggestions. Ziv, thanks for your great help and valuable comments

during the course of my studies. I would also like to extend my appreciation

to my co-supervisor Prof. dr. Geert Verbeke for the helpful discussion during

the PhD period. Thanks so much for all of you. I thank the thesis advisory

committee and the jury members, Prof. dr. Emmanuel Lesaffre, Prof. dr. Francis

Tuerlinckx, Prof. dr. Stein Aerts, Prof. dr. Niel Hens, Dr. Luc Bijnens, and Dr.

Fabián Tibaldi for their helpful feedback and suggestion which greatly improve

the quality of the thesis.

I gratefully acknowledge support from IAP research Network P6/03 of the

Belgian Government (Belgian Science Policy). I would like to thank to Mrs. Marie-

Pierre David who helped me to understand very well the HPV-vaccination trials. I

also thank the study participants, clinical investigators from the Phase IIb primary

efficacy study (NCT00689741), and the laboratory personnel for their contribution

in performing the assays.

My special thanks goes out to the I-Biostat team for providing a stimulating

and fun environment. It has been a great pleasure sharing office with Pushpike,
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Chapter

1 General Introduction

This thesis is composed of two main parts. The first part is devoted to flexible

statistical modeling of overdispersed and hierarchical data, whereas the second

part is dedicated to predict long-term persistence of vaccine-induced anti-Human

papillomavirus (HPV) antibodies.

1.1 Modeling of Overdispersed and Hierarchical Data

Overdispersed data are encountered in many scientific disciplines, including epi-

demiology, medicine, clinical studies, public health, biology, etc. Overdispersion is

the presence of excess variability in a data set, relative to the model based variance,

meaning that the data can show more dispersion than the model predicts. Such

a problem can occur in count, binomial, and time-to-event univariate outcomes,

which can be brought under one roof of so called non-Gaussian outcomes. These

non-Gaussian outcomes are often modeled using the generalized linear modeling

(GLM) framework (Nelder and Wedderburn 1972; McCullagh and Nelder 1989;

Agresti 2002). The statistical analysis of this model is usually based on either the

method of moments or maximum likelihood (McCullagh and Nelder 1989). For

the former case, the first and the second moments, i.e., the mean and the variance,

need to be specified while the latter requires a formulation of distributional as-

sumption, such as coming from an exponential family, which is a family of common

1



2 Chapter 1

probability densities and probability mass functions.

Nevertheless, the generalized linear model does not always contain enough pa-

rameters to describe overdispersion. For example, in the Poisson distribution, the

variance is only described by the mean parameter. However, in the presence of

overdispersion, we need an additional parameter to fully explain the variability.

If the overdispersion is not properly addressed, using the generalized linear mo-

del may cause serious flaws in point and precision estimation and inference of

important parameters (Paul and Plackett 1978; Cox 1983; Breslow 1990). This

may lead to incorrect conclusions, for instance, a treatment which does not have

a significant effect could be assessed as if it had an effect. Consequently, some

models have been proposed to deal with overdispersion. For extra-Poisson varia-

tion, a so-called negative binomial regression model has been proposed by several

researchers (Engel 1984; Lawless 1987; Manton et al. 1981). This approach as-

sumes a conjugate gamma distribution, which is elegant from a mathematical and

interpretation point of view, for the Poisson means associated with each observed

count. The method allows for the Poisson distribution to borrow an additional

parameter from the conjugate gamma distribution so that this extra parameter

will take care the extra variability. The advantage of this parametric approach

is that parameter estimates may be obtained by maximum likelihood, leading to

estimates that are asymptotically normal, consistent, and efficient if the parame-

tric assumptions are accurate (Cramér 1946; Wald 1949). Various authors have

suggested also other approaches such as the moment method (Williams 1982) and

weighted least squares or quasi-likelihood (Wedderburn 1974; Breslow 1984). A

random-effect model, often called frailty model, which assumes a gamma distri-

bution, is often applied for time-to-event data (Duchateau and Janssen 2007).

On the other hand, for extra-binomial variation, the beta-binomial model, which

assumes a conjugate beta distribution for the success probability, has been advo-

cated (Skellam 1948; Kleinman 1973; Hinde and Demétrio 1998ab). Note that for

independent and identically distributed (i.i.d.) binary data, overdispersion is not

an issue because the mean-variance relationship predicted by the model cannot

be violated. However, for correlated binary data, the presence of a hierarchical

structure, typically in the form of longitudinal or repeated measurements, usually

implies a violation of the mean-variance link. Hence, they exhibit overdispersion

or, in rare case, underdispersion.

To address the association that arises from the repeated measurement of out-
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comes on the same subject or from clustering of the responses, a linear mixed

model (LMM; Verbeke and Molenberghs 2000), that allows for the inclusion of

random effects to capture association has been used for correlated Gaussian out-

comes. The LMM can be used when interest lies in individual and/or marginal

(population) interpretation. In such model, the variance-covariance structure is

not related to the mean and therefore contains enough parameters to describe in

full the dispersion as well as the correlation.

For correlated non-Gaussian outcomes, a straightforward combination of the

linear mixed model on the one hand and the generalized linear model on the other

hand is the so called generalized linear mixed model (GLMM; Engel and Keen

1992; Breslow and Clayton 1993; Wolfinger and O’Connell 1993; Molenberghs and

Verbeke 2005). Unlike the linear mixed model, the GLMM encounters difficulties

from a computational and a marginal interpretation point of view. Even though

the GLMM has been suffering from these problems, it is the most commonly used

method to handle association and, to some extent, overdispersion. This is because

there are a wide range of software tools, such as SAS, to fit such models.

So far we have seen models such as the negative-binomial and the beta-binomial

models that merely incorporate overdispersion parameters and the GLMM model

that accommodate extra-variation and/or correlation. These models, however,

are not flexible enough to accurately describe the variance and the association

structures at the same time. To this end, placing most emphasis on the Poisson

setting, Booth et al. (2003) and Molenberghs et al. (2007) presented models that

combine normal and gamma distributed random effects. These models were more

broadly discussed by Molenberghs et al. (2010), who presented a general model,

termed combined model, which employs normal and conjugate random effects for

the whole exponential family. To obtain parameter estimates, they have developed

a technique called partial marginalization. This technique contains analytical and

numerical integration. First, they integrated out analytically the conjugate ran-

dom effect, leaving untouched the normally distributed random effects. Thereafter,

they implemented numerical integration using the SAS procedure NLMIXED to

integrate out the normally distributed random effects. A more detailed review of

these existing methods is presented in Chapter 3.

The models discussed until now preclude easy learning from previous studies

(prior information). Also, one might be interested in making direct probability

statements about the parameters. The above likelihood methods do not provide
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such probability statements. To allow for this, several researchers proposed a Baye-

sian approach in which prior information is used for model parameters (Deely and

Smith 1998; Schluter et al. 1997). However, these models do not address overdis-

persion and correlation simultaneously. Hence, focusing on the count outcomes,

Aregay et al. (2013a) implemented the combined model, which is proposed by

Molenberghs et al. (2007), from a Bayesian perspective. They have conducted

an extensive simulation study to compare the performance of the GLMM model

and the combined model under different overdispersion levels. These results are

further discussed in Chapter 4.

As discussed earlier, the combined model (multiplicative model) accommodates

both overdispersion and hierarchy induced association. However, this model so-

metimes fails to converge and also it is computationally intensive. In Chapter 5,

placing most emphasis on count data, we present an appealing alternative mo-

del, termed additive model. In both models, we introduce two separate random

effects; the first one for the clustering and the second one for the overdispersion

not already accounted for. The difference between the two models is the way we

introduce the second random effect into the model on the one hand and the dis-

tributional assumption of this random effect on the other. In the additive model,

we introduce the random effect additively into the linear predictors and assume it

to follow a normal distribution, while in the multiplicative model we include the

random effect at the mean level and assume it to follow a gamma distribution, as

mentioned previously. We have also compared the models in terms of computation

time and parameter estimation for longitudinal count data through an extensive

simulation study.

We introduce the models in Chapter 5 and present their counterparts for the

case of binomial and time-to-event data in Chapter 6. In this chapter, not only to

create awareness of the impact of using simple generalized linear model for over-

dispersed and correlated data, but also to show the simplification of the complex

combined and additive models in the presence of neither the overdispersion nor

the correlation, we analyze different real life problems. In addition, we present

a simulation study that shows the impact of misspecification of the GLM and

GLMM models for hierarchical and overdispersed data.

Molenberghs et al. (2007) and Aregay et al. (2013a) assume the dispersion

parameter, which measures the extra variation, to be constant over time. However,

this assumption may not be satisfied in some cases. In addition, the dispersion
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parameter may be different across groups. For example, in an experiment on

salamander matings (McCullagh and Nelder 1989), Lin (1997) has studied whether

or not there is heterogeneity in the mating success probability among male and

female salamanders, using a generalized linear model with random effects. To

attribute to the model more flexibility in terms of encompassing multiple sources of

variation, Aregay et al. (2013c) extended the combined model to so-called stratified

overdispersion models. A more detailed review is provided in Chapter 7.

The results of the simulation studies excluded in the main text are presented

in the Appendix.

1.2 Long-term Prediction of anti-HPV Antibodies

It has been well-established that HPV is a sexually transmitted agent that causes

most invasive cervical cancers and their associated pre-cancerous lesions. HPV

infection is also a cause of penile, vaginal, and anal cancers (Rubin et al. 2001;

Daling et al. 2002; Clark et al. 2004). Even though 90% of the HPV infections

are cleared within two years (Goldstein et al. 2009), persistent infection will lead

to the development of cervical cancer and other anogenital cancers (Ho et al.

1998). There are 120 HPV types, which are identified and indexed by a number

(Chaturvedi and Maura 2010). Among more than 40 HPV types, HPV-16 and

HPV-18 cause about 70% of the cervical cancers (Muñoz et al. 2003).

The growth of serum antibodies in HPV-16 infected women appears to be a slow

process and antibodies are not necessarily found in all infected women (Baseman

and Koutsky 2005). A median time of Immunoglobulin G (IgG) sero-conversion

to HPV-16 is about 8.3 months (Ho et al. 2004; Carter et al. 1996).

To protect against persistent HPV infection, many scientists synthesized a

virus-like particle (VLP) vaccine (Zhou et al. 1991; Kirnbauer et al. 1992). There

are two types of vaccines available on the market, Cervarix and Gardasil1, that

prevent infection with HPV-16/18 and may lead to further decrease in cervical

cancer (Kahn 2009).

Several studies have mathematically modeled antibody decay following vacci-

nation and/or natural infection for the purpose of predicting long-term immunity

(Bovier et al. 2002; Gesemann and Scheiermann 1995; Glass and Grenfell 2004;

1Cervarix is a registered trade mark of the GlaxoSmithKline group of companies and Gardasil
is a registered trade mark of Merck and Co Inc.
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Honorati et al. 1999; Mossong et al. 1999). When developing a model to pre-

dict long-term immunity, several dynamic factors must be considered, including

rates of B-cell decay and proliferation, B-cell immune memory, cell mediated im-

munity, and individual variability. David et al. (2009) and Fraser et al. (2007)

studied the HPV-16/18 data set (GlaxoSmithKline Biologicals, HPV Protocols

001/007), which will be used in this manuscript, and the HPV-16 L1 VLP vac-

cine trial (Merck Research Laboratories, HPV Protocol 005), respectively, using

a so-called power-law as well as a modified power-law model. However, the first

model has been limited to the assumption of a progressive decay of antibody and

antibody-producing B-cells, while the second model assumes, in addition, that the

proportion of memory B-cells remains stable and identical for all women, which

is biologically unlikely. Moreover, Andraud et al. (2012) implemented the ma-

thematical formulation of the “plasma cell imprinted life span” model proposed

by Amanna and Slifika (2010). The authors accommodated short-and long-lived

plasma cells in their model to estimate long-term persistence of anti-hepatitis A

virus (HAV) antibodies from two long-term follow-up studies in patients vaccina-

ted with inactivated hepatitis A vaccines. According to their findings, the decay of

antibody levels is explained by three life spans: the antibody (around one month),

short-lived plasma cells (several months) and long-lived plasma cells life spans

(decades).

Recently, Aregay et al. (2012) showed that the power-law model of Fraser et

al. (2007) and David et al. (2009) can be formulated using fractional polynomials

(FP), which are polynomial functions with non-linear transformations of cova-

riates. They implemented this model to predict long-term persistence of vaccine-

induced anti-HPV-16 and anti-HPV-18 antibodies and to estimate the time point

at which an individual will have an antibody level below a given threshold. It

has been empirically shown that fractional polynomials are frequently among the

least biased smoothing methods for fitting non-linear exposure effects (Govindara-

julu et al. 2009). Several researchers applied fractional polynomials to non-linear

longitudinal data (Long and Ryoo 2010). Unsurprisingly, there are also some li-

mitations to FP functions. Some of them are sufficiently flexible to capture a

non-linear function and possible sensitivity to extreme values at either end of the

distribution of a covariate (Royston and Sauerbrei 2008). Although Royston and

Sauerbrei (2008) argued that the set {−2,−1,−0.5, 0, 0.5, 1, 2, 3} is oftentimes suf-

ficient to approximate all powers of the covariate in the interval [−2, 3], there may
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be reasons to extend them (Shkedy et al. 2006; Aregay et al. 2012). This will be

discussed further in Chapter 8.

To incorporate prior information, Bové and Held (2010) implemented a FP

model that combines variable selection and “parsimonious parametric modeling”

(Royston and Altman 1994) of the covariate effects, with Bayesian methods for

univariate data. Auranenn et al. (1999) fitted a hierarchical Bayesian regression

model to predict the duration of immunity to Hemophilus influenza type b.

Many researchers (Fraser et al. 2007; David et al. 2009; Aregay et al. 2012)

have been focusing on the prediction of long-term immunity but no attention was

given to the subject-specific probability of being above a threshold at a given time

point. In contrast with the likelihood-based long-term prediction, which treats

subjects as above threshold or not at any given time point, a subject-specific

probability quantifies the uncertainty about the subject protection status at any

time point. Chapter 9 will be dedicated to obtain this probability of being above

a given threshold using a FP with Bayesian approach. The method will also be

employed to predict the long-term persistence of vaccine-induced anti-HPV-16 and

anti-HPV-18 antibodies, as well as to predict the proportion of subjects above a

threshold value.

Finally, in Chapter 10, a general discussion and conclusions will be assessed.

Recommendations for further research will be presented as well.

1.3 Objectives of the Thesis

The main objective of this thesis is to develop flexible statistical models for hie-

rarchical data. The first part of the thesis is aiming at presenting models that

accommodate both overdispersion and the hierarchical structure in the data si-

multaneously using a Bayesian approach. In this part, there are four specific

objectives: (1) To compare the performance of the existing GLMM and the new

combined model in terms of parameter estimation using a simulation study. (2)

When modeling overdispersion, to investigate the performance of an additive mo-

del and a multiplicative model (combined model) for count outcomes. (3) To

extend the additive and the multiplicative models to outcomes other than the

count outcomes. Moreover, to study the impact of misspecification of the GLM

and GLMM for hierarchical and overdispersed data using a simulation study. (4)

To extend the combined model to models that handle multiple source of variation.
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In the second part of the thesis, the aims are to predict the long-term persistence

of vaccine-induced anti-HPV-16 and anti-HPV-18 antibodies, to obtain the time

at which the antibody level of an individual crosses the threshold value, to predict

the proportion of subjects who have an antibody level above a given threshold

value and to estimate subject-specific probability to be above a threshold, which

quantifies the uncertainty about the subject protection status at a given time

point.



Chapter

2 Motivating Case Studies

2.1 Introduction

In this chapter, we present different types of hierarchical data used to elaborate the

different methodologies summarized in the first and second part of the thesis. The

first two examples (Sections 2.2 and 2.3) are clinical trials of epileptic seizures. In

Section 2.4, a two-armed clinical trial in patients treated for toenail infection will

be described. Section 2.5 will be devoted to the serological data set, which provides

information about the prevalence of Hepatitis C virus (HCV) and HIV infection

of injecting drug users (IDUs). Section 2.6 will be dedicated to a new application

anti-allergic drug that was given to children who are at a higher risk to develop

asthma. Section 2.7 will briefly elaborate a recurrence of infection, at the point of

insertion of the catheters, for kidney patients using portable dialysis equipment. In

Section 2.8, we introduce a Human Papillomavirus (HPV) vaccination trial that

will be used as input for the methodologies discussed in the second part of the

thesis.

2.2 The Epilepsy Data

The data set used in this study is obtained from 89 epileptic patients that are

randomized into either placebo or novel anti-epileptic drug (AED), in combination

9
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Table 2.1: Epilepsy Data. Number of measurements available at a selection of time points,
for both treatment groups separately.

# Observations
Week Placebo Treatment Total

1 45 44 89
5 42 42 84
10 41 40 81
15 40 38 78
16 40 37 77
17 18 17 35
20 2 8 10
27 0 3 3

with one or two other AED’s after a 12-week run-in period. 45 patients were

assigned to the placebo group, the rest to AED. This is a double-blind, parallel

group multi-center study. Patients were measured weekly and followed during

16 weeks. That said, some patients were measured up to 27 weeks. The aim of

the study was to compare between the groups, the number of seizures experienced

during the last week. Note that there are relatively few observations from 20 weeks

onwards. Table 2.1 shows the number of measurements at a selection of time-

points. These data were used as one of the three illustrating examples in Booth

et al. (2003) who also considered models for longitudinally observed counts that

accommodate, at the same time, overdispersion and correlation between repeated

measures; for a more elaborate discussion regarding the data we refer to Faught

et al. (1996) and Molenberghs et al. (2007). The individual profile curves for both

arms is shown in Figure 2.1 and reveal substantial variability between subjects;

the graphs also show the presence of rather extreme values. We noticed that there

was up and down behavior in the mean evolution. Specifically, on average, there

was a substantially higher number of epileptic seizures at week 19 in the placebo

group than in the treatment group (Figure 2.2). The observed variances at each

week are shown in Figure 2.2. Notice that there is very high variability in week

19 in the placebo group.

To gain insight into the extent of overdispersion, the sample mean and

sample variance at each week for the treatment and placebo group was calculated

(Table 2.2). Clearly, the sample variance is much larger than the sample mean,

underscoring the presence of overdispersion in the data. This effect is evident as

well from the scale of the mean evolution and variance structure in Figure 2.2.
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Figure 2.1: Individual profiles of the epilepsy data for both treatment groups.

2.3 A Clinical Trial of Epileptic Seizures

These data are obtained from a randomized, double-blind, evaluation of progabide

in a partial seizures study. A total number of 59 patients were randomized to

either the antiepileptic drug progabide or a placebo, as an adjuvant to standard

chemotherapy. The randomization of the patients took place after an 8-week ba-

seline period. The baseline count at this period prior to the treatment is available.

The outcome of the study was the number of epileptic seizures occurring over four

successive two-week periods. The structure of the data is shown in Table 2.3. For

an elaborate description of the data we refer to Thall and Vail (1990).

2.4 A Case Study in Onychomycosis

In this study, two oral treatments (in the sequel represented as A and B) were

compared in the treatment of toenail dermatophyte onychomycosis (TDO) over

12 weeks in a randomized, double-blind, parallel group, multi-center study. Mea-

surements were taken starting from baseline up to 48 weeks (12 months). Each
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Figure 2.2: Mean evolution over time (left panel) and variance structure (right panel) of
the epilepsy data for both treatment groups.

patient has a maximum of 7 measurements (baseline, week 4, 8, 12, 24, 36, and

48). We will restrict the analysis to those patients in which the target nail was one

of the two big toenails. This reduces the sample to 146 and 148 subjects for group

A and B, respectively. The outcome of the research question was the severity of

the infection (coded as 1 for severe infection and 0 for not severe infection). The

goal of the study was whether the percentage of the severe infection decreased over

time and also whether that evolution is different for the two treatments. Another

outcome of interest was the unaffected nail length, measured from the nail bed

to the infected part of the nail, expressed in mm. This response has been stu-

died in detail in Verbeke and Molenberghs (2000). The individual profiles for this

outcome in which 30 subjects were randomly selected from each of the treatment

groups are shown in Figure 2.3. For ample details, see Debacker et al. (1996) and

Molenberghs et al. (2010).
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Table 2.2: Epilepsy Data. Sample mean (Sample variance) at a selection of time-points,
for both treatment groups separately.

mean (variance)
Week Placebo Treatment
1 3.17 (17.19) 3.55 (26.39)
3 3.56 (27.87) 5.25 (157.45)
5 3.14 (14.86) 2.33 (8.66)
10 2.44 (8.30) 4.63 (109.37)
15 3.30 (47.49) 3.47 (55.28)
16 1.90 (6.55) 2.38 (22.63)
17 2.61 (14.84) 3.94 (143.56)
19 11.60 (644.30) 1.00 (2.00)
20 2.50 (4.50) 1.13 (2.41)
27 - - 2.33 (16.33)

2.5 HCV and HIV Data

These data are reported to the European Monitoring Center for Drugs and Drug

Addiction (EMCDDA) which collects data about drug use and related conse-

quences. They aggregated diagnostic testing data which provide information about

the HCV and HIV infection status and related risk factors of a sample of drug users

who asked for help in drug treatment centers. It is likely that most of the tested

drug users are injecting drug users (IDUs). For each drug user, a serum specimen

was taken and tested for antibodies against both HCV and HIV. These aggregated

data provide information about the prevalence of HCV and HIV infection in the

twenty Italian regions from 01/01/1998 until 31/12/2006 (the data were collected

annually in the period 1998, 1999, . . . , 2006). Hence, they can be used to model

the change of prevalence over time.

Figure 2.4 indicates the observed region specific prevalence of HCV and HIV

infections over time. We can clearly see that the prevalence of HCV infection is

much higher than the prevalence of HIV infection and also the figure provides a

pattern of between-and within-region variability in both cases. For a more detailed

description of the data, we refer to Del Fava et al. (2011).
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Table 2.3: Structure of the epileptic data.

Patient y1 y2 y3 y4 Trt Base Age
1 5 3 3 3 0 11 31
2 3 5 3 3 0 11 30
3 2 4 0 5 0 6 25
4 4 4 1 4 0 8 36
. . .
8 40 20 21 12 0 52 42
9 5 6 6 5 0 12 37
. . .
59 1 4 3 2 1 12 37

2.6 Recurrent Asthma Attacks in Children

Asthma occurs more frequently in very young children. Hence, in this study, a

new application anti-allergic drug was given to children who are at a higher risk

to develop asthma. The children were randomly assigned to drug or placebo. A

prevention trial is set up with such children, who are between 6 and 24 months,

and the asthma events that developed over time are recorded in a diary. Since a

patient has more than one asthma event, there is clustering. The different events

are ordered in time. Moreover, the patient will have different at risk times during

the entire observation period, separated by a period of asthma attack or a period

of no observation. The outcome of interest was the time between the end of the

previous event (asthma attack) and the start of the next event (start of the next

asthma attack). Table 2.4 shows the first four data points for the first two patients

of 231 children in calender time format. These data have been described in detail

in Duchateau and Janssen (2007) and Molenberghs et al. (2010).

2.7 Kidney Data Set

The data set has been studied in McGilchrist and Aisbett (1991). The problem

that motivates this study is the recurrence of infection in kidney patients who are

using a portable dialysis machine. The infection occurs at the point of insertion

of the catheter and, when it occurs, the catheter must be removed, the infection

cleared up, and then the catheter reinserted. The response is time to first and
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Figure 2.3: Onychomycosis Data. Individual profiles of 30 randomly selected subjects in
treatment group A (left Panel) and treatment group B (right panel).

second recurrence of infection, at the point of insertion of the catheters. Recurrence

times are times from insertion until the next infection. The observation is censored

when catheters are removed other than the infection. There are 38 patients in the

study and each subject has two observations. The risk variables considered are age,

sex, and disease type coded as 0=Glomerulo Nephritis (GN), 1=Acute Nephritis

(AN), 2=Polycystic Kidney Disease (PKD), 3=other. Table 2.5 shows a portion

of the data.

2.8 The HPV-16 and HPV-18 Vaccination Trials

The data analyzed here consist of healthy women aged 15–25 years, who were cy-

tologically negative, sero-negative for HPV-16 and HPV-18 antibodies by enzyme-

linked immunosorbent assay (ELISA), and HPV-DNA-negative by PCR for 14

high-risk HPV types no more than 90 days before study entry. 393 women who

received three doses of vaccine and participated in the initial efficacy study were

enrolled into an extended follow-up study (Bovier et al. 2002).
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Figure 2.4: Observed region specific prevalence of HCV (left Panel) and HIV (right panel)
infections.

In the initial phase, blood samples from the 393 women in the HPV group

of the extension study, and who came from North America (USA and Canada)

and Brazil, were evaluated at months 7, 12, and 18, and annually thereafter up

to 6.4 years after first vaccination, for the presence of anti-HPV-16/18 antibodies

using ELISA, developed in-house by GSK. The assay cut-off value was 8 EU/mL

for anti-HPV-16 antibodies and 7 EU/mL for anti-HPV-18 antibodies. For the

current evaluation, we included women who had received three doses of HPV-

16/18 AS04-adjuvanted vaccine and had at least one time point after the third

dose with serology results available for at least one vaccine antigen component.

For more information about this trial we refer to Harper et al. (2006) and David

et al. (2009).
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Table 2.4: Asthma Data. The first four data points for the first two children.

Patient Begin End Status Drug
1 0 15 1 0
1 22 90 1 0
1 96 325 1 0
1 329 332 1 0
2 0 180 1 1
2 189 267 1 1
2 273 581 1 1
2 582 600 0 1

Table 2.5: Kidney Data. Recurrence data for some of the patients are presented.

Patient Recurrence time Event (2=cens) Age Sex Disease
1 8 1 28 0 0
1 16 1 28 0 0
2 23 1 48 1 1
2 13 2 48 1 1
. . .
37 6 2 52 1 3
37 78 1 52 1 3
38 63 1 60 0 3
38 8 2 60 0 3

Sample sizes for each categorized month (visit) are shown in Figure 2.5. A

drop in sample size reveals itself at the months in the bracket 25–32. The highest

sample sizes for HPV-16 are encountered at month 7; thereafter there is a small

increase in number of blood samples from 364 to around 366 in month 12 and

then a small decrease to 365 in month 18, but a rapid decrease to 89 shows in the

month in the range 25–32. From months around 25–32 to months in the range

69–74, the sample size varies between 130 to 234, followed by a drop to 66 in

the interval [M75–. . . ]. A similar pattern is observed for HPV-18 in the bottom

of Figure 2.5. Individual profile curves for both studies are shown in Figure 2.6

and reveal substantial variability between subjects. We note that the decline in

antibody level is higher in the first few months followed by a moderate decrease

until the end of the follow-up period. This pattern can be seen in Figure 2.7 at
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Figure 2.5: Number of blood samples for HPV-16 and HPV-18 by visit (time intervals:
continuous time was categorized into 12 time points).

the top, displaying the evolution of mean antibody over time and a loess estimate

for the mean antibody. The plots reveal a pattern of a quick drop in the mean

of antibody titers of HPV-16 from 3.58 to 2.86 until month 18, followed by a

stabilized level between 2.59 and 2.82 for the rest of the month. A similar pattern

is observed for HPV-18. The observed variances at each visit are shown in the

bottom two graphs of Figure 2.7. We note that the variance is not constant over

time, implying that a random-intercept model might not be an appropriate model

for these studies.
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Figure 2.6: Individual profiles of HPV-16 (top panel) and HPV-18 (bottom panel). The
horizontal solid line indicates the natural infection level and the thick line shows the loess
estimate for the mean antibody.
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Figure 2.7: Mean (top panel) and variance (bottom panel) structure of HPV-16 and HPV-
18.



Chapter

3 Review of the Existing Methods

and Estimation Approach

3.1 Introduction

In this chapter, we review the existing methods which can be used to study the

effect of explanatory variables on univariate and repeated measurement outcome

variables. In Section 3.2, we start from models for univariate data, such as a fa-

mily of generalized linear models that contains models for categorical responses

and also standard models for continuous responses, followed by models for overdis-

persed univariate measured outcome variables, such as the negative-binomial and

beta-binomial models. In Section 3.3, we present models for repeated measures

data, like linear mixed models, generalized linear mixed models, and a so-called

combined model.

Section 3.4 covers the estimation approach. In this section, we assess the frequen-

tist and Bayesian views. The section illustrates also the Markov chain Monte Carlo

(MCMC) sampling procedure used to implement the Bayesian method.

21
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3.2 Models for Univariate Data

In this section, we illustrate the existing methods in the literature commonly

applied to univariate data. First, we present the basic generalized linear models.

Thereafter, the overdispersion models for univariate data will be reported. As

mentioned in Section 1.1, overdispersion occurs when the observed variance is

larger than the variance of a theoretical model. It is common in practice and

often results from unexplained heterogeneity in the study population. Conversely,

underdispersion is a phenomenon in which the variation in the data is less than

predicted by the model. In the literature there are methods such as the generalized

Poisson regression model (Consul and Jain 1973) which can be used for both

underdispersion and overdispersion. However, in practice, underdispersion is less

common than overdispersion. In this thesis, we primarily focus on how to deal

with overdispersion.

3.2.1 Generalized Linear Model

Generalized linear models (GLMs) are an extension of the classic linear models to

accommodate a wide variety of non-normal outcome variables. There are three

components in a generalized linear model, i.e., a random component, a systematic

component and a link function. The random component specifies the outcome

variable Y and its probability distribution, whereas the systematic component

identifies the explanatory variables used in a linear predictor function. The Gauss-

Markov assumptions that underlie linear model theory require that the error term

be independently normally distributed with mean zero and constant variance.

These assumptions cannot be satisfied if the outcome variables are drawn from

nonnormal distribution. Hence, serious errors of estimation efficiency occur, al-

though the linear model is robust to mild deviations (Gill 2000). However, in

GLM, the link function is employed to define the relationship between the sys-

tematic component and the outcome variable in such a way that constancy of

variance and asymptotic normality are no longer required. Note, however, that

the GLM still assumes uncorrelated observations. This helps the creation of a

wide class of models that are not restricted to the assumption of standard linear

theory.

In a generalized linear model, the random component consists of a random

variable Y with independent realizations (y1, . . . , yN ) from a distribution in the
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natural exponential family. The probability density function or mass function of

this family is of the form

f(yi|λi, ϕ) = exp
{
ϕ−1[yiλi − ψ(λi)] + c(yi, ϕ)

}
, (3.1)

where λi and ϕ are the natural (canonical) parameter and scale (dispersion) para-

meter, respectively, whereas ψ(·) and c(·, ·) represent known functions. The first

two moments are:

E(Yi) = µi = ψ′(λi), (3.2)

Var(Yi) = σ2
i = ϕψ′′(λi), (3.3)

with the linear predictor ηi = h(µi) = xi
′β for which xi denotes a p-dimensional

vector of known covariate values, β is a vector of p unknown, fixed regression

coefficients and h indicates the link function. Note that from (3.2) we have λ =

ψ
′−1(µ), replacing this in (3.3), we obtain σ2 = ϕψ′′[ψ

′−1(µ)] = ϕv(µ), where

v(·) represents the variance function, which describes the relationship between the

mean and variance.

Among the most commonly used link functions are logit and probit for binary

data, and the log link for count and time-to-event data. Of course, for continuous,

Gaussian data, the identity link is used. For a detailed discussion about the

GLM, see Nelder and Wedderburn (1972), McCullagh and Nelder (1989), and

Agresti (2002). Though the generalized linear model is the most popular method

for non-Gaussian univariate data, the standard model is not flexible enough to

elegantly describe variability in the presence of overdispersion. In the next section,

we focus on how to deal with overdispersed univariate data.

3.2.2 Models with Overdispersion Random Effect

In Section 1.1, we noted that count, binomial, and time-to-event data often exhibit

extra variability than allowed for by GLM. The excess variability, not explained

by the GLM, is overdispersion. This phenomenon can occur due to omission of

important covariates, subject heterogeneity, misspecification of the link function,

and other data complexities not well understood. For count data, whether or

not there is an indication of overdispersion can be explored by comparing the

sample mean and the sample variance. If the sample variance is much larger than
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the sample mean, the data might reveal overdispersion. If the extra-variability is

not well addressed, using the GLM may lead to imprecise and biased point and

precision estimates and thus invalid inferences (Breslow 1990). Therefore, several

researchers have proposed different methods to come to grips with overdispersion

(Hinde and Demétrio 1998ab; Breslow 1984; Lawless 1987). A simple approach is

to allow the overdispersion parameter to be different from one, i.e., ϕ ̸= 1, so that

(3.3) produces Var(Y ) = ϕµ.

The two-stage approach is another useful alternative method for capturing

overdispersion. Suppose that Yi|λi ∼ Poi(λi), but now λi varies itself because

of omitted factors with E(λi) = µi and Var(λi) = σ2
i . Then, using iterated

expectations, we have:

E(Yi) = E[E(Yi|λi)] = E(λi) = µi,

Var(Yi) = E[Var(Yi|λi)] + Var[E(Yi|λi)] = E(λi) + Var(λi) = µi + σ2
i .

From the two-stage approach, one can clearly see that the variance is inflated

in the presence of overdispersion for the Poisson case. The same is true for the

binomial case. However, for i.i.d. binary data this is no longer true. Assuming

that Yi|πi ∼ Bernoulli(πi) and further that πi varies itself with E(πi) = µi and

Var(πi) = σ2
i , it can be shown that

E(Yi) = E[E(Yi|πi)] = E(πi) = µi,

Var(Yi) = E[Var(Yi|πi)] + Var[E(Yi|πi)]

= E[πi(1− πi)] + Var(πi)

= E(πi)− E(π2
i ) + E(π2

i )− E(πi)
2

= µi(1− µi).

Overdispersion is not a concern in a linear regression model in which the response

is assumed to follow a normal distribution, because then the normal distribution

has a separate parameter, which represents the variance, to describe adequately

enough the variability independently of the mean.

Until now, we have not assumed a distribution for the random variables πi and

λi, which shows a semi-parametric specification. If one is interested in making

full distributional assumptions, an elegant assumptions from a mathematical and

interpretation point of view are a gamma distribution and a beta distribution for
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λi and πi, respectively. We discuss each of these approaches in the next sections.

3.2.2.1 Negative-binomial Model

We noted in Section 3.2.2 that, count data often display substantial extra-Poisson

variation. Consequently, the negative-binomial regression models have been used

by various researchers as the most convenient choice to handle overdispersion (Mar-

golin et al. 1981; Engel 1984; Lawless 1987). The negative-binomial model is a

conjugate mixture distribution for count data, where the mixing distribution of the

Poisson rate is a gamma distribution. That is, the negative-binomial distribution

can be considered a Poisson(λ), where λ itself is a random variable distributed

according to Gamma(α,β), with density

f(λ) =
1

βαΓ(α)
λα−1e−λ/β ,

where Γ(·) is the gamma function, α > 0 and β > 0. Marginally, averaging with

respect to the gamma distribution for λ, Y has a negative-binomial distribution

with probability mass function given by:

P (Y = y) =
1

βαΓ(α)

∫ +∞

0

λα−1e−λ/β λ
ye−λ

y!
dλ,

=

 α+ y − 1

α− 1

(
β

β + 1

)y (
1

β

)α

,

with E(Y ) = αβ and Var(Y ) = αβ + αβ2.

Similar to the Poisson regression model, the log link function can be used to

relate the negative-binomial (NB) random component with the systematic com-

ponent. Assume that Yi ∼ NB(µi, α), the negative-binomial regression model is

given by: log(µi) = xi
′β, where α is the dispersion parameter, which adjusts the

variance independently of the mean. The dispersion parameter is usually unknown

and estimating α helps summarizing the extent of overdispersion. Such models

assume α to be constant for all observations. For α fixed, a negative-binomial

regression model is a GLM and its random component belongs to the exponen-

tial family in (3.5). To conduct the maximum likelihood (ML) model fitting, the

usual iterative reweighted least squares algorithm is applied. On the other hand, a

Newton-Raphson routine on all the parameters can be used simultaneously when
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α is unknown. Another approach alternates between iterative reweighed least

squares to estimate β and Newton-Raphson to estimate α. One iterates between

them until convergence (Agresti 2002). One can also opt for a fully Bayesian

approach in which prior information is used about model parameters (Deely and

Smith 1998; Schluter et al. 1997).

3.2.2.2 Beta-binomial Model

In Section 3.2.2, we stated that binomial data exhibit overdispersion, in contrast to

i.i.d. binary data. As a result, a beta-binomial model has been employed by several

authors for overdispersed binomial data (Crowder 1978; Williams 1982; Hinde

and Demétrio 1998ab). The beta-binomial model is a beta mixture of binomial

distributions. Suppose that, conditional on π, Y has a binomial distribution,

Bin(n, π) and π is a random variable assumed to follow a beta distribution with

density

f(π) =
Γ(α+ β)

Γ(α)Γ(β)
πα−1(1− π)β−1.

The mean and variance of the beta distribution for π are: E(π) = µ and Var(π) =

µ(1− µ)θ/(1 + θ), where µ = α/(α+ β) and θ = 1/(α+ β).

Averaging with respect to the beta distribution for π, Y has the beta-binomial

distribution with probability mass function

P (Y = y) =

 n

y

 B(α+ y, n+ β − y)

B(α, β)
, y = 0, 1, . . . , n.

The first two moments of the random variable Y are: E(Y ) = nµ and Var(Y ) =

nµ(1−µ)[1+(n−1)θ/(1+θ)]. The beta-binomial distribution simplifies to binomial

distribution, Bin(n, µ) as θ → 0.

Suppose that yi has a beta-binomial distribution with index ni and parame-

ters (µi, θ), the beta-binomial regression model can be given as logit(µi) = xi
′β.

Note that the beta-binomial distribution is not in the natural exponential family,

even for known θ. To obtain parameter estimates, the maximum-likelihood me-

thod (Hinde and Demétrio 1998ab) and quasi-likelihood approach (Altham 1978;

Williams 1982) are often used.
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3.3 Models For Repeated Measures Data

In this section, we present models derived for repeated measures data. First, we

discuss the linear mixed model (LMM) used for continuous repeated measures

followed by the generalized linear mixed model (GLMM), which is the most po-

pular method for discrete repeated measures. Afterwards, we cover the so-called

combined model, which is proposed by Molenberghs et al. (2007).

3.3.1 Linear Mixed Model

Linear mixed models are an extension of linear regression models for repeated

measures data by including additional random effects, which allow to correctly

account for biological variability due to the fact that measurements are taken

on different subjects (Verbeke and Molenberghs 2000). They contain both fixed

effects and random effects. LMMs assume the vector of repeated measurements on

each subject to follow a linear regression model. The regression parameters, i.e.,

the fixed effects, are population-specific (i.e., the same for all subjects), whereas

the remaining parameters, i.e., the random effects, are subject-specific. In general,

a linear mixed model is given by:

Y i = Xiβ +Zibi + εi, (3.4)

for subject i (i = 1, 2, . . . , N), where Y i is the vector of observed random va-

riables, Xi and Zi are known design matrices with dimensions of ni×p and ni× q
respectively, β is a p× 1 vector of unknown parameters, which are called the fixed

effects, bi is a q × 1 vector of random effects, εi is a ni × 1 vector of unobserved

measurement errors, N denotes the number of subjects, and ni is the number of

repeated measurements available for subject i. For the random effects and the

random error, we assume bi

εi

 ∼

 0

0

 ,
 D 0

0 Wi

 .

Most of the time, the random effects bi are assumed to follow a multivariate normal

distribution with mean vector 0 and variance-covariance matrix D, independently

of the random error term εi assumed to be normally distributed with mean vector
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0 and variance-covariance matrix Wi.

Model (3.4) is called the hierarchical formulation of the linear mixed model.

In this formulation, conditional on the random effect bi, Y i is assumed to be

normally distributed with mean Xiβ + Zibi and covariance matrix Wi. After

integrating out the random effect bi, Y i follows normal distribution with mean

Xiβ and covariance matrix Vi = ZiDZ ′
i + Wi and this is called the marginal

formulation of the model. Though the marginal formulation of the model naturally

follows from the hierarchical formulation, both models are not equivalent. For

an elaborate discussion about the linear mixed models, we refer to Verbeke and

Molenberghs (2000).

3.3.2 Generalized Linear Mixed Model

The generalized linear mixed model (GLMM) is a straightforward extension of

the GLM using random effects at the individual level, which handles the between-

subject variation, in a way similar to the linear mixed model for Gaussian repeated

measures (Verbeke and Molenberghs 2000). The GLMM can be used to account for

correlation between repeated measurements and to some extent for overdispersion

as well. Assume Yij (i = 1, 2, . . . , N ; j = 1, 2, . . . , ni), is the jth measurement for

subject (cluster) i. Inclusion of a q-dimensional random effect bi ∼ N(0, D) into

the GLM framework leads to the following family:

fi(yij |bi, λij , ϕ) = exp
{
ϕ−1[yijλij − ψ(λij)] + c(yij , ϕ)

}
, (3.5)

with ηij = h(µij) = h[E(Yij |bi,β] = xij
′β + zij

′bi, in which xij and zij are

p-dimensional and q-dimensional vectors of known covariate values, β and h are

defined as in Section 3.2.1.

In most cases, unlike in the LMM, the marginal formulation of the GLMM

does not have closed form expression. However, Molenberghs et al. (2010) have

derived closed form expressions for marginal moments (including the mean vector

and the variance-covariance matrix) and for the full joint probability density for

the Poisson and Weibull cases, as well as for the binomial and binary cases with

probit link. In the binary and binomial cases with logit link, no closed forms exist.

Hence, numerical approximations are needed. These approximation can be based

on approximation of the integrand, approximation of the data, and approximation

of the integral itself. For ample details about the GLMM see Molenberghs and
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Verbeke (2005).

3.3.3 Combined Model

Even though the GLMM in Section 3.3.2 accounts for correlation between the re-

peated measures and for some of the overdispersion in the data, Booth et al. (2003)

and Molenberghs et al. (2007) have investigated this model and concluded that

the basic GLMM is often inadequate to fully address correlation and overdisper-

sion at the same time. Hence, they extended the GLMM to a so-called combined

model (also known as multiplicative model), by including a further random effect,

often of a type conjugate to the outcome type. Conjugacy, while not needed, is

elegant from a mathematical standpoint and in terms of interpretation. It en-

ters as a multiplicative factor of the mean. Moreover, Molenberghs et al. (2010)

generalized this model to the exponential family for likelihood inference.

Let Yij be the same as in Section 3.3.2, combining both the random effect bi

and the overdispersion parameter θij leads to the general family:

fi(yij |bi, θij , λij , ϕ) = exp
{
ϕ−1[yijλij − ψ(λij)] + c(yij , ϕ)

}
. (3.6)

Here µm
ij = E(Yij |bi, θij) = θijκij is the mean of the multiplicative model in which

κij = g(xij
′β + zij

′bi), θij ∼ Gij(ϑij , σ
2
ij); ϑij and σ2

ij represent the mean and

variance, respectively.

Molenberghs et al. (2007) formulated a technique called partial marginalization to

implement the combined model in real life data problems. To show this, let Li be

the likelihood function contributed by subject i with the following form

Li(yi|ϑ, D,ϑi,Σi) =

∫ ni∏
j=1

fij(yij |ϑ, bi,θi) f(bi|D) f(θi|ϑi,Σi) dbi dθi, (3.7)

where, ϑ groups all parameters in the conditional model for Y i. The total likeli-

hood function can then be obtained from the product of the density function in
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(3.7) as follows:

L(ϑ, D,ϑ,Σ) =
N∏
i=1

Li(yi|ϑ, D,ϑi,Σi)

=
N∏
i=1

∫ ni∏
j=1

fij(yij |ϑ, bi,θi)

f(bi|D) f(θi|ϑi,Σi) dbi dθi. (3.8)

To maximize (3.8) with partial marginalization technique, Molenberghs et al. (2007)

integrated out first the overdispersion random effect θi, leaving untouched the nor-

mally distributed random effects. Afterwards, they used numerical integration to

integrate out the normal random effects through the SAS procedure NLMIXED.

The general formulation of the combined model for each of the exponential fami-

lies is discussed in detail in Molenberghs et al. (2010). They found that, while

the model works well with many data types, convergence is more challenging for

binary data. Moreover, there is less work in the combined model with the Bayesian

perspective. Hence, in the first part of the thesis, we focus on implementing the

combined model using fully Bayesian approach.

3.4 Estimation Approach

In this section, we briefly review the frequentist and Bayesian approaches used in

this thesis. The frequentist and Bayesian approaches are two mainstream views

which help to draw statistical inference, a procedure with the aim to extract in-

formation from collected data. This generalizes the observed results beyond the

sample data to a population or to the future. The frequentist paradigm is based

only on the observed data from the current experiment, but the Bayesian approach

also accommodates learning from previous experiments and/or previous evidence.

We first discuss the frequentist approach and then turn to the Bayesian method.

3.4.1 Frequentist Estimation Approach

The frequentist approach is the most popular one. It assumes a distribution of

a random variable Y which is governed by a parameter vector θ. The aim is to

estimate the unknown parameter θ by randomly selecting an appropriate sample
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y = (y1, . . . , yn). There are different procedures to achieve this goal. The most ap-

plicable in the literature is maximum likelihood estimation (MLE), which involves

maximization of the likelihood function L(θ|y1, . . . , yn)=f(y1, . . . , yn|θ) where f

is the probability density function of Y . Maximization of the likelihood function

can be done through the integration of the likelihood function analytically. Ho-

wever, this often is not straightforward especially for high dimensional data as

we have seen in Section 3.3.2. In such cases, numerical integration is adopted

to approximate the integral. Other procedures, such as the moment method and

quasi-likelihood, can be used as well to obtain estimates of the parameter vector

θ.

Under a frequentist view, the interpretation of probability statements is asso-

ciated with a long-run frequency definition of probability. For instance, the 95%

confidence interval is an interval that includes the fixed but unknown parameter

with probability 0.95 under repeated sampling. However, this has a direct pro-

bability interpretation, i.e., most likely the true parameter value is located in the

Bayesian interpretation as we will see in the next section.

3.4.2 Bayesian Estimation Approach

As mentioned previously, the Bayesian method differs from the frequentist ap-

proach in the sense that it incorporates previous evidence of the parameter in

addition to the observed data. Therefore, the parameter θ is assumed to be ran-

dom with some prior distribution. Similar to the frequentist view, in the Bayesian

approach it is also assumed that there is a true value of the parameter. The prior

distribution associated with the parameter is only an expression of uncertainty on

that true value. The prior distribution can be informative and noninformative. An

informative prior expresses specific, definite information about a parameter, whe-

reas a noninformative prior expresses vague information about the parameter of

interest. Let p(θ) be the prior distribution and p(y|θ) =
∏n

i=1 p(yi|θ) be the joint
distribution of the sample which is denoted as the likelihood L(θ|y) when viewed

as a function of θ and p(θ|y) is the posterior distribution, which is a combination

of the prior distribution and the likelihood function. Using Bayes’ Theorem, the

posterior distribution can be calculated as

p(θ|y) = L(θ|y)p(θ)
p(y)

=
L(θ|y)p(θ)∫
L(θ|y)p(θ)dθ

. (3.9)
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Statistical inference under the Bayesian approach is thus based on the updated

posterior distribution p(θ|y). Expression (3.9) shows that the posterior distribu-

tion is proportional to the prior distribution and the likelihood, i.e.,

p(θ|y) ∝ L(θ|y)p(θ).

This is because the denominator in (3.9), which is often called the normalizing

constant, is depending only on the observed data assumed to be fixed in the

Bayesian context.

In the past, implementation of the Bayesian approach was difficult because of

the normalizing constant and hence also the posterior distribution involves inte-

gration. The introduction of the Markov chain Monte Carlo sampling method,

however, enables the implementation of the Bayesian complex models in real life

problems. This leads us to the next section about MCMC method.

3.4.2.1 Markov Chain Monte Carlo

Markov chain Monte Carlo (also called Markov chain simulation) is a sampling

technique in which values of θ are drawn sequentially from an approximate distri-

bution and correcting the samples to better approximate the target posterior dis-

tribution, p(θ|y) (Gelman et al. 2004). The draws form a Markov chain, the distri-

bution of the sampled value depends on the most recent value drawn. This means

that we generate θ(1),. . .,θ(T ) such that f(θ(t)|θ(t−1),. . . ,θ(1))=f(θ(t)|θ(t−1)).

Clearly, this shows that the distribution of θ at (t) given all the previous values

depends only on the last value drawn. At each step in the simulation, the approxi-

mate distribution is improved, in the sense of converging to the target posterior

distribution. Hence, the distribution of θ(t) converges to the target posterior

distribution as t → ∞. The Gibbs sampler (Geman and Geman 1984) and the

Metropolis-Hastings algorithm (Metropolis et al. 2004; Hastings 1970) are the two

most popular MCMC sampling methods.

The Gibbs sampler (also called alternating conditional sampling) is a Markov

chain simulation strategy that has been found very useful in many multidimensio-

nal problems. It is based on the fact that it is easier to sample from a conditional

distribution than to marginalize by integrating over a joint distribution p(θ|y).
Assume that θ has k components or subvectors, θ = (θ1, . . . , θk). At each itera-

tion t, the Gibbs sampler cycles through the subvectors of θ, drawing θ
(t)
j from
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the conditional distribution given all the other components of θ:

p(θj |θ(t−1)
−j ,y),

where θ
(t−1)
−j =

(
θ
(t)
1 , . . . , θ

(t)
j−1, θ

(t−1)
j+1 , . . . , θ

(t−1)
k

)′
denotes all the components of

θ, except for θj , at their current values. To complete one iteration in the Gibbs

sampling scheme, there are k steps because we have k components of the para-

meter vector θ. This sampling method is easy to implement, especially when we

have conditionally conjugate models.

The Metropolis-Hastings (M-H) algorithm is a general term for a family of MCMC

methods. It differs from the Gibbs sampler in the sense that one does not require

full conditionals to draw samples from the posterior distribution. The Gibbs sam-

pler can be viewed as a special case of the Metropolis-Hastings algorithm. In the

M-H algorithm, a proposal densityQ(θ∗|θ(t)) (also called jumping density) in com-

bination with an acceptance/rejection rule is needed to draw a new sample value

θ∗. It proceeds by randomly walking around the sample space, sometimes accep-

ting the random walk and sometimes remaining in the same place. For the M-H

algorithm, there is no requirement that the proposal density be symmetric. Ho-

wever, this must hold, i.e., Q(θ∗|θ(t)) = Q(θ(t)|θ∗) for the Metropolis algorithm,

which is a special case of the M-H algorithm. Note that a so-called “Metropolis

within Gibbs” hybrid algorithm can be used when some of the parameters have

full conditionals that are difficult to sample in the sense that one uses the Gibbs

sampler, while sampling the difficult full conditionals is accomplished using itera-

tion Metropolis step.

In the MCMC algorithm, the values are not immediately drawn from the poste-

rior distribution. An initial part, called the burn-in part, needs to be discarded

and it is absolutely necessary to check the convergence of the sampled sequences.

Convergence can be assessed using an informal or a formal check. A trace plot

is an informal check of the convergence of the MCMC samples which indicates

how quickly the sampling procedure explore the posterior distribution (Gelman et

al. 2004). On the other hand, the Gelman-Brooks-Rubin diagnostic is a formal

check of the convergence by comparing the between and within-sequence variances

(Gelman and Rubin 1992; Gelman et al. 2004).
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3.5 Software

For the frequentist approach, the SAS procedure (SAS Institute 2001), which is

regarded as a standard software tool in the pharmaceutical industry, was used to

fit the models, which will be discussed in Chapter 8. For the Bayesian approach,

some of the models presented in this thesis were fitted using WinBUGS (Windows

Bayesian inference Using Gibbs Sampling) and others using JAGS (Just Another

Gibbs Sampler) software. The data preparation was done in R (R Development

Core Team 2011) and WinBUGS (Spiegelhalter et al. 2003) was evoked via the

package R2WinBUGS (Sturtz et al. 2005). Similarly, JAGS (Plummer 2003) was

evoked within R via the R2JAGS (Su and Yajima 2011) package. The JAGS

and WinBUGS outputs were returned to R for post processing. See Lesaffre and

Lawson (2012) for a detailed comparison of the Bayesian softwares.

A trace plot and a Gelman-Brooks-Rubin diagnostic were employed for conver-

gence assessment. Model comparison was performed using the Deviance Informa-

tion Criterion (DIC, Spiegelhalter et al. 2002) for the Bayesian approach and the

Akaike’s Information Criterion (AIC, Akaike 1974) for the frequentist approach.
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Chapter

4 A Hierarchical Bayesian Approach

for the Analysis of Longitudinal

Count Data with Overdispersion:

A Simulation Study

4.1 Introduction

In medical research, data are often collected in the form of counts, e.g., corres-

ponding to the number of times that a particular event of interest occurs. A

common model for count data is the Poisson model, which is rather restrictive,

given that variance and mean are equal. Often, in observed count data, the sample

variance is considerably larger (smaller) than the sample mean — a phenomenon

called overdispersion (underdispersion). Generically, this is referred to as extra-

(Poisson)-dispersion.

For modeling longitudinal count data with overdispersion, similarly to Ze-

ger (1988), Thall and Vail (1990) developed a mixed-effects approach in which

the regression coefficients are estimated by generalized estimating equations and

the variance component is estimated using method of moments. This may be

viewed as an extension of Liang and Zeger (1986) model for longitudinal count

data.

37



38 Chapter 4

Besides, Booth et al. (2003) and Molenberghs et al. (2007) brought together

both modeling strands and allowed at the same time for correlation between re-

peated measures and overdispersion in the counts. All of these authors conducted

parameter estimation and inferences using a likelihood paradigm. In contrast,

this chapter takes a Bayesian perspective. In particular, we study two versions of

a hierarchical Poisson model for longitudinal count data. The first one includes

subject-specific random effects to account for subject heterogeneity (a conventio-

nal generalized linear mixed model) and the second one includes an additional

parameter accounting for overdispersion, generated through an additional gamma

distributed random effect (a combined model). The two models are applied to real

longitudinal count data and compared using a simulation study.

This chapter proceeds as follows. The statistical methodology is laid out in

Section 4.2. In Section 4.3, the epilepsy dataset discussed in Section 2.2 is analyzed,

followed by a simulation study in Section 4.4.

4.2 A Hierarchical Poisson-normal Model with Extra-

dispersion

Let Yij represent the number of epileptic seizures that patient i experiences during

week j, i = 1, 2, . . . , 89 and j = 1, 2, . . . , ni, where ni is the number of repeated

measurements for patient i. There are 1419 measurements available in total. Si-

milar to the GLMM which is discussed in Section 3.3.2, we assume the following

hierarchical Poisson-Normal model (HPN): Yij |bi ∼ Poisson(λij) with

ηij = log(λij) = β00×Ii+β01×(1−Ii)+β10×Ii×tij+β11×(1−Ii)×tij+bi, (4.1)

where Ii is an indicator variable which takes value 1 for a treated subject and 0

for a placebo subject. Hence, the mean response is given by

E(Yij |bi) =

 β00 + β10 × tij + bi, if active,

β01 + β11 × tij + bi, if placebo.

Here, β = (β00, β01, β10, β11)
′ is the parameter vector of the fixed effects and

bi is the subject-specific parameter. We use independent, non-informative prior

distributions for both β and bi: bi ∼ N(0, σ2
b ) and βlk ∼ N(µlk, σ

2
βlk

), for l = 0, 1,
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k = 0 (treatment) or 1 (placebo). To complete the specification of the hierarchical

model we assume the following hyper-prior distributions: σ−2
b ∼ G(0.01, 0.01)

and σ−2
βlk

∼ G(0.01, 0.01) (Spiegelhalter et al. 2003; Gelman 2006). However, in

this paper, Gelman argued that this prior is informative because of its shape and

suggested to use instead a uniform prior on the hierarchical standard deviation.

We have considered a uniform prior distribution for the standard deviation but

the result does not change much compared with the result obtained from the

assumption of inverse gamma prior for the variance. Non-informative independent

normal priors were specified for the prior means of the components of β.

The hierarchical model specified above assumes that the sources of variability

associated with the response variable are related to the Poisson distribution and

the subject heterogeneity. For Poisson regression, this is often not the case and

extra variability is called for. A number of early extensions of the HPN models

have been proposed by Breslow (1984) and Lawless (1987). As we mentioned in

Section 3.2.2, a commonly encountered step is to allow an overdispersion parame-

ter ϕ ̸= 1, so that Var(Y ) = ϕµ. This is similar to the moment-based approach,

though such moments may arise from a random sum of Poisson variables, a point

made by Hinde and Demétrio (1998ab). Molenberghs et al. (2007) too discussed

an extension to the HPN model that accounts for extra-dispersed count data (hie-

rarchical Poisson-normal overdispersion; HPNOD model). This is effectuated by

adding a multiplicative dispersion parameter to the mean structure, i.e.,

Yij |bi, θij ∼ Poisson(λijθij), (4.2)

ηij = log(λij). (4.3)

Hence, the Poisson parameter in (4.2) has two components. The first is iden-

tical to the linear predictor in (4.1) and is expressed as (4.3) and captures co-

variate dependence, while the second one captures overdispersion. We assume

θij ∼ Gamma(α, 1/α). Thus, E(θij) = α2 and Var(θij) = α3. Molenberghs et

al. (2007) assumed that the components θij of the vector θi = (θi1, θi2, . . . , θini)
′

are independent. Note that for 1/α → ∞, Var(θij) → 0, and the above HPNOD

model is reduced to the HPN model. On the other hand, a constraint β = α can

be considered, resulting in E(θij) = 1 and Var(θij) = 1/α. This parametrization

(using different constraint either β = α or β = 1/α) has an impact on the estima-

tion of the intercept of the linear predictor in (4.3) but not on the estimation of
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the slopes (see chapter 5 in Section 5.2.2). The same prior distributions for the pa-

rameters as discussed in Section 4.2 were used. In addition, a uniform distribution

U(0, 100) was considered as the prior distribution of α.

Breslow and Clayton (1993) analyzed the epilepsy data set from Thall and

Vail (1990) by considering the covariates: logarithm of baseline seizure count,

treatment, logarithm of age, visit, and the treatment by log(base) interaction.

Similarly, we have extended the model specified in (4.1) with these effects. The

resulting HPN is:

Yij |bi ∼ Poisson(λij),

ηij = log(λij) = β0 + β1 × Ii + β2 × log(basei) + β3 × tij + β4 × log(agei)

+β5 × Ii × tij + β6 × Ii × log(basei) + bi. (4.4)

Likewise, the HPNOD becomes:

Yij |bi, θij ∼ Poisson(λijθij),

ηij = β0 + β1 × Ii + β2 × log(basei) + β3 × tij + β4 × log(agei)

+β5 × Ii × tij + β6 × Ii × log(basei) + bi. (4.5)

Note that the coding of the predictor function is slightly different from the coding

employed in (4.1). To aid convergence when fitting the HPN and HPNOD models

(4.4) and (4.5), respectively, the covariates log(base), log(age), and Ii × log(basei)

were centered about their mean. The same prior distribution was considered for

the parameters as in (4.1) and (4.2).

4.3 Analysis of the Epilepsy Data Set

The models discussed in Section 4.2 were fitted using the R2Winbugs package. A

MCMC simulation of 100,000 iterations from which the first 10,000 were conside-

red to be the burn-in period and discarded from analysis, was used to estimate

the model parameters. For both models, convergence was assessed using trace

plots, estimated potential scale reduction factor, R̂, and Brooks, Gelman and Ru-

bin’s (BGR) plot (Gelman and Rubin 1992). Model selection was done using the

Deviance Information Criteria; DIC (Gelman et al. 2004). Diagnostic plots for

all parameters considered were studied and indicated convergence for all model
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parameters. The BGR plot too indicates convergence for all model parameters.

Moreover, the estimated potential scale reduction factor R̂ values for all the para-

meters were close to one, which indicates convergence for all model parameters.

The posterior means for parameters and DIC values are presented in Table 4.1.

The DIC values of the HPNOD model (4830.54) is smaller than that of the HPN

model (6047.67), which indicates that the first model is to be preferred.

The posterior mean for the variance of the random effects obtained for the

HPNOD model is equal to 1.152 (credible interval [0.829;1.598]) slightly smaller

than the posterior mean obtained for the HPN model, which is 1.213 (credible

interval [0.882;1.657]). Figure 4.1 shows the scatter plot of the estimated posterior

means b̄i, obtained from the HPN and HPNOD models. The agreement between

both sets is striking but not unexpected. Because the overdispersion random

effect enters the linear predictor as an additional component in the intercept, it

does not distort the interpretation of the random effects bi, a point on which we

will elaborate in Section 4.4.2.3.

The posterior mean for α is equal to 2.48, which implies that Var(θij) = 2.483 =

15.3 and E(θij) = 2.482 = 6.21. Figure 4.2 shows the distribution of θ̄ij , the

posterior mean of the overdispersion parameter for the ith subject at the jth

occasion. We notice that the empirical mean is

E(θ̄ij) =
1

1419

89∑
i=1

ni∑
j=1

θ̄ij = 6.21,

which equals 2.482, as reported in Table 4.1, and as it should. We observe that

there are differences in the parameter estimates between the HPN and HPNOD

models. The estimated posterior means for the intercept for both treatment groups

obtained for the HPN models are positive, while the sign is reversed for the in-

tercept obtained for the HPNOD model. However, the slope parameters obtained

from both models have similar magnitude and sign. On the other hand, both

models produce non-significant values for the difference and ratio in slopes.

The posterior summary statistics for the model specified by (4.4) and (4.5) are

shown in Table 4.2. Similar to the model in (4.1) and (4.2), the DIC value for the

HPNOD (4833.79) is smaller than the DIC value for the HPN (6049.19) model,

which establishes that the first model fits better. The posterior mean of α was

equal to 2.495, indicating substantial overdispersion in the data. Note that the
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Table 4.1: Epilepsy Data. Posterior summary statistics for the HPN and HPNOD.

Parameter Mean SD MC error 95% Credible interval Rhat

HPN HPNOD HPN HPNOD HPN HPNOD HPN HPNOD HPN HPNOD

β00 0.644 -1.184 0.169 0.249 0.003 0.006 (0.306, 0.971) (−1.676,−0.702) 1.00 1.00

β01 0.824 -0.872 0.171 0.249 0.003 0.006 (0.494, 1.164) (-1.353, -0.376) 1.00 1.00

β10 -0.012 -0.011 0.004 0.007 2.17E-05 6.86E-05 (-0.021, -0.004) (-0.023, 0.003) 1.00 1.00

β11 -0.014 -0.025 0.004 0.007 2.22E-05 7.12E-05 (-0.023, -0.006) (-0.039, -0.009) 1.00 1.00

σ2
b 1.213 1.152 0.199 0.193 6.44E-04 7.09E-04 (0.882, 1.657) (0.829, 1.598) 1.00 1.00

β10- β11 0.002 0.013 0.006 0.011 3.06E-05 9.84E-05 (-0.009, 0.014) (-0.008, 0.034) 1.00 1.00

β10/β11 0.954 0.539 4.272 3.883 0.009 0.009 (0.227, 2.367) (-0.126, 1.648) 1.08 1.05

α 2.48 0.214 0.006 (2.096, 2.938) 1.00

DIC 6047.57 4830.54

variance of the random effect for both HPN and HPNOD is approximately 0.4.

Given the strong overdispersion in the data (Table 2.2), the advantage of using

HPNOD over HPN is that the overdispersion not captured by the normal random

effect can be accommodated. In line with expectation, both models produced

similar results for the slopes. The difference in intercepts is not worrisome; this

point is addressed in the next section.

Further, both models show that there is an effect of baseline seizure rate and

time on the number of epileptic seizures. However, we found that the treatment

and its interaction with the baseline seizure count and time do not have a signi-

ficant effect on the response. These models produce also non-significant value for

age.

Note that the Monte Carlo error quantifies the efficiency of the posterior sample

mean for the corresponding population estimand. As a rule of thumb, we request

a Monte Carlo error < 1 − 5% of the posterior standard deviation. We can see

from Tables 4.1 and 4.2 that the Monte Carlo error for all parameters satisfies this

rule of thumb.

4.4 Simulation Study

In this section, we present a simulation study, conducted to evaluate the per-

formance of the models discussed above with and without adjustment for extra-

dispersion.
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Table 4.2: Epilepsy Study. posterior summary statistics using HPN and HPNOD models
with covariates Age, base, time, treatment by base interaction and treatment by time
interaction.

Parameters Mean Sd MC error 95% Credible interval Rhat

HPN HPNOD HPN HPNOD HPN HPNOD HPN HPNOD HPN HPNOD

β0 0.969 -0.761 0.249 0.309 0.008 0.009 (0.487, 1.464) (-1.355, -0.156) 1.01 1.02

β1 -0.498 -0.566 0.461 0.482 0.014 0.015 (-1.414, 0.386) (-1.502, 0.354) 1.01 1.01

β2 0.952 0.957 0.124 0.131 0.003 0.004 (0.702, 1.194) (0.697, 1.209) 1.01 1.00

β3 -0.014 -0.024 0.004 0.008 2.22E-05 1.06E-04 (-0.023, -0.005) (-0.039, -0.009) 1.00 1.00

β4 -0.019 -0.029 0.267 0.268 0.004 0.004 (-0.548, 0.506) (-0.548, 0.508) 1.00 1.00

β5 0.001 0.009 0.006 0.011 4.99E-04 1.49E-04 (-0.011, 0.013) (-0.012, 0.029) 1.00 1.00

β6 0.039 0.035 0.171 0.176 0.005 0.006 (-0.287, 0.379) (-0.299, 0.374) 1.00 1.00

σ2
b 0.411 0.387 0.008 0.079 4.46E-04 4.81E-04 (0.283, 0.587) (0.257, 0.565) 1.00 1.00

α 2.495 0.208 0.004 (2.116, 2.935) 1.00

DIC 6049.19 4833.79

4.4.1 Setup of the Simulation Study

Different settings were considered in this simulation study. The steps for the fist

setting are as follows: (1) we generated data from a Poisson distribution with mean

θijλij . For the extra-dispersion parameter, we assume θij ∼ Gamma(α, 1/α). We

use high, moderate, and low overdispersion level using α equal to 0.25, 1, and

25 respectively. Besides, we generated data also without overdispersion, θij = 1.

Note that the mean structure for λij was the same as defined in (4.4) with true

values of (β00, β01, β10, β11) = (2,−2, 0.05, 0.2). These values are chosen to have

some covariate effects and opposite sign for the intercept. To check for robustness,

different true values for the regression coefficients in the second and third settings

were used. The main focus has been on the other model parameters, as well as

on sample and cluster sizes. The intra-cluster correlation was varied by specifying

different values for the standard deviation parameter of the random effect term,

i.e., equal to either 0.1 or 0.5. Two covariates were used; treatment and time. Each

subject forms a cluster. Initially, all clusters were equal in size, with cluster sizes

2, 5, 10, and 20. Sample sizes in this setting were equal to 30, 60, and 120 subjects.

Half of the individuals were placed in the treatment arm, with the other half in

placebo. This setting led to 4 × 4 × 2 × 3 = 96 different scenarios of α, cluster

size per subject, σ2
b , and sample size. (2) Both the HPN and HPNOD models

are fitted, using Bayesian methods; (3) The first and second steps were repeated

100 times for each scenario. (4) The bias was calculated, relative bias, variance,

and MSE of the parameters, and compared both models. The bias measures the

difference between the expected value of the parameter estimates and the true
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Figure 4.1: A plot of the random-effect estimates obtained from HPN (x-axis) versus the
random effect obtained from the HPNOD (y-axis), for the analysis of epilepsy data set.

value of the parameter, while the relative bias is the ratio between the bias and

true value of the parameter. In addition, to check the precision of the parameter

estimates, the mean square error (MSE) was reported.

The second setting was similar to the aforementioned one except for β10 =

−0.2, which allows for opposite signs of the slopes. The true values of the third

setting were taken from the results of the epilepsy data set, that is, β00 = 0.655,

β01 = 0.9112, β10 = −0.0118, and β11 = −0.0248. This leads to a total of

4× 2× 2 = 16 different scenarios for α, σ2
b , and β. In these settings, n = 60 and

cluster size is equal to 10. Evidently, the algorithmic steps in these settings are

the same as in the first setting.

For each simulated dataset, the model was estimated using 60,000 MCMC

iterations from which the first 30,000 were considered burn-in and discarded from

analysis. The number of chains was 1.
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Figure 4.2: Kernel density of θ̄ij for the analysis of epilepsy data set. The vertical dashed
line is the mean of θ̄ij.

4.4.2 Simulation Results

4.4.2.1 Effect on α and σb

For the first simulation study with n = 60, for all settings with overdispersion,

the MSE for σb for the HPNOD model is smaller or equal to that for the HPN

model, as can be clearly seen from Figures 4.3 and 4.4. Besides, for all settings,

the MSE of the overdispersion parameter α increases when the overdispersion level

increases. There is more bias in α when there is low overdispersion. For the high

overdispersion scenario, the MSE of the HPN model for β00 and β01 is smaller

than the MSE obtained for the HPNOD model. Note that, when the level of

overdispersion is moderate (α = 1), the MSE of β00 and β01 for the HPN model

is slightly smaller compared with the MSE obtained for the HPNOD model. For

the low (α = 25) and no (α → ∞) overdispersion scenarios, the MSE for β00 and

β01 obtained for the HPN model is much smaller than the MSE obtained for the

HPNOD model. However, for all levels of overdispersion, the MSE for the slope

parameters β10 and β11 is of the same magnitude for the two models (Table 4.3;

see Appendix A.2). The findings for HPN and HPNOD were similar for σb = 0.1

and σb = 0.5, except that the estimates were slightly more precise and unbiased
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Figure 4.3: Simulation Study. Comparison of the MSE of the standard deviation of the
random effects for different cluster sizes, using the HPN model (solid line) and HPNOD
(dashed line). The x-axis represents the value of α which shows the amount of overdis-
persion and the y-axis represents the MSE. n = 60.

for σb = 0.5 (Table 4.3, see Appendix A.2).

4.4.2.2 Effect of Sample Size and Cluster Size

The results obtained for both models indicate that, as expected, the MSE, va-

riance, and bias decrease as the sample size increases (Figures 4.3, 4.4, and 4.5,

see Appendix A.2). Note that for the low overdispersion scenario, for a cluster

size of 2, the HPN model introduces high variance and MSE for β01 and β11. On

the other hand, if the data are generated without overdispersion, for clusters of

size 2, the HPNOD model results in high variability and MSE value for β01 and

β11. This suggests caution, for both models, with small cluster size.



4.4 Simulation Study 47

−
0.

4
0.

0
0.

2
0.

4

Cluster Size 2

Alpha

M
S

E
 o

f B
et

a1
0

0.25 1 25

sigma=0.1
sigma=0.5

−
0.

04
0.

00
0.

04

Cluster Size 5

Alpha

M
S

E
 o

f B
et

a1
0

0.25 1 25

sigma=0.1
sigma=0.5

−
0.

00
4

0.
00

0
0.

00
4

Cluster Size 10

Alpha

M
S

E
 o

f B
et

a1
0

0.25 1 25

sigma=0.1
sigma=0.5

−
4e

−
04

0e
+

00
4e

−
04

Cluster Size 20

Alpha

M
S

E
 o

f B
et

a1
0

0.25 1 25

sigma=0.1
sigma=0.5

Figure 4.4: Simulation Study. Comparison of the MSE of β10 for different cluster sizes
using the HPN model (solid line) and HPNOD (dashed line). The x-axis represents the
value of α which shows the overdispersion amount and the y-axis represents the MSE.
n = 60.



48 Chapter 4

Table 4.3: Summary of the simulation result of n = 60, t = 10 for over dispersed data
with different α values and without over dispersion data with HPN and HPNOD.

α

σb Parameter 0.25 1 25 α→∞
GLMM HPNOD GLMM HPNOD GLMM HPNOD GLMM HPNOD

0.1 β00 Bias -0.2116 2.6697 -0.0343 -0.104 0.0031 -7.0672 -0.0032 -8.7611

RelBias -0.1058 1.3348 -0.0172 -0.052 0.0016 -3.531 -0.0016 -4.3806

var 0.0757 0.1186 0.0191 0.0535 0.0032 0.6291 0.0028 0.0511

MSE 0.1205 7.2457 0.0203 0.0643 0.0032 50.511 0.0028 76.8

β01 Bias -0.2395 2.7100 -0.0559 -0.0937 -0.0617 -7.0687 - 0.0309 -8.8116

RelBias 0.1197 -1.355 0.0279 0.0468 0.0308 3.534 0.0155 4.4058

var 0.1426 0.1789 0.0849 0.1142 0.0691 0.6546 0.0497 0.1060

MSE 0.1999 7.5233 0.088 0.1231 0.0731 50.621 0.0506 77.8

β10 Bias -0.0023 0.0048 -0.002 0.0014 -0.0015 0.0004 0.0007 -0.0014

RelBias -0.0466 0.0961 -0.0406 0.0272 -0.029 0.0086 0.0138 -0.0284

var 0.0021 0.0022 0.0005 0.0004 <0.0001 <0.0001 <0.0001 <0.0001

MSE 0.0021 0.0022 0.0005 0.0004 <0.0001 <0.0001 <0.0001 <0.0001

β11 Bias -0.0051 -0.0043 -0.0016 -0.0055 0.0046 -0.0022 0.0028 0.0037

RelBias -0.0253 -0.0215 -0.0078 -0.0276 0.0232 -0.0011 0.0138 0.0187

var 0.0031 0.0034 0.0018 0.0012 0.0011 0.0009 0.0008 0.0011

MSE 0.0031 0.0034 0.0018 0.0012 0.0011 0.0009 0.0008 0.0011

σb Bias 0.6268 0.2106 0.2396 0.1339 0.0609 0.0606 0.0102 0.0122

RelBias 6.2679 2.1061 2.396 1.3885 0.6089 0.6055 0.1021 0.1215

var 0.0073 0.0025 0.0017 0.0131 0.0003 0.0004 0.0003 0.0003

MSE 0.4001 0.0468 0.0592 0.031 0.0039 0.0078 0.0004 0.0005

α Bias 0.0073 0.0527 12.915

RelBias 0.0293 0.0527 0.5166

Var 0.0004 0.0091 254.35

MSE 0.0004 0.0119 421.135

DIC 7313.68 1628.53 4131.24 2226.50 2154.22 2105.32 2062.11 2051.63

0.5 β00 Bias -0.2116 2.8153 -0.0095 -0.0329 -0.0123 -6.9979 -0.0032 -8.8303

RelBias -0.1058 1.4708 -0.0476 -0.0165 -0.0062 -3.4989 0.0016 -4.4152

var 0.0758 0.1314 0.0369 0.0532 0.0126 0.851 0.0088 0.0438

MSE 0.1205 8.0576 0.046 0.0543 0.0128 49.8 0.0088 78

β01 Bias -0.2395 2.7409 -0.0869 -0.0287 -0.0319 -7.0473 -0.0681 -8.8047

RelBias 0.1197 -1.3705 0.0434 0.0143 0.0159 3.5236 0.0340 4.4024

var 0.1426 0.2374 0.0908 0.1253 0.0525 0.821 0.0667 0.1059

MSE 0.1999 7.7503 0.0983 0.1261 0.0535 50.5 0.0714 77.6

β10 Bias -0.0023 -0.0040 0.0057 0.0024 <0.0001 -0.0003 <0.0001 -0.0002

RelBias -0.0467 -0.0805 0.1141 0.0472 <0.0001 -0.0059 -0.0011 -0.0032

var 0.0021 0.0018 0.0007 0.0005 <0.0001 <0.0001 <0.0001 <0.0001

MSE 0.0021 0.0018 0.0007 0.0005 <0.0001 <0.0001 <0.0001 <0.0001

β11 Bias -0.0051 0.0026 0.0035 0.006 0.0011 0.0034 0.0066 -0.0028

RelBias -0.0253 0.0128 0.0174 0.0300 0.0056 -0.0059 0.0328 -0.0140

var 0.0031 0.0035 0.0015 0.0016 0.0007 0.0010 0.0009 0.0010

MSE 0.0031 0.0035 0.0015 0.0016 0.0007 0.0011 0.0009 0.0010

σb Bias 0.2268 -0.0265 0.1043 -0.0124 0.0106 -0.0073 0.0020 -0.0044

RelBias 0.4536 -0.0531 0.2087 -0.0247 0.0213 -0.0146 0.0040 -0.0087

var 0.0073 0.0168 0.0056 0.0069 0.0041 0.0033 0.0031 0.0035

MSE 0.0587 0.0175 0.0165 0.0071 0.0042 0.0034 0.0031 0.0035

α Bias 0.0021 0.0087 12.5088

RelBias 0.0085 0.0087 0.5044

Var 0.0006 0.0081 335

MSE 0.0006 0.0082 492

DIC 7935.78 1625.49 4374.21 2240.69 2207.83 2152.35 2097.15 2090.63
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4.4.2.3 Effect of β

To check the robustness of the simulation result with regard to the true values of β,

two additional scenarios were considered. The findings were similar to the previous

findings for the first scenario in Section 4.4.2.1. Details are given in Appendix A.2.

Furthermore, we generated data according to the model specified in (4.1) and

(4.2) with unbalanced time points (unequal cluster size), similar to the epilepsy

data set as discussed in Section 2.2. In this setting, 60 individuals were considered

over variable numbers of periods of time up to a maximum of 27 time points.

Half of the individuals were assigned to the treatment group. The true values for

the regression coefficients were also here β = (2,−2, 0.05, 0.2), while the standard

deviation of the random effects was 0.1 and 0.5. The results are shown in Table 4.4.

We notice that the bias, relative bias, variance, and MSE were similar to that of

the first scenario (Section 4.4.2.1). We also considered 30 and 120 individuals

with unbalanced time points and the results (details not shown) were similar to

the balanced time points case with the same number of individuals. Additionally,

to gauge the effect of the standard deviation of the random effect, σb = 2 was

employed. The findings were very close to these of σb = 0.5 (details not shown).

To assess the effect of assigning patients randomly to the treatment group, a

completely randomized design was used. Each patients has equal probability of

being assigned either to the treatment or placebo group. Data were generated

according to (4.1) and (4.2) and we fitted both HPN and HPNOD model to each

simulated data set. The true values for the regression coefficients were also here

β = (2,−2, 0.05, 0.2), while the standard deviation of the random effects was 0.1

and 0.5. Initially, we used a sample size of 60 subjects and a cluster size of 10.

The results are shown in Table 4.5. We can clearly see that the results are similar

to the previous setting with the exception that, for the data generated with low

overdispersion level (α = 25), the bias and MSE of α in this setting were smaller

than the previous one. However, the conclusions which can be drawn from these

results are similar to the previous scenarios. Note that the sample size was varied

to 60 and 120 subjects, while the cluster sizes were set to 2, 5, and 20. The results,

omitted for brevity, are similar.

In general, when there is low overdispersion and when the data are generated

without overdispersion, the HPN revealed more precise and unbiased estimates

than HPNOD for the intercepts, while there was similar precision and unbiasedness
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in the slopes. This is not unexpected, because there are three contributions to

the intercept in a Poisson model with normal and overdispersion random effects.

Indeed, it can be shown (details omitted), that the marginal expectation of the

count in the HPNOD equals

E(Yij) = elogE(θij)+x′
ijβ+ 1

2σ
2
b .

Hence, logE(θij) + β0 +0.5σ2
b form the intercept. When comparing the HPN and

HPNOD, not simply β0, but rather β0 + logE(θij) ought to be compared. With

this in mind, the bias in the intercept becomes an apparent bias. No such phe-

nomenon plays for the other covariate effects. On the other hand, the HPNOD

revealed less biased and precise estimates than the HPN for σb. Besides, for all

simulation settings, except for clusters of size 2, the MSE and bias of all the para-

meters obtained from HPN increases when the overdispersion level increases. This

indicates that HPN is not performing well when there is high overdispersion.

The aforementioned issue with the intercept also shows through the correlation

structure of the various contributions. For example, when there is low overdis-

persion and when the data are generated without overdispersion, the correlation

between the intercept and overdispersion parameter α was calculated to be more

than 0.94 (Table 4.6).

To select the best model, the DIC for the HPN and HPNOD was calculated for

each data set. When α is equal to 0.25, the mean DIC value of the 100 data set for

the HPN was 7314 which is too large when compared with the mean DIC value of

the HPNOD model: 1629. Similarly, the DIC value of the HPN model when α = 1

was higher than the DIC value for the HPNOD. Furthermore, when α = 25 the

DIC value for the HPN is higher than for the HPNOD. This suggests that the HP-

NOD is performing better when there is overdispersion. On the other hand, when

the data are generated without overdispersion, the HPNOD has slightly smaller

DIC value than the HPN (Table 4.3 and Figure 4.6). This indicates that when the

data are generated without overdispersion, both models perform similarly.

4.5 Discussion

In this chapter, we proposed a Bayesian inferential route for the HPNOD (and the

HPN), and compared the performance of the HPN and HPNOD models on data
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Table 4.4: Summary of the simulation result of the data generated from HPNOD and
HPN model with n = 60 individuals, and with unbalanced time points in a way similar to
the epilepsy data.

α

σb Parameter 0.25 1 25 α→∞
HPN HPNOD HPN HPNOD HPN HPNOD HPN HPNOD

0.1 β00 Bias -0.2742 2.7185 -0.057 -0.0529 -0.0025 -6.7331 -0.0023 -8.8627

RelBias -0.1371 1.3593 -0.0285 -0.0265 -0.0012 -3.3665 -0.0012 -4.4313

var 0.0417 0.0559 0.0132 0.0287 0.0016 0.3048 0.0009 0.0648

MSE 0.1169 7.4464 0.0165 0.0315 0.0016 45.639 0.0009 78.61

β01 Bias -0.2201 2.6775 0.0039 -0.0528 -0.0143 -6.744 -0.0189 -8.8863

RelBias 0.1101 -1.3387 -0.0019 0.0264 0.0072 3.3721 0.0095 4.4431

var 0.1538 0.0699 0.0512 0.0495 0.0159 0.3159 0.0129 0.0740

MSE 0.2022 7.2391 0.0513 0.0523 0.0162 45.800 0.0133 79.04

β10 Bias 0.0013 0.0013 0.0004 -0.0005 <0.0001 0.0001 <0.0001 0.0001

RelBias 0.0263 0.0264 0.0074 -0.0094 0.0006 0.0029 <0.0001 0.0024

var 0.0004 0.0003 0.0001 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001

MSE 0.0004 0.0003 0.0001 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001

β11 Bias 0.0017 0.0051 -0.0039 -0.0002 0.0004 0.0008 0.0008 0.0012

RelBias 0.0084 0.0254 -0.0195 -0.0007 0.0018 0.0043 0.0039 0.0062

var 0.0011 0.0004 0.0003 0.0001 <0.0001 <0.0001 <0.0001 <0.0001

MSE 0.0011 0.0004 0.0003 0.0001 <0.0001 <0.0001 <0.0001 <0.0001

σb Bias 0.6264 0.1261 0.2439 0.0584 0.0241 0.0109 0.0104 0.0082

RelBias 6.2639 1.2608 2.4398 0.5841 0.2414 0.1090 0.1042 0.0819

var 0.0101 0.0027 0.0022 0.001 0.0004 0.0003 0.0002 0.0004

MSE 0.4025 0.0186 0.0617 0.0044 0.0010 0.0003 0.0004 0.0004

α Bias 0.0035 0.0298 5.644

RelBias 0.0138 0.0298 0.2258

Var 0.0003 0.0048 92.475

MSE 0.0003 0.0057 124.351

0.5 β00 Bias -0.2972 2.7655 -0.0679 -0.0306 -0.0137 -6.5554 -0.0085 -8.8618

RelBias -0.1486 1.3827 -0.0339 -0.0153 -0.0069 -3.2777 -0.0042 -4.4309

var 0.0562 0.0583 0.0167 0.0418 0.0118 0.2643 0.0100 0.0676

MSE 0.1445 7.7061 0.0213 0.0427 0.0119 43.237 0.0101 78.599

β01 Bias -0.2978 2.7757 -0.0592 -0.0345 -0.0151 -6.564 -0.0043 -8.8713

RelBias 0.1489 -1.3878 0.0296 0.0172 0.0075 3.2819 0.0021 4.4356

var 0.2927 0.1167 0.0819 0.0609 0.0268 0.2874 0.0204 0.0959

MSE 0.3814 7.8209 0.0854 0.0621 0.0269 43.371 0.0204 78.7959

β10 Bias 0.0024 -0.0003 -0.0008 0.0007 <0.0001 -0.0002 0.0004 0.0003

RelBias 0.0484 -0.0052 -0.0166 0.0145 0.0015 -0.0039 0.0086 0.0064

var 0.0005 0.0004 0.0001 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001

MSE 0.0005 0.0004 0.0001 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001

β11 Bias 0.0058 0.0013 -0.0005 0.001 0.0173 0.0002 -0.0012 -0.0005

RelBias 0.0289 0.0065 -0.0027 0.0052 0.0346 0.0008 -0.0060 -0.0026

var 0.0019 0.0005 0.0004 0.0002 0.0033 <0.0001 <0.0001 <0.0001

MSE 0.0019 0.0005 0.0004 0.0002 0.0036 <0.0001 <0.0001 <0.0001

σb Bias 0.3992 -0.0107 0.1057 0.017 0.0173 0.0172 0.0159 0.0075

RelBias 0.7983 -0.0215 0.2115 0.0340 0.0346 0.0345 0.0319 0.0149

var 0.0171 0.0185 0.0055 0.00056 0.0033 0.0031 0.0036 0.0033

MSE 0.1764 0.0186 0.01657 0.0056 0.0036 0.0034 0.0039 0.0034

α Bias 0.0022 0.0157 2.9087

RelBias 0.0089 0.0157 0.1163

Var 0.0003 0.0057 65.3326

MSE 0.0003 0.0059 73.793



52 Chapter 4

−
10

−
5

0
5

10

Cluster Size 2

Alpha

B
ia

s 
of

 B
et

a0
1

0.25 1 25

sigma=0.1
sigma=0.5

−
10

−
5

0
5

10

Cluster Size 5

Alpha

B
ia

s 
of

 B
et

a0
1

0.25 1 25

sigma=0.1
sigma=0.5

−
10

−
5

0
5

10

Cluster Size 10

Alpha

B
ia

s 
of

 B
et

a0
1

0.25 1 25

sigma=0.1
sigma=0.5

−
10

−
5

0
5

10

Cluster Size 20

Alpha

B
ia

s 
of

 B
et

a0
1

0.25 1 25

sigma=0.1
sigma=0.5

Figure 4.5: Simulation Study. Comparison of the bias of β01 for different cluster sizes
using the HPN model (solid line) and HPNOD (dashed line). The x-axis represents the
value of α which shows the overdispersion amount and the y-axis represents the Bias.
n = 60.

generated with and without overdispersion. A Bayesian approach was adopted.

When the data are generated with high overdispersion levels, the HPN model leads

to higher bias and less precise estimates for the variance of the random effect (σ2
b )

than the HPNOD. HPN and HPNOD produce similar results for the slopes.

HPNOD and HPN provide similar bias and precision for the slopes and for the

random-effects variance σb. To check the problem with the intercept estimates

using the HPNOD model, the correlation between the parameters was calculated.

The intercepts between the two models cannot be directly compared, but only

indirectly, given that it takes the form logE(θij) + β0 +0.5σ2
b in the HPNOD and

β0 + 0.5σ2
b in the HPN.
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The Deviance Information Criterion (DIC) was applied to check the overall

performance of both models. The DIC result seems to imply that the HPNOD

is much better than the HPN model for data with high, moderate, and low over-

dispersion. Nevertheless, the HPNOD model has slightly smaller DIC values than

the HPN for data without overdispersion.

The results of the simulation study also show that there is an effect of cluster

size and sample size. The bias and the MSE decrease when the cluster size increases

and there is a slight decrease of the bias and the MSE when the sample size

increases. To investigate the robustness of the simulation study, three different

true values for β were chosen. The results obtained were similar under these three

different true values of β, which underscores the robustness of the simulation study.

Most of our findings for the analysis of the epilepsy data set corroborate the

findings of a great deal of the previous work in this field reported in Molenberghs

et al. (2007). In both studies, there was a difference in the estimates of the in-

tercepts and also on the inference of the slopes using both models. The HPNOD

model shows also that there is no significant change in the number of epileptic

seizures over time for the patients who received the treatment while the HPN mo-

dels does. This underscores the importance of careful extra-dispersion modeling.

Further, both models produce non-significant values for the difference and ratio in

slopes. However, the study done by Molenberghs et al. (2007) shows that there is

significant difference in the slopes using the HPN. In both studies, the HPNOD

model fits better than the HPN model.

Overall, the HPNOD model performs better than the HPN model for data

featuring high, moderate, and low overdispersion level. However, both models

perform similarly for data without overdispersion.
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Table 4.5: Summary of the simulation result of n = 60, t = 10 for over dispersed data
with different α values and without over dispersion data with HPN and HPNOD using
random allocation of patients in to either Treatment or Placebo group.

α

σb Parameter 0.25 1 25 α→∞
HPN HPNOD HPN HPNOD HPN HPNOD HPN HPNOD

0.1 β00 Bias -0.1802 2.7192 -0.0556 -0.0349 -0.0074 -6.9011 -0.005 -8.7534

RelBias -0.0901 1.3596 -0.0278 -0.0174 -0.0037 -3.4506 -0.003 -4.3767

var 0.0604 0.1065 0.0175 0.0442 0.0025 0.5803 0.002 0.0913

MSE 0.0929 7.5007 0.0205 0.0454 0.0025 48.206 0.002 76.71

β01 Bias -0.2637 2.6582 -0.0943 -0.0842 -0.0375 -6.9305 -0.0007 -8.7487

RelBias 0.1318 -1.3291 0.0472 0.0421 0.0188 3.4665 0.0004 4.3767

var 0.1708 0.1579 0.0827 0.1019 0.0647 0.6739 0.054 0.1651

MSE 0.2403 7.2238 0.0916 0.1089 0.0661 48.741 0.054 76.71

β10 Bias -0.0049 -0.0006 -0.0009 -0.0011 0.0002 0.0003 0.0009 0.0010

RelBias -0.0990 -0.0111 -0.0179 -0.0209 0.0029 0.0053 0.019 0.0202

var 0.0017 0.0018 0.0005 0.0005 <0.0001 <0.0001 <0.0001 <0.0001

MSE 0.0017 0.0018 0.0005 0.0005 <0.0001 <0.0001 <0.0001 <0.0001

β11 Bias -0.0033 0.0062 0.0022 0.0039 0.0021 0.0024 -0.003 -0.0031

RelBias -0.0165 0.0312 0.0108 0.0195 0.0106 0.0122 -0.015 -0.0155

var 0.0036 0.0029 0.0016 0.0016 0.0011 0.0011 0.001 0.0011

MSE 0.0036 0.0029 0.0016 0.0016 0.0011 0.0011 0.001 0.0011

σb Bias 0.6288 0.1649 0.2581 0.0871 0.0251 0.0154 0.015 0.0111

RelBias 6.2885 1.6496 2.5808 0.8709 0.2511 0.1543 0.145 0.1113

var 0.0078 0.0050 0.0027 0.0016 0.0004 0.0003 0.0005 0.00005

MSE 0.4033 0.0322 0.0693 0.0092 0.001 0.0006 0.0007 0.00006

α Bias 0.0057 0.0223 9.6462

RelBias 0.0227 0.0223 0.3858

Var 0.0005 0.0075 189.53

MSE 0.0006 0.0080 282.58

0.5 β00 Bias -0.1795 2.7272 -0.0730 0.0005 -0.0095 -6.7143 0.0024 -8.8129

RelBias -0.0898 1.3636 -0.0365 0.0003 -0.0047 -3.3572 0.0012 -4.4065

var 0.0795 0.0984 0.0354 0.0724 0.0106 0.3633 0.0092 0.0467

MSE 0.1117 7.5363 0.0408 0.0724 0.0107 45.445 0.0092 77.71

β01 Bias -0.3174 2.7003 -0.0725 0.0005 -0.0297 -6.7362 -0.007 -8.8225

RelBias 0.1587 -1.3501 0.0362 -0.0003 0.0149 3.3681 0.0004 4.4112

var 0.1637 0.1716 0.0997 0.1152 0.0639 0.4184 0.0607 0.1119

MSE 0.2644 7.4629 0.1049 0.1152 0.0648 45.794 0.0608 77.95

β10 Bias -0.0070 0.0004 0.0033 0.0039 0.0008 0.0007 -0.0005 -0.0005

RelBias -0.1404 0.0071 0.0652 0.0789 0.0166 0.0139 -0.0096 -0.0105

var 0.0020 0.0017 0.0006 0.0006 <0.0001 <0.0001 <0.0001 <0.0001

MSE 0.0020 0.0017 0.0007 0.0006 <0.0001 <0.0001 <0.0001 <0.0001

β11 Bias 0.0066 0.0007 -0.0002 0.0015 0.0001 0.0003 -0.0033 -0.0034

RelBias 0.0329 0.0034 -0.0008 0.0073 0.0007 0.0015 -0.0163 -0.0169

var 0.0029 0.0030 0.0015 0.0014 0.0009 0.0009 0.0008 0.0008

MSE 0.0030 0.0030 0.0015 0.0014 0.0009 0.0009 0.0008 0.0008

σb Bias 0.3807 -0.0039 0.1165 0.0048 0.0259 0.0216 0.0218 0.0204

RelBias 0.7614 -0.0078 0.2330 0.0095 0.0518 0.0432 0.0437 0.0409

var 0.0114 0.0241 0.0050 0.0077 0.0043 0.0044 0.0048 0.0048

MSE 0.1563 0.0241 0.0186 0.0077 0.005 0.0048 0.0052 0.0052

α Bias -0.003 -0.0008 5.564

RelBias -0.0102 -0.0008 0.2226

Var 0.0005 0.0089 89.665

MSE 0.0005 0.0089 120.623
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Table 4.6: Summary of the correlation between α and the parameters for n = 60 and
t = 10 for the HPNOD model.

α = 0.25 α = 1 α = 25 α → ∞
β00 -0.5895 -0.8739 -0.9631 -0.9721

β01 -0.5558 -0.5383 -0.9448 -0.9422

β10 -0.0863 -0.0351 0.0679 0.0053

β11 0.1036 -0.2459 0.0051 0.2307

σb 0.1036 -0.2459 0.0051 0.2307
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Figure 4.6: Simulation Study. Comparison of the DIC of HPN and HPNOD for 100
dataset that are generated from β00 = 2, β01 = −2, β10 = 0.05, β11 = 0.2, and σb = 0.1.
The x-axis represents the value of DIC for the HPNOD model and the y-axis represents
the DIC for HPN and the dashed vertical and horizontal line shows the mean of the DIC
for the 100 data sets.
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5 Comparison of Additive and

Multiplicative Bayesian Models

for Longitudinal Count Data With

Overdispersion Parameters: A

Simulation Study

5.1 Introduction

We have seen in Chapters 3 and 4 that one solution to overdispersion is the use of

a so-called multiplicative model (Brillinger 1986; Manton et al. 1981), in the sense

of including a random effect as a factor in the mean model. The most common

example is the negative-binomial model, where a gamma random effect is used in

the Poisson mean (Greenwood and Yule 1920; Ehrenberg 1959).

Alternatively, additive models introduce random effects into the linear predic-

tor (Aitkin 1996), a natural approach when overdispersion is thought to arise from

the omission of key cofactors. Such random effects, in count-data models or, more

generally, throughout the exponential family, are typically assumed to be normally

distributed.

Both of these ideas were brought together in a so-called combined model by

57
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Booth et al. (2003) and Molenberghs et al. (2007). Moreover, Aregay et al. (2013a)

adopted a Bayesian approach based on Markov Chain Monte Carlo for longitudinal

overdispersed data. However, less attention has been devoted to the evaluation of

the relative performance of the additive and multiplicative models. In this chapter,

we extend the additive model and compare it to the multiplicative model, from a

Bayesian perspective. Simulations are used to this effect.

This chapter is structured as follows. Section 5.2 formalizes the additive and

multiplicative models. The data presented in Section 2.2 are analyzed in Sec-

tion 5.3 and the simulation study is described and results reported in Section 5.4.

5.2 Overdispersion Models

In turn, we introduce an additive and multiplicative overdispersion model for the

data presented in Section 2.2. The approach simultaneously accounts for data

hierarchies and extra-Poisson dispersion.

5.2.1 An Additive Overdispersion Model

To account for overdispersion, McLachlan (1997) among others extends the ge-

neralized linear model framework (GLM) by adding an additive random effect to

the linear predictor. This is appealing whenever overdispersion is believed to arise

from un-modeled heterogeneity, e.g., through covariate omission. We here extend

their work to longitudinal count data by considering two separate random effects;

one for clustering and the other for overdispersion not already accommodated.

Let Yij be defined as in Section 4.2. Assume Yij |bi, θij ∼ Poisson(κij), with

parameter given by:

log(κij) = β00 · Ii + β01 · (1− Ii) + β10 · Ii · tij + β11 · (1− Ii) · tij + bi + θij . (5.1)

Here tij and Ii denotes the same as in Section 4.2. We further assume

an independent vague normal prior for the “fixed effect” parameters β =

(β00, β01, β10, β11)
′; θij ∼ N(0, σ2

θ) is the overdispersion parameter; bi ∼ N(0, σ2
b )

represents the subject-specific effect. The hyper-parameters σ−2
θ and σ−2

b are

assumed to have a flat Gamma prior distribution: σ−2
θ ∼ Γ(0.01, 0.01) and

σ−2
b ∼ Γ(0.01, 0.01) (Gelman 2006).



5.3 Analysis of the Anti-epileptic Drug Data 59

5.2.2 A Multiplicative Overdispersion Model

The multiplicative overdispersion model coincides with the combined model dis-

cussed in Sections 3.3.3 and 4.2. In this model, the overdispersion parameter is

entered as a multiple factor into the mean of the Poisson distribution. While in

the additive approach all random effects enter the predictor function directly, here

an outcome-type-specific random effect is introduced, customarily of a conjugate

type. For instance, a gamma distribution is often used for count data or times-

to-event, whereas a beta distribution is considered for binomial data. While a

convenient choice in view of parameter estimation and inferences, the lack of gene-

rality could be seen as a disadvantage. On the other hand, conjugacy comes with

its advantages, as discussed in Molenberghs et al. (2010).

We now assume that Yij |bi, θij ∼ Poisson(θijλij) with

log(λij) = β00 · Ii + β01 · (1− Ii) + β10 · Ii · tij + β11 · (1− Ii) · tij + bi, (5.2)

bi ∼ N(0, σ2
b ), and θij ∼ Γ(α, β). For convenience of interpretation and identifia-

bility, we assume α = β. Thus, E(θij) = 1 and var(θij) = 1/α. We assumed the

same prior distribution for the parameters as in Section 5.2.1, with the exception

that a uniform prior distribution is assumed for α ∼ U(0, 100).

Depending on the parametrization of the overdispersion parameter θij , the ad-

ditive model can be considered a multiplicative model and vice-versa. This can

be shown as follows: In the additive model (5.1), if we restrict E(eθij ) = 1, the

comparison of the additive and multiplicative models reduces to the comparison

between a log-normal and gamma distributed overdispersion parameter, because

eθij has a log-normal distribution. On the other hand, for the multiplicative mo-

del, the overdispersion parameter θij can be absorbed into the linear predictor

in (5.2) and the transformed gamma effect is reasonably symmetric on the log-

transformation scale. Hence, for count type outcomes, we expect the difference

between the additive and multiplicative model to be relatively small (see Chapter

6 in Section 6.2.2).

5.3 Analysis of the Anti-epileptic Drug Data

For model fitting, we adopted a Bayesian approach using MCMC through the

package R2WinBUGS (Sturtz et al. 2005). For each one of the models, we used
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three chains of 100,000 iterations, a 10,000 burn-in sequence, and thinning equal to

100. The Deviance Information Criteria (DIC, Spiegelhalter et al. 2002; Gelman et

al. 2004) was used for model selection. Convergence was checked using trace plots

and estimated potential scale reduction factors, R̂ (Gelman and Rubin 1992). The

values of R̂ for all parameters were close to one, which implies good convergence

(Table 5.1). In addition, the trace plots considered indicate convergence for all

model parameters.

A summary of the model fits is shown in Table 5.1. The DIC value of the

multiplicative overdispersion model is smaller than that for the additive overdis-

persion model, indicating a better fit for the first. In general, both models provide

similar result for the posterior mean estimate, the standard deviations, and the

95% credible intervals. In neither model is there a significant treatment effect.

The variance of the random effect is approximately 1.2 in both models. However,

the posterior estimate of the intercept for the additive overdispersion model is

slightly smaller than for the multiplicative overdispersion model. The variance of

the overdispersion parameter, σ2
θ = 0.4021, for the additive model indicates the

presence of extra-variability in the data, which is in line with the value of the

variance of the overdispersion parameter for the multiplicative model: α=2.482

and var(θij) = 1/2.482 = 0.4029. When we compare the result of the variance of

the random effect with the variance of the overdispersion parameter, the first one

is larger than the second one, which shows that the between-subject variability is

larger than the extra-model variability. Note that the MC errors are much smaller

than the posterior standard deviation, indicating the efficiency of the posterior

sample mean for the corresponding population estimand.

Furthermore, to compare both models, the posterior predicted values for each

individual were calculated. Results are shown in Figure 5.1. Both models retur-

ned similar predictions. The correlation between the posterior predictive values for

the number of epileptic seizures under both models correlated as highly as 0.999.

Additionally, we graphically investigated the relationship between the overdisper-

sion parameters for both models; the result is shown in Figure 5.2. They are

highly correlated, with a small amount of non-linearity visible in the relationship.

They correlate as highly as 0.97. The above results provide the motivation for a

simulation study to investigate the relative performance of both models.
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Table 5.1: Epilepsy Data. Posterior summary statistics for the the additive and multipli-
cative models.

Par. Mean SD MC error 95% Credible interval R̂

Add Mult Add Mult Add Mult Add Mult Add Mult

β00 0.4696 0.6485 0.1874 0.1854 0.0048 0.0042 (0.0895, 0.8379) (0.2813, 0.9949) 1.00 1.00

β01 0.736 0.9117 0.1808 0.1835 0.0045 0.0042 (0.3755, 1.0940) (0.5538, 1.2690) 1.00 1.00

β10 -0.0133 -0.0117 0.0076 0.0075 1.42E-04 1.52E-04 (-0.0284, 0.0012) (-0.0262, 0.0036) 1.00 1.01

β11 -0.0273 -0.0249 0.0078 0.0078 1.38E-04 1.53E-04 (-0.0430, -0.0119) (-0.0398, -0.0091) 1.00 1.01

β10- β11 0.0132 0.0131 0.0109 0.0108 1.99E-04 2.03E-04 (-0.0079, 0.0348) (-0.0084, 0.0348) 1.00 1.00

β10/β11 0.5384 0.5098 0.9448 0.5744 0.0179 0.0107 (-0.0486, 1.5320) (-0.1411, 1.6900) 1.00 1.05

σ2
b 1.19 1.186 0.2042 0.2084 3.64E-03 3.86E-03 (0.8668, 1.6620) (0.8563, 1.6660) 1.00 1.00

σ2
θ 0.4021 - 0.0364 - 2.36E-04 - (0.3359, 0.4772) - 1.00 -

α - 2.482 - 0.2109 - 0.0043 - (2.0930, 2.9300) - 1.00

DIC 4868.32 4838.73

5.4 Simulation Study

Using simulations, we studied the performance of the additive and multiplicative

overdispersion models in terms of parameter estimation and computation time.

We first present the setup, then the estimation strategy, and finally the results.

5.4.1 Setup of the Simulation Study

5.4.1.1 Definition of the Simulation Scenarios

The general principles of this simulation study are similar to the ones of Section 4.4.

In the first setting, we simulated data according to both models in Section 5.2,

with true values of β00=2, β01=-2, β10=0.05, β11=0.2 and different overdisper-

sion levels. The true values of the dispersion parameter α for the multiplicative

overdispersion model were 0.25, 1, and 25, representing high, moderate, and low

overdispersion, respectively (Aregay et al. 2013a; Section 4.4). The standard de-

viation of the overdispersion parameter (σθ) for the additive model was varied by

specifying different values: 2, 0.8, and 0.2, also here indicating high, moderate, and

low overdispersion. We selected these values because when we simulated the data

under the multiplicative model with α=0.25, 1, and 25 and fitting the additive mo-

del to the simulated data, we obtained estimated values of σθ around 2, 0.8, and

0.2, respectively. The values for σb were equal to 0.1 and 0.5 (Aregay et al. 2013a).

Covariates for treatment and time were included. The number of time points was

equal to 2, 5, 10, and 20. The sample sizes were 30, 60, and 120 subjects; equally
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Figure 5.1: Epilepsy Data. Comparison of additive and multiplicative models using fitted
individual profiles.

divided between the two treatment arms (experimental and placebo). Note that

in setting 1, we used also unbalanced time points up to a maximum of 27 similar

to the epilepsy data set for 60 subjects. All of these choices taken together led to

84 scenarios. For each scenario, 100 data sets were sampled. Note that the second

and third settings are presented in Appendix B.1.1.

5.4.1.2 Fitting Procedure

Both models were fitted for each simulated data set using a Bayesian approach.

JAGS (Plummer 2003) was the Bayesian software used and it was evoked within

R via the package R2jags (Su and Yajima 2011). We used one chain of size 60,000

MCMC iterations with burn-in 30,000 iterations. Note that we considered the

same prior distribution for the parameters as in Section 5.2.1 and Section 5.2.2.

5.4.2 Simulation Results

The results for the first setting with sample size 60 subjects and cluster size 10

are shown in Table 5.2. From the table, we can clearly see that both models

provide similar bias, relative bias, variance, and MSE for most of the parameters
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Figure 5.2: Epilepsy Data. Correlation between the overdispersion parameter obtained
from the additive model and the logarithm of the overdispersion parameter obtained from
the multiplicative model.

when the data are simulated with low overdispersion, regardless of the model. We

noticed that there was high bias and high MSE in α for the data simulated from

the multiplicative model with low overdispersion. However, the bias and the MSE

of σθ is moderate for the data simulated from model (5.1). Hence, caution should

be used with the estimate of α when using the multiplicative model for data with

low values of overdispersion.

On the other hand, when the data are generated with high and moderate over-

dispersion levels in the multiplicative setting, the bias and the MSE of the intercept

for the additive model (misspecified model) were higher than for the multiplica-

tive model. The reverse is true when the data are generated from model (5.1).

Moreover, for the higher overdispersion scenarios for the data generated under

model (5.1), the bias and MSE of σb for the multiplicative model (misspecified

model) were higher than for the additive model (Figure 5.4). However, for the

other scenarios, the bias and the MSE of σb obtained from both models were simi-

lar (Figure 5.5). Besides, the bias and the MSE of the slopes obtained from both

models were similar under all scenarios for moderate and higher overdispersion

levels (Table 5.2; see Appendix B.1.2).
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The performance of both models was compared in terms of their computation

time as well. The results are shown in Table 5.3. When the data are generated

with high and moderate overdispersion levels, regardless of the model, the compu-

tation time of the additive model is smaller than that of the multiplicative model.

This indicates that the additive model converges quickly compared to the multi-

plicative model. However, when the data are generated with low overdispersion

level, especially with σb = 0.1, the computation time of the additive model does

not differ much from the multiplicative model.

In addition to the first setting, two other settings with different true values

of the regression coefficients were considered. The results of these settings were

similar to the first setting (see Appendix B.1.2). Hence, changing the true values

of the regression coefficients does not affect the results.

In all scenarios, in which data are simulated from the multiplicative model with

high and moderate overdispersion, fitting the additive model slightly underesti-

mates the intercepts, that is, the bias of the intercepts is negative. In contrast,

when the data is simulated with additive model with high and moderate over-

dispersion, fitting the multiplicative model slightly overestimates the intercepts

(Table 5.2; see Appendix B.1.2).

Furthermore, we investigated the effect of sample size and cluster size. As

expected, the bias and the MSE of the parameters decrease as the cluster and

sample sizes increase (Figures 5.4–5.9; see Appendix B.1.2). We noticed that, in

most of the cases, for data simulated from the multiplicative model with cluster

size 2, the bias and MSE of β01 and β11 obtained from the additive model were

much higher than from the multiplicative model. The reverse is true for data

simulated from model (5.1); see Appendix B.1.2. Hence, caution should be used

when employing both models for overdispersed data with small cluster sizes.

The results of the data generated with unbalanced time points and 60 subjects,

similar in structure to the motivating data set, are shown in Table 5.4. The results

of this setting were similar to the results of the first setting (Table 5.2). Moreover,

we have generated data with sample sizes n = 30 and n = 120 with unbalanced

time points; the results (details not shown) were similar to the results of the

balanced time points with the same sample size (see Appendix B.1.2).

In general, both models perform similarly, except that the additive model pro-

vides smaller bias and MSE for σb for data generated from model (5.1) with higher

overdispersion levels. Note that, when data are generated with σb = 0.5, in most



5.4 Simulation Study 65

−
3

−
1

0
1

2
3

Cluster Size 2

Alpha

M
S

E
 o

f S
ig

m
a

0.25 1 25

sigma=0.1
sigma=0.5

−
3

−
1

0
1

2
3

Cluster Size 5

Alpha

M
S

E
 o

f S
ig

m
a

0.25 1 25

sigma=0.1
sigma=0.5

−
3

−
1

0
1

2
3

Cluster Size 10

Alpha

M
S

E
 o

f S
ig

m
a

0.25 1 25

sigma=0.1
sigma=0.5

−
3

−
1

0
1

2
3

Cluster Size 20

Alpha

M
S

E
 o

f S
ig

m
a

0.25 1 25

sigma=0.1
sigma=0.5

Figure 5.3: Simulation Study. Comparison of the MSE of the standard deviation of the
random effects for different cluster sizes, using the HPN model (solid line) and HPNOD
(dashed line). The x-axis represents the value of α which shows the amount of overdis-
persion amount and the y-axis represents the MSE. n = 60.

of the scenarios, the bias and MSE of the parameters are slightly smaller than

when generated under σb = 0.1.
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Table 5.2: Summary of the simulation results for n = 60, t = 10, for data generated and
fitted using the additive and multiplicative models, for different overdispersion levels.

α σθ

σb Par. 0.25 1 25 2 0.8 0.2

Add Mult Add Mult Add Mult Add Mult Add Mult Add Mult

0.1 β00 Bias -1.789 -0.011 -0.483 -0.012 -0.022 -0.015 -0.056 1.554 0.015 0.305 -0.004 0.015

Rel.Bias -0.895 -0.005 -0.241 -0.006 -0.012 -0.008 -0.028 0.777 0.008 0.152 -0.002 0.008

var 0.099 0.062 0.023 0.0001 0.004 0.003 0.071 0.146 0.012 0.012 0.003 0.003

MSE 3.300 0.063 0.256 0.016 0.004 0.003 0.074 2.562 0.012 0.104 0.003 0.003

β01 Bias -1.912 -0.008 -0.535 -0.022 -0.051 -0.064 0.019 1.673 -0.016 0.301 -0.019 0.0003

Rel.Bias 0.956 0.004 0.268 0.011 0.025 0.032 -0.009 -0.837 0.008 -0.151 0.009 -0.0002

var 0.169 0.127 0.085 0.069 0.079 0.059 0.103 0.142 0.080 0.049 0.074 0.074

MSE 3.825 0.127 0.371 0.069 0.082 0.063 0.104 2.942 0.0801 0.140 0.074 0.074

β10 Bias -0.001 -0.003 -0.0001 0.0003 -0.0005 0.001 0.005 0.008 0.0007 <0.0001 0.0002 0.0002

Rel.Bias -0.028 -0.058 -0.011 0.007 -0.010 -0.002 0.096 0.160 0.160 <0.0001 0.004 0.004

var 0.003 0.002 0.0001 0.0004 <0.0001 6.12E-05 0.002 0.003 0.0003 0.0003 6.19E-5 6.17E-5

MSE 0.003 0.002 0.0001 0.0004 <0.0001 6.33E-05 0.002 0.003 0.0003 0.0003 6.19E-5 6.17E-5

β11 Bias 0.016 -0.005 0.005 0.001 0.004 0.007 -0.001 -0.004 0.001 -0.0007 0.001 0.001

Rel.Bias 0.081 -0.027 0.023 0.007 0.020 0.034 -0.005 -0.022 0.005 -0.004 0.006 0.005

var 0.003 0.003 0.002 0.001 0.001 0.001 0.002 0.003 0.001 0.001 0.001 0.001

MSE 0.003 0.003 0.002 0.001 0.001 0.001 0.002 0.003 0.001 0.001 0.001 0.001

σb Bias 0.212 0.170 0.087 0.083 0.015 0.019 0.172 0.679 0.061 0.093 0.021 0.022

Rel.Bias 2.120 1.702 0.870 0.828 0.154 0.199 1.718 6.786 0.606 0.929 0.212 0.222

var 0.007 0.006 0.002 0.002 0.0005 0.0005 0.006 0.017 0.001 0.003 0.0004 0.0004

MSE 0.052 0.035 0.009 0.009 0.0007 0.0009 0.0351 0.477 0.001 0.002 0.0009 0.0009

α Bias - 0.003 - 0.021 - 9.714 - - - - - -

Rel.Bias - 0.011 - 0.021 - 0.389 - - - - - -

Var - 0.0005 - 0.014 - 151.08 - - - - - -

MSE - 0.0005 - 0.015 - 245.44 - - - - - -

σθ Bias - - - - - - -0.006 - -0.008 - -0.003 -

Rel.Bias - - - - - - -0.003 - -0.010 - -0.017 -

Var - - - - - - 0.008 - 0.002 - 0.0008 -

MSE - - - - - - 0.008 - 0.002 - 0.0008 -

0.5 β00 Bias -1.759 -0.0104 -0.497 0.008 -0.007 0.020 -0.028 1.604 -0.002 0.313 -0.0006 0.018

Rel.Bias -0.879 -0.005 -0.249 0.004 -0.003 0.010 -0.014 0.802 -0.0001 0.156 -0.0003 0.009

var 0.102 0.078 0.023 0.027 0.009 0.009 0.081 0.147 0.018 0.019 0.011 0.011

MSE 3.196 0.078 0.270 0.027 0.009 0.009 0.082 2.719 0.018 0.117 0.011 0.011

β01 Bias -2.029 -0.009 -0.559 0.0006 -0.0367 -0.068 0.039 1.714 0.003 0.287 -0.026 -0.008

Rel.Bias 1.015 0.005 0.279 -0.0003 0.018 0.034 -0.019 -0.857 -0.001 -0.144 0.013 0.004

var 0.282 0.161 0.096 0.082 0.064 0.067 0.132 0.154 0.061 0.066 0.071 0.069

MSE 4.402 0.161 0.409 0.082 0.065 0.071 0.134 3.093 0.061 0.148 0.071 0.070

β10 Bias -0.012 0.002 -0.002 -0.004 -0.001 0.001 0.002 0.004 -0.001 -0.001 -0.001 -0.001

Rel.Bias -0.241 0.049 -0.030 -0.078 -0.022 0.028 0.046 0.084 -0.020 -0.021 -0.021 -0.021

var 0.003 0.002 0.0005 0.0005 <0.0001 7.13E-05 0.008 0.002 0.0003 0.0003 5.85E-5 5.89E-5

MSE 0.003 0.002 0.0005 0.0005 <0.0001 7.33E-05 0.008 0.002 0.0003 0.0003 5.97E-5 6.0E-5

β11 Bias 0.029 0.001 0.009 -0.002 0.001 0.006 -0.008 -0.014 -0.002 -0.0003 0.002 0.002

Rel.Bias 0.149 0.005 0.046 -0.008 0.006 0.030 -0.038 -0.068 -0.008 -0.001 0.008 0.009

var 0.005 0.003 0.002 0.001 0.001 0.0009 0.003 0.004 0.001 0.001 0.001 0.001

MSE 0.006 0.003 0.002 0.001 0.001 0.0009 0.003 0.004 0.001 0.001 0.001 0.001

σb Bias -0.054 -0.004 -0.017 -0.004 -0.0006 0.018 -0.017 0.425 0.0004 0.028 0.018 0.019

Rel.Bias -0.108 -0.008 -0.034 -0.008 -0.001 0.036 -0.033 0.849 0.001 0.056 0.036 0.037

var 0.019 0.024 0.008 0.007 0.003 0.004 0.023 0.025 0.006 0.006 0.004 0.004

MSE 0.022 0.024 0.008 0.007 0.003 0.004 0.023 0.205 0.006 0.007 0.004 0.004

α Bias - -0.003 - 0.012 - 8.814 - - - - - -

Rel.Bias - -0.010 - 0.012 - 0.353 - - - - - -

Var - 0.0005 - 0.009 - 169.91 - - - - - -

MSE - 0.0005 - 0.009 - 247.58 - - - - - -

σθ Bias - - - - - - 0.021 - 0.002 - -0.003 -

Rel.Bias - - - - - - 0.011 - 0.002 - -0.015 -

Var - - - - - - 0.007 - 0.001 - 0.0008 -

MSE - - - - - - 0.007 - 0.001 - 0.0008 -
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Table 5.3: Computation time (hr:min:sec) of the simulation results for n = 60, t = 10,
for data generated (based on 100 runs) and fitted using the additive and multiplicative
models, for different overdispersion levels.

Data generated from additive model

σθ

2 0.8 0.2

Add Mult Add Mult Add Mult

σb = 0.1 computation time 14:22:04 21:38:11 15:26:09 21:17:58 15:37:41 16:34:31

Data generated from multiplicative model

α

0.25 1 25

Add Mult Add Mult Add Mult

σb = 0.1 computation time 17:13:14 22:20:25 16:53:57 21:29:50 17:02:43 17:21:31

Data generated from additive model

σθ

2 0.8 0.2

Add Mult Add Mult Add Mult

σb = 0.5 computation time 14:25:40 21:37:17 14:11:42 20:31:43 14:26:06 16:28:56

Data generated from multiplicative model

α

0.25 1 25

Add Mult Add Mult Add Mult

σb = 0.5 computation time 14:48:46 23:05:47 14:24:29 21:34:04 14:34:58 17:02:43

5.5 Discussion

This chapter focused on the comparison of two existing models, with additive

and multiplicative approaches to account for overdispersion. A Bayesian view

was adopted. First, the comparison of the two models was undertaken using a

previously analyzed set of data on patients with epileptic seizures. Second, a

simulation study with a total of 108 scenarios was conducted. Furthermore, we

extended the additive model to allow for data hierarchies. In the additive model,

the overdispersion parameter θij is introduced into the linear predictor, whereas in

the multiplicative model it is introduced into the mean of the Poisson distribution.

The Deviance Information Criterion was used to select the best model. The

multiplicative model performed better than the additive model. However, the re-

sults of the posterior estimate of the parameters obtained from the two models were

similar. Both models produce non-significant differences between the treatment

and placebo groups. Moreover, the estimates of the variance of the random effects
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Figure 5.4: MSE of σb for data generated from additive model and fitting the additive
model (solid line) and multiplicative model (dashed line). The x-axis represents the value
of σθ and the y-axis represents the MSE. n = 60.

were similar in both models. Note that both the posterior mean of the dispersion

parameter α of the multiplicative model and the variance of the overdispersion

parameter of the additive model, σ2
θ , indicate that there is excess variability in the

data.

To study the relationship between both models, the correlation between the

overdispersion parameter θij obtained from the additive model and the log(θij)

obtained from the multiplicative model was calculated. It was found to be 0.97,

which shows that they are highly correlated; this is not surprising, of course. In

addition, the individual posterior predictive value of the two models was highly

correlated (ρ = 0.99), underscoring that both models produce similar predictions

over the follow-up period. These individual posterior predictive values were closer

to the observed individual profiles, which shows that both models fitting the data

very well. These results suggest that both model formulations can be used in

conjunction, where one can be seen as a sensitivity analysis for the other.

The main findings of our simulation study were as follows. For low overdisper-

sion levels, both models produce similar bias, relative bias, variance, and MSE for
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Figure 5.5: MSE of σb for data generated from multiplicative model and fitting the additive
model (solid line) and multiplicative model (dashed line). The x-axis represents the value
of α and the y-axis represents the MSE. n = 60.

all parameters. However, if the data are simulated with moderate to high over-

dispersion levels, both models produce different result in terms of the intercept,

while still maintaining agreement in terms of slopes and variance of the random

effect, with the exception that the additive model provides smaller bias and MSE

of σ2
b than the multiplicative model for data simulated from the additive model

with high overdispersion.

We also studied the properties of the dispersion parameter α and the variance

of the overdispersion parameter, σθ. For data generated with high and moderate

overdispersion levels, we obtained unbiased and precise estimate of α and σθ.

However, for low overdispersion level, there are bias and imprecise estimates for

α, while we still found unbiased and precise estimates for σθ. Hence, we should be

careful with the result of α for data with low overdispersion levels.

To assess robustness of the results relative to the choice of true values, three

setting were considered. In all cases, the conclusions are in line with expectation.

Hence, the results do not depend on the choice of the true values. Besides, the

effect of sample size and cluster size was studied. The bias, relative bias, variance,

and MSE decrease as the cluster size and sample size increase. Note that both the

additive and multiplicative models produce bias and imprecise estimates of β01
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Figure 5.6: Bias of β10 for data generated from additive model and fitting the additive
model (solid line) and multiplicative model (dashed line). The x-axis represents the value
of σθ and the y-axis represents the bias result. n = 60.

and β10 with cluster size 2. Thus, caution should be exercised when using these

models for small cluster sizes.

In summary, both models can be used as useful alternatives for overdispersed

data. Computationally, the additive model converges faster than the multiplicative

model.
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Table 5.4: Summary of the simulation result for n = 60 with unbalanced time points
for data generated and fitted using the additive and multiplicative models, for different
overdispersion levels.

α σθ

σb Par. 0.25 1 25 2 0.8 0.2

Add Mult Add Mult Add Mult Add Mult Add Mult Add Mult

0.1 β00 Bias -1.813 -0.038 -0.503 -0.027 -0.034 -0.002 0.017 1.660 0.005 0.319 -0.0009 0.015

RelBias -0.903 -0.019 -0.252 -0.013 -0.017 -0.0009 0.008 0.830 0.003 0.159 -0.0005 0.008

var 0.057 0.035 0.039 0.008 0.027 0.002 0.041 0.085 0.008 0.008 0.001 0.002

MSE 3.342 0.036 0.316 0.009 0.027 0.002 0.041 2.842 0.008 0.110 0.001 0.002

β01 Bias -1.894 -0.032 -0.526 -0.036 -0.041 0.007 -0.012 1.650 -0.010 0.304 0.002 0.019

RelBias 0.945 0.016 0.263 0.018 0.021 -0.003 0.006 -0.825 0.005 -0.152 -0.0008 -0.009

var 0.116 0.054 0.039 0.036 0.038 0.016 0.047 0.094 0.023 0.022 0.013 0.013

MSE 3.701 0.055 0.316 0.038 0.039 0.016 0.047 2.817 0.023 0.115 0.013 0.013

β10 Bias -0.005 0.0009 -0.0005 0.001 -0.0005 -5.65E-05 -0.001 0.003 -0.0009 -0.0008 0.0002 0.0001

RelBias -0.104 0.019 -0.009 0.020 -0.009 -0.001 -0.020 0.068 -0.018 -0.0160 0.004 0.002

var 0.0003 0.0003 8.95E-05 6.51E-05 1.11E-05 1.07E-05 0.0003 0.0006 5.64E-05 6.22E-05 8.27E-6 9.54E-6

MSE 0.0003 0.0003 8.97E-05 6.61E-05 1.13E-05 1.07E-05 0.0003 0.0006 5.71E-05 6.29E-05 8.31E-6 9.56E-6

β11 Bias 0.005 -0.0008 0.002 0.002 0.0004 -0.004 0.0005 0.001 -0.0003 -0.0003 -0.0003 -0.0003

RelBias 0.026 -0.004 0.009 0.009 0.002 -0.002 0.002 0.007 -0.001 -0.001 -0.002 -0.001

var 0.0007 0.0004 0.0001 0.0001 4.96E-05 5.4E-05 0.0004 0.0008 0.0001 0.0001 5.04E-05 4.44E-5

MSE 0.0007 0.0004 0.0002 0.0001 4.98E-05 5.41E-05 0.0004 0.0008 0.0001 0.0001 5.05E-05 4.45E-5

σb Bias 0.163 0.127 0.065 0.055 0.014 0.014 0.133 0.615 0.045 0.075 0.016 0.014

RelBias 1.629 1.272 0.650 0.545 0.138 0.142 1.329 6.154 0.454 0.747 0.163 0.143

var 0.006 0.004 0.002 0.0009 0.0004 0.0005 0.005 0.020 0.0009 0.002 0.0005 0.0003

MSE 0.032 0.020 0.006 0.004 0.0006 0.0007 0.0231 0.399 0.003 0.007 0.0008 0.0005

α Bias - 0.015 - 0.021 - 5.297 - - - - - -

RelBias - 0.060 - 0.021 - 0.212 - - - - - -

Var - 0.007 - 0.007 - 79.789 - - - - - -

MSE - 0.008 - 0.007 - 107.85 - - - - - -

σθ Bias - - - - - - -0.002 - 0.0009 - -0.006 -

RelBias - - - - - - -0.001 - 0.001 - -0.028 -

Var - - - - - - 0.004 - 0.0008 - 0.0004 -

MSE - - - - - - 0.004 - 0.0008 - 0.0004 -

0.5 β00 Bias -1.830 -0.023 -0.458 -0.025 -0.022 -0.007 0.014 1.629 0.005 0.318 0.0005 0.019

RelBias -0.915 -0.011 -0.229 -0.012 -0.011 -0.004 0.007 0.815 0.003 0.159 0.0003 0.009

var 0.074 0.044 0.021 0.015 0.012 0.013 0.055 0.129 0.018 0.017 0.011 0.012

MSE 3.424 0.045 0.231 0.016 0.013 0.013 0.055 2.725 0.018 0.119 0.011 0.012

β01 Bias -1.854 -0.024 -0.548 0.006 0.0008 0.019 -0.032 1.652 8.0E-05 0.319 0.004 0.026

RelBias 0.927 0.012 0.274 -0.003 -0.0004 -0.009 0.016 -0.826 -4E-05 -0.159 -0.002 -0.013

var 0.135 0.059 0.039 0.041 0.025 0.025 0.077 0.109 0.029 0.029 0.026 0.026

MSE 3.572 0.059 0.340 0.041 0.025 0.025 0.078 2.837 0.029 0.132 0.026 0.027

β10 Bias -0.001 0.0004 -0.004 0.0007 -6.03E-05 0.0002 -0.002 0.002 -0.002 -0.001 -0.0004 -0.0004

RelBias -0.026 0.008 -0.072 0.014 -0.001 0.004 -0.043 0.034 -0.032 -0.029 -0.008 -0.008

var 0.0004 0.0003 0.0001 9.58E-05 1.27E-05 1.84E-05 0.0004 0.0008 6.64E-05 7.33E-05 1.00E-5 1.07E-5

MSE 0.0004 0.0003 0.0001 9.63E-05 1.27E-05 1.85E-05 0.00008 0.002 6.88E-05 7.54E-05 1.02E-5 1.09E-5

β11 Bias 0.003 0.0009 0.004 -3.15E-05 -0.0008 -0.0007 0.002 0.002 0.0003 -0.0001 1.00E-05 4.3E-06

RelBias 0.013 0.005 0.022 -0.0002 -0.004 -0.004 0.009 0.011 0.001 -0.0006 5.0E-05 2.17E-05

var 0.0007 0.0004 0.0002 0.0002 6.45E-05 6.39E-05 0.0004 0.0009 0.0001 0.0001 6.82E-05 7.4E-05

MSE 0.0007 0.0004 0.0002 0.0002 6.51E-05 6.44E-05 0.0004 0.0009 0.0001 0.0001 6.82E-05 7.4E-05

σb Bias -0.065 -0.009 -0.005 0.016 0.009 0.009 -0.008 0.379 0.017 0.030 0.013 0.013

RelBias -0.131 -0.018 -0.011 0.032 0.017 0.018 -0.017 0.758 0.034 0.060 0.025 0.026

var 0.016 0.018 0.006 0.007 0.004 0.004 0.018 0.032 0.006 0.006 0.004 0.004

MSE 0.019 0.018 0.006 0.007 0.004 0.004 0.018 0.176 0.006 0.007 0.004 0.004

α Bias - 0.012 - 0.009 - 4.573 - - - - - -

RelBias - 0.046 - 0.009 - 0.183 - - - - - -

Var - 0.007 - 0.006 - 78.11 - - - - - -

MSE - 0.007 - 0.006 - 99.02 - - - - - -

σθ Bias - - - - - - 0.011 - 0.005 - -0.005 -

RelBias - - - - - - 0.006 - 0.006 - -0.024 -

Var - - - - - - 0.004 - 0.0009 - 0.0003 -

MSE - - - - - - 0.004 - 0.0009 - 0.0003 -
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Figure 5.7: Bias of β10 for data generated from multiplicative model and fitting the additive
model (solid line) and multiplicative model (dashed line). The x-axis represents the value
of α and the y-axis represents the bias result. n = 60.
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Figure 5.8: MSE of σb (top figure) and Bias of β10 (bottom figure) for data generated from
multiplicative model and fitting the additive model (solid line) and multiplicative model
(dashed line). Cluster size=10.



5.5 Discussion 73

−
0.

6
−

0.
4

−
0.

2
0.

0
0.

2
0.

4
0.

6

Sample Size 30

Sigma1

M
S

E
 o

f S
ig

m
a

2 0.8 0.2

sigma=0.1
sigma=0.5

−
0.

6
−

0.
4

−
0.

2
0.

0
0.

2
0.

4
0.

6

Sample Size 60

Sigma1

M
S

E
 o

f S
ig

m
a

2 0.8 0.2

sigma=0.1
sigma=0.5

−
0.

6
−

0.
4

−
0.

2
0.

0
0.

2
0.

4
0.

6

Sample Size 120

Sigma1

M
S

E
 o

f S
ig

m
a

2 0.8 0.2

sigma=0.1
sigma=0.5

−
0.

02
−

0.
01

0.
00

0.
01

0.
02

Sample Size 30

Sigma1

B
ia

s 
of

 B
et

a1
0

2 0.8 0.2

sigma=0.1
sigma=0.5

−
0.

02
−

0.
01

0.
00

0.
01

0.
02

Sample Size 60

Sigma1

B
ia

s 
of

 B
et

a1
0

2 0.8 0.2

sigma=0.1
sigma=0.5

−
0.

02
−

0.
01

0.
00

0.
01

0.
02

Sample Size 120

Sigma1

B
ia

s 
of

 B
et

a1
0

2 0.8 0.2

sigma=0.1
sigma=0.5

Figure 5.9: MSE of σb (top figure) and Bias of β10 (bottom figure) for data generated from
additive model and fitting the additive model (solid line) and multiplicative model (dashed
line). Cluster size=10.





Chapter

6 Hierarchical Bayesian

Overdispersion Models for

Non-Gaussian Repeated

Measurement Data

6.1 Introduction

Non-Gaussian clustered outcomes (binary, binomial, count, and time-to-event

data) occur frequently in a wide variety of statistical applications. Molenberghs

et al. (2007) proposed a method that jointly accommodates random effects at the

clustered level and an overdispersion random effect at the observation level. Mo-

reover, Molenberghs et al. (2010) extended their method for count data to other

data types.

To incorporate learning from previous studies, Aregay et al. (2013a) (Chap-

ter 4) recast the combined model in a Bayesian framework. On the other hand,

Aregay et al. (2013b) (Chapter 5) proposed an additive model as an alternative

to the original combined model, in which they allow two separate random effects;

the first one for the clustering and the second random effect for the overdisper-

sion, which is now introduced additively into the linear predictor. Their work was

restricted to the Poisson outcome case. In this chapter, we generalize the additive

75
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model to the exponential family (binary, binomial, count, and time-to-event data),

which will be discussed in Section 6.2. In Section 6.3, we implement the model in

real data sets and compare it to the multiplicative combined model. Moreover, we

study the impact of misspecification of the GLM and GLMM for hierarchical and

overdispersed data using a simulation study, which will be reported in Section 6.4.

6.2 Statistical Methodology

We will set out by introducing the combined model, in its multiplicative and

additive forms. The additive version of the combined model, for other than count

data, has not been studied before.

6.2.1 Multiplicative Overdispersion Model

The general formulation of the multiplicative model for each of the exponential fa-

mily members is discussed in detail in Molenberghs et al. (2010). In the remainder

of this section, we will discuss the multiplicative approach in particular for data

sets discussed in Section 2.3–2.7.

6.2.1.1 Poisson Multiplicative Model for the Epilepsy Data Set

We assume that Yij is the number of epileptic seizures for subject i = 1, 2, . . . , 59,

at visit j = 1, 2, 3, 4. In line with Breslow and Clayton (1993) and Thall and

Vail (1990), we transformed base to lbasei=log(basei/4); we also transformed age

to lagei=log(agei). A treatment by log(basei/4) interaction was also entered into

the model. We can now consider the multiplicative overdispersion model:

Yij |bi, θij ∼ Poisson(θijλij),

log(λij) = β0 + βBase · lbasei + βAge · lagei
+ βTrt · Ii + βV4 · V4j + βBI · Ii · lbasei + bi,

(6.1)

where Ii is 1 for patient i when administered the treatment and 0 for placebo, V4j is

an indicator variable for the 4th visit, θij ∼ Gamma(α, β) and bi ∼ N(0, σ2
b ). The

covariates considered in (6.1) were obtained from a large set of predictors using

a preliminary step-down procedure (Thall and Vail 1990). Since the preliminary

analysis shows that the counts were substantially lower during the fourth visit, V4j
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was included to model such effects (Breslow and Clayton 1993). We assumed an

independent and non-informative normal prior for the coefficients, a flat gamma

prior for the precision: σ−2
b ∼ G(0.01,0.01) (Gelman 2006); and a uniform prior

distribution for α: α ∼ U(0, 100) (Aregay et al. 2013ab). To avoid identification

problems, the constraint β = α was used. Moreover, to improve convergence, all

of the covariates, Ii, V4j , lbasei, lagei, and Ii · lbasei were centered about their

mean.

6.2.1.2 Bernoulli Multiplicative Model for the Onychomycosis Study

Let Yij be the jth binary response for subject i coded as 1 for severe infection and

0 otherwise. The multiplicative model considered takes the form:

Yij |bi, θij ∼ Bernoulli(πij = θijλij),

logit(λij) = β1Ii + β2(1− Ii) + β3Iitij + β4(1− Ii)tij + bi,
(6.2)

where θij ∼ Beta(α, β), bi ∼ N(0, σ2
b ), Ii is the treatment indicator, and tij

the time point. A vague normal prior was assumed for the components of β =

(β1, β2, β3, β4), a uniform prior for α and β; α ∼ U(0, 100) and β ∼ U(0, 100), and

a flat gamma prior was used for the precision: σ−2
b ∼ G(0.01, 0.01).

6.2.1.3 Binomial Multiplicative Model for the HIV Study

The following multiplicative model was employed for the HIV data introduced in

Section 2.5:

Yij |bi, θij ∼ Binomial(πij = θijλij ,mij),

logit(λij) = β0 + βj + bi, (6.3)

(j = 1, 2, . . . , 8), where Yij is the event for subject i at time j, πij is the prevalence

and mij is the number of trials. A diffuse normal prior was used for βj . The

prior distribution of the θij , bi, and the precision are the same as in Section

6.2.1.2. Hierarchical centering was applied for the intercept β0 due to convergence

issue. Hence, (6.3) is of the form: logit(λij) = βj + bi, with bi ∼ N(β0, σ
2
b ).

Moreover, to remove convergence problems, we amended the model by imposing

the constraint β = α and a uniform prior distribution for α was assumed: α ∼
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U(1, 100) (Kassahun et al. 2011).

6.2.1.4 Weibull Multiplicative Model for the Asthma and Kidney Data

We apply the Weibull multiplicative model for both time-to-event data sets. First,

we define the model for the asthma data. Assume Yij is the time at risk for a

particular asthma attack, the multiplicative model is as follows:

Yij |bi, θij ∼ Weibull(r, θijλij),

log(λij) = β0 + β1Ii + bi.
(6.4)

Here Ii is the treatment indicator which takes value 1 for the patients who received

the drug and 0 for placebo group. Further, r is the Weibull shape parameter.

Second, turning to the kidney data set, now Yij is the time to first and second

recurrence of infection in kidney patients on dialysis. The multiplicative model is

of the form

Yij |bi, θij ∼ Weibull(r, θijλij),

log(λij) = β0 + β1 · ageij + β2 · sexi + β3 ·Di1 + β4 ·Di2 + β5 ·Di3 + bi,
(6.5)

where ageij is a continuous covariate, sexi is a two-level factor which takes value 1

for females and 0 for males, Dik, (k = 1, 2, 3) are the dummy variables coding for

the disease type, referring to Glomerulo Nephritis, Acute Nephritis, and Polycystic

Kidney Disease, respectively.

We used a truncated Weibull for censored observations. In both data sets,

an independent diffuse normal prior was used for the fixed regression coefficients.

Because of convergence problems, for both asthma and kidney data sets, the shape

parameter is assumed to be r = 1. The prior distribution for θij and bi is the same

as in Section 6.2.1.1.

6.2.2 Additive Overdispersion Model

Sometimes the multiplicative model discussed in Section 6.2.1 fails to converge and

even if it does, convergence may be slow. Hence, in this section, we propose an

alternative model. Aregay et al. (2013b) implemented the additive overdispersion

model for hierarchical and overdispersed count data. The alternative formulation
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also expands the modeler’s toolkit, and both formulations can be compared for

quality of fit. In this chapter, we will generalize their model to exponential fami-

lies. In analogy with the multiplicative formulation, we allow two separate ran-

dom effects. The first one captures subject heterogeneity and a certain amount of

overdispersion; the second one is for the remaining extra-model-variability. Throu-

ghout the exponential family, we assume a normal distribution for both random

effects. The general family is the same as in (3.6), except that the mean now is:

ηij = h(µa
ij) = h[E(Yij |bi, θij)] = xij

′β+zij
′bi+θij , where µ

a
ij is the mean of the

additive model, bi, xij , zij , and β are the same as in Section 3.3.2. The random

effect θij is assumed to be normally distributed, i.e., θij ∼ N(0, σ2
θ). Whereas

the random effects bi are subject-specific, the θij are specific to the measurements

within subjects.

The additive overdispersion model was implemented for the data discussed

in Section 2.3–2.7. The specification of the additive model for all theses data

is similar to the multiplicative model described in Section 6.2.1, but now the

overdispersion parameter θij is introduced on the same scale as the linear predictor

and assumed to be normally distributed. A flat gamma prior was used for the

precision: σ−2
θ ∼ G(0.01, 0.01).

Clearly, the difference between the additive and the multiplicative models is

on the specification of the overdispersion random effect θij . For time-to-event and

count data, the link function is logarithmic, which means that the multiplicative

effect could also be absorbed into the linear predictor; it therefore affects the in-

tercept but not the other parameters. Moreover, the transformed gamma effect,

which is the distribution of the overdispersion random effect for the multiplicative

model, is reasonably symmetric. This implies that for these data types, the dif-

ference between the multiplicative and additive models may be relatively small.

However, for the binary and binomial cases, the multiplicative effect cannot be

absorbed into the linear predictor because the logit and probit links, to name the

commonly used ones, do not allow for this.

6.3 Data Application

The models formulated in the previous section will now be fitted, along with the

simpler GLM and GLMM models. The additive and multiplicative models are

fitted with/without clustering random effects. The versions without clustering
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random effects evidently account for overdispersion only. The models were fitted

in the WinBugs and R2WinBugs packages, using a Markov Chain Monte Carlo

(MCMC) sampling method. We used three chains of 100,000 iterations, with

10,000 initial samples, which were discarded from the analysis, thinning was set to

100. The Deviance information Criterion (DIC, Spiegelhalter et al. 2002; Gelman

et al. 2004) was chosen for model selection. The trace plot, the potential scale

reduction factor (Gelman and Rubin 1992), the autocorrelation plot and the Brook,

Gelman, Rubin (BGR) plot were used for the assessment of model convergence.

All these diagnostic techniques for all models fitted to the data sets discussed in

Section 2.3–2.7 indicate good convergence. The model fits and resulting inferences

will now be discussed in turn.

6.3.1 Epilepsy Study

The posterior mean estimates and the 95% credible intervals for the parameters

are shown in Table 6.1. The best fitting models are the additive and multiplica-

tive models with clustering random effects. Next to these, the additive and the

multiplicative model without clustering random effects perform better than the

GLMM, indicating that the extra-variability is actually more important than the

clustering in this study. As expected, the worst performing model is the GLM.

In all models, the treatment is found to be significant. However, the variable

age and the interaction between treatment and baseline are significant in the GLM,

and in the additive and multiplicative models without clustering random effect

while they are insignificant in the GLMM, and in the additive and multiplicative

models with clustering random effect models. This is not unexpected because the

GLM underestimates the standard error of the parameter when clustering and

extra-variability are present in the data. This may lead to incorrect conclusions:

a variable which is not significant may erroneously be declared significant. It is

equally unsurprising that we find significance of age and the interaction between

treatment and baseline with the additive and multiplicative models without cluste-

ring random effects, given that both of these models ignore the correlation between

the outcomes within a subject.
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Table 6.1: Epilepsy Study. Posterior mean estimates and 95% credible interval for genera-
lized linear model, generalized linear mixed model, multiplicative with/without clustering
random effect and additive with/without clustering random effect bi.

GLM Multiplicative w/o bi Additive w/o bi GLMM Multiplicative with bi Additive with bi

Par. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I.

β0 -2.73 (-3.52, -1.91) -1.50 (-3.10, 0.11) -1.78 (-3.37, -0.18) -1.31 (-3.73, 1.17) -1.42 (-3.84, 0.99) -1.28 (-3.73, 1.22)

βBase 0.95 (0.87, 1.03) 0.90 (0.74, 1.08) 0.91 (0.74, 1.00) 0.88 (0.59, 1.15) 0.88 (0.60, 1.17) 0.88 (0.62, 1.16)

βAge 0.89 (0.66, 1.11) 0.55 (0.07, 1.04) 0.58 (0.12, 1.05) 0.48 (-0.25, 1.19) 0.49 (-0.22, 1.19) 0.47 (-0.26, 1.18)

βTrt -1.34 (-1.64, -1.04) -0.91 (-1.47, -0.38) -0.97 (-1.52, -0.41) -0.95 (-1.79, -0.17) -0.94 (-1.77, -0.10) -0.93 (-1.80, -0.09)

βV4
-0.16 (-0.27, -0.05) -0.14 (-0.36, 0.08) -0.09 (-0.32, 0.14) -0.16 (-0.27, 0.05) -0.10 (-0.28, 0.07) -0.12 (-0.28, 0.05)

βBT 0.56 (0.44, 0.69) 0.35 (0.09, 0.62) 0.37 (0.10, 0.65) 0.35 (-0.06, 0.79) 0.34 (-0.10, 0.77) 0.34 (-0.09, 0.77)

σb 0.54 (0.43, 0.68) 0.50 (0.37, 0.65) 0.51 (0.38, 0.65)

σθ 0.60 (0.51, 0.69) 0.36 (0.29, 0.45)

α 2.75 (2.04, 3.63) 8.10 (4.95, 13.37)

DIC 1646.98 1168.11 1181.17 1271.62 1152.91 1157.29

6.3.2 Onychomycosis Study

The results of the posterior estimates, the 95% credible intervals of the parameters,

and the DIC values are presented in Table 6.2. The DIC values for the GLMM,

multiplicative and additive models with clustering random effects models are si-

milar. This is unsurprising because the between-subject variability (σb) is much

larger than the extra-variability in both the additive and multiplicative models

with clustering random effects. Hence, in this study, the clustering is more impor-

tant than the extra-variability. The GLM and the multiplicative model without

the clustering random effect have almost the same DIC value (For both models,

the DIC is approximately equal to 1820). This is likely due to the extra-variability

being small, so that the multiplicative model without clustering random effects

will then simplify to a GLM model. Note that the additive model without cluste-

ring random effect is based on 15,000 iterations with a burn-in sequence of length

5000. The model fails after this point. This is due to the fact that capturing over-

dispersion in binary data is notoriously difficult. Recall that for univariate binary

data, there can be no overdispersion. This indicates that for correlated binary

data, overdispersion is actually a weak phenomenon, thus rendering convergence

difficult. On the other hand, for a multiplicative model with/without clustering

random effects, there was a convergence problem when we used α ∼ U(0, 100) and

β ∼ U(0, 100) priors. The estimates of α and β were equal to 72.01 and 4.209 for

the multiplicative with clustering random effect while they were 59.75 and 4.635
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for the multiplicative without clustering random effect, respectively. This is not

surprising, and in line with what is observed with likelihood inferences. Hence, to

improve convergence, we used α ∼ U(70, 75) and β ∼ U(3, 6) priors (Kassahun et

al. 2011). These encompass the above estimates, for the multiplicative model with

the clustering random effect while α ∼ U(56, 62) and β ∼ U(3, 6) priors for the

multiplicative model without clustering random effect. The results in Table 6.2

are based on these priors and convergence was unproblematic. Alternatively, one

could consider applying a constraints on α and β, and estimating only one of them;

this will be taken up in the simulation study.

The posterior estimates and the 95% credible intervals of the parameters for

the GLM, the multiplicative, and the additive model without clustering random

effects are similar. Likewise, the results of the parameter estimates for the GLMM,

the additive, and the multiplicative model with normal random effects are close

to each other, but the magnitude of the posterior estimates are larger than the

results obtained from the models without the clustering random effect. Moreover,

the 95% credible intervals for the models with clustering random effects are wider

than the 95% credible interval from the models without clustering random effects.

However, in all models, the evolution of the treatment and placebo group over

time was significant.

Table 6.2: Onychomycosis Study. Posterior mean estimates and 95% credible interval
for generalized linear model, generalized linear mixed model, multiplicative with/without
clustering random effect and additive with/without clustering random effect bi.

GLM Multiplicative w/o bi Additive w/o bi GLMM Multiplicative with bi Additive with bi

Par. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I.

β1 -0.53 (-0.75, -0.31) -0.42 (-0.64, -0.19) -0.60 (-0.94, -0.34) -1.80 (-2.74, -0.93) -1.80 (-2.92, -0.83) -1.83 (-2.85, -0.94)

β2 -0.56 (-0.77, -0.34) -0.44 (-0.67, -0.21) -0.62 (-0.96, -0.36) -1.66 (-2.58, -0.83) -1.64 (-2.77, -0.59) -1.71 (-2.70, -0.85)

β3 -0.26 (-0.32, -0.20) -0.26 (-0.33, -0.20) -0.27 (-0.36, -0.20) -0.57 (-0.70, -0.46) -0.74 (-1.05, -0.51) -0.58 (-0.71, -0.47)

β4 -0.18 (-0.23, -0.13) -0.18 (-0.23, -0.13) -0.19 (-0.26, -0.14) -0.41 (-0.51, -0.32) -0.45 (-0.57, -0.35) -0.42 (-0.52, -0.33)

σb 4.14 (3.41, 5.00) 4.93 (3.80, 6.40) 4.21 (3.49, 5.06)

σθ 0.56 (0.08, 1.80) 0.26 (0.07, 0.63)

α/β 13.55 (9.81, 19.27) 17.53 (12.27, 23.85)

DIC 1819.69 1819.89 1831.79 955.524 947.57 953.60
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6.3.3 HIV Study

Table 6.3 summarizes the posterior summary statistics for the models fitted to the

HIV study. From the table, we clearly see that the multiplicative and additive

models with clustering random effects perform better than the other models, un-

derscoring the presence of both clustering and extra-variability in the data. Next

to these models, the additive and multiplicative models without clustering ran-

dom effect perform better than the GLMM, showing that extra-variability is more

important than clustering when only one of the two is included. The GLM is the

worst model with extremely large DIC value than the other models. The poste-

rior estimates and the 95% credible interval of the parameters β1, . . . , β6, obtained

from the GLM are different in sign and magnitude from the results obtained from

the additive and multiplicative models with/without clustering random effect mo-

dels. As expected, the 95% credible interval obtained from the GLM are narrower

than those obtained from the other models, because the former underestimates

the standard error of the parameters. As a result, some of the parameters (such as

β1, β2, β3, β4), which are significant in the GLM, were found to be insignificant in

the other models. In contrast, β3, which is significant in the GLMM, was found to

be insignificant in the additive model with/without clustering random effect and

the multiplicative model with clustering random effect models.

Table 6.3: HIV Study. Posterior mean estimates and 95% credible interval for genera-
lized linear model, generalized linear mixed model, multiplicative with/without clustering
random effect and additive with/without clustering random effect bi.

GLM Multiplicative w/o bi Additive w/o bi GLMM Multiplicative with bi Additive with bi

Par. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I.

β0 -1.83 (-1.85, -1.81) 0.30 (0.09, 0.66) -1.98 (-2.37, -1.58) -2.13 (-2.44, -1.82) -1.09 (-1.59, -0.60) -2.03 (-2.47, -1.62)

β1 0.17 (0.14, 0.19) -1.16 (-1.55, -0.85) -0.15 (-0.74, 0.41) 0.02 (-0.01, 0.05) -0.06 (-0.26, 0.13) -0.10 (-0.26, 0.06)

β2 0.11 (0.84, 0.14) -1.21 (-1.59, -0.90) -0.18 (-0.06, 0.01) -0.03 (-0.06, 0.01) -0.09 (-0.29, 0.10) -0.15 (-0.31, 0.02)

β3 0.15 (0.12, 0.18) -0.95 (-1.35, -0.64) -0.11 (-0.68, 0.42) 0.04 (0.01, 0.07) -0.11 (-0.31, 0.83) -0.09 (-0.26, 0.08)

β4 0.08 (0.05, 0.11) -0.89 (-1.29, -0.57) -0.10 (-0.67, 0.45) -0.01 (-0.04, 0.03) -0.11 (-0.31, 0.08) -0.10 (-0.26, 0.06)

β5 0.07 (0.04, 0.10) -0.96 (-1.36, -0.65) -0.17 (-0.71, 0.35) -0.01 (-0.04, 0.02) -0.21 (-0.41, -0.03) -0.15 (-0.32, 0.01)

β6 0.03 (-0.01, 0.06) -0.97 (-1.37, -0.65) -0.19 (-0.76, 0.37) -0.04 (-0.07, -0.01) -0.23 (-0.44, -0.04) -0.17 (-0.33, -0.01)

β7 -0.003 (-0.03, 0.03) -0.88 (-1.29, -0.55) -0.18 (-0.73, 0.34) -0.22 (-0.42, -0.03) -0.29 (-0.53, -0.08) -0.16 (-0.33, 0.01)

β8 -0.004 (-0.03, 0.03) -0.68 (-1.10, -0.32) -0.23 (-0.76, 0.34) -0.08 (-0.11, -0.04) -0.27 (-0.46, -0.08) -0.19 (-0.37, -0.03)

σb 0.87 (0.64, 1.22) 1.08 (0.78, 1.52) 0.88 (0.64, 1.23)

σθ 0.87 (0.78, 0.97) 0.25 (0.22, 0.28)

α 1.14 (1.01, 1.34) 13.19 (9.99, 17.05)

DIC 45576.50 1612.09 1614.61 3816.21 1595.95 1597.27
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6.3.4 Asthma Attack Study

Table 6.4 shows the DIC, posterior estimates, and 95% credible intervals of the pa-

rameters for the recurrent asthma attack study. The additive model with clustering

random effect was the best model among the ones considered in this study. The

next best model was the multiplicative model with clustering random effect. This

indicates that the clustering and the overdispersion should be taken into account

during modeling when both are present. The additive model without clustering

random effect and the GLMM were the next best models. Using a GLM model for

these data will lead to a significant effect of the treatment while the other models

prove insignificant for treatment effect.

The results for the kidney data set are shown in Table 6.5. In this study,

all the models perform similarly. This is likely due to the fact that the between

variability, σb, and the overdispersion (σθ) are relatively small, as shown in the

table. In such cases, the complex models will reduce to their simpler versions.

If neither clustering nor overdispersion are present, both the additive and the

multiplicative model with clustering random effect simplify to the GLM. If there

is no clustering, the GLMM will simplify to a GLM. On the other hand, if there is

no extra-variability in the data, the additive and the multiplicative model without

clustering random effect will reduce to the GLM. In such cases, we expect the

estimates, their corresponding standard errors, and the 95% credible interval of

the parameters to be in line with each other. We can clearly see this pattern in all

models reported in Table 6.5, except for β4, in which it is significant under a GLM

and a multiplicative model without clustering random effect, while insignificant

with the others.

Table 6.4: Asthma Attack Study. Posterior mean estimates and 95% credible interval
for generalized linear model, generalized linear mixed model, multiplicative with/without
clustering random effect and additive with/without clustering random effect bi.

GLM Multiplicative w/o bi Additive w/o bi GLMM Multiplicative with bi Additive with bi

Par. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I.

β0 -4.26 (-4.32, -4.19) -3.94 (-4.03, -3.83) -4.06 (-4.15, -3.96) -4.36 (-4.48, -4.25) -4.22 (-4.37, -4.07) -4.26 (-4.39, -4.13)

β1 -0.10 (-0.18, -0.01) -0.08 (-0.20, 0.04) -0.08 (-0.20, 0.05) -0.10 (-0.26, 0.07) -0.09 (-0.26, 0.08) -0.09 (-0.27, 0.08)

σb 0.50 (0.43, 0.58) 0.48 (0.40, 0.56) 0.47 (0.39, 0.56)

σθ 0.68 (0.59, 0.76) 0.44 (0.31, 0.56)

α 3.42 (2.71, 4.32) 9.15 (4.87, 20.82)

DIC 18679 18638 18551 18556 18519 18490
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Table 6.5: Kidney Study. Posterior mean estimates and 95% credible interval for genera-
lized linear model, generalized linear mixed model, multiplicative with/without clustering
random effect and additive with/without clustering random effect bi.

GLM Multiplicative w/o bi Additive w/o bi GLMM Multiplicative with bi Additive with bi

Par. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I. Mean Cred. I.

β0 -3.79 (-4.82, -2.85) -3.77 (-4.81, -2.78) -3.77 (-4.83, -2.78) -3.76 (-4.92, -2.61) -3.73 (-4.92, -2.70) -3.76 (-4.92, -2.65)

β1 0.002 (-0.02, 0.03) 0.003 (-0.02, 0.03) 0.002 (-0.02, 0.03) 0.002 (-0.02, 0.03) 0.002 (-0.02, 0.03) 0.002 (-0.02, 0.03)

β2 0.04 (-0.75, 0.82) 0.06 (-0.75, 0.85) 0.12 (-0.78, 1.02) 0.11 (-0.84, 1.11) 0.12 (-0.83, 1.05) 0.16 (-0.86, 1.17)

β3 0.52 (-0.26, 1.31) 0.50 (-0.30, 1.27) 0.50 (-0.39, 1.35) 0.52 (-0.41, 1.45) 0.53 (-0.45, 1.51) 0.51 (-0.49, 1.47)

β4 -1.37 (-2.55, -0.26) -1.31 (-2.56, -0.16) -1.2 (-2.52, 0.10) -1.06 (-2.48, 0.40) -1.03 (-2.47, 0.45) -1.02 (-2.47, 0.45)

β5 -1.59 (-2.24, -0.89) -1.60 (-2.25, -0.92) -1.62 (-2.31, -0.89) -1.63 (-2.41, -0.85) -1.63 (-2.41, -0.84) -1.63 (-2.40, -0.82)

σb 0.46 (0.03, 0.96) 0.44 (0.02, 0.94) 0.40 (0.02, 0.94)

σθ 0.42 (0.03, 0.91) 0.35 (0.01, 0.84)

α 48.68 (4.45, 98.05) 51.34 (5.60, 97.77)

DIC 672.78 672.21 671.24 671.56 671.56 671.74

6.4 Simulation Study

Aregay et al. (2013b) conducted an extensive simulation study to compare the ad-

ditive and multiplicative models for hierarchical and overdispersed count data. In

this chapter, we discuss a focused simulation study for binary, binomial, and time-

to-event data. The objectives of the simulation study are as follows: first, to study

the impact of misspecification of the GLM and GLMM models for overdispersed

and hierarchical data; second, to compare the performance of the additive and

multiplicative models in terms of parameter estimation, 95% coverage probability,

computation time, and DIC values. We will address these issues in the remainder

of this section. Note that, for the time-to-event and binomial simulation study,

60,000 MCMC iterations with a length 30,000 burn-in sequence was used. For the

binary case, we used 6000 MCMC iterations with a 3000 burn-in sequence. This

choice is inspired by the speed of convergence. For all the simulation studies, the

R2jags package was used.

6.4.1 Exponential Model for Time-to-event Data

The design of the simulation studies is chosen similar to the one of Aregay et

al. (2013ab) (Sections 4.4 and 5.4). Data were sampled from both additive and

multiplicative models with clustering random effect. The mean structure is the
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same as in (6.4) with true values of the parameters taken from the analysis of

the recurrence asthma attack study; β0 = −4.36, β1 = −0.098. In line with

Aregay et al. (2013b), the overdispersion parameter, θij , was sampled from a

gamma distribution for the multiplicative and from a normal distribution for the

additive model with different overdispersion levels: high (α=0.25 for multiplicative

and σθ=2 for additive), moderate (α=2 and σθ=1) and low (α=25 and σθ=0.1)

overdispersion. The random intercept was generated from a normal distribution

with mean 0 and standard deviation either σb = 0.1 or 0.5. Similar to the analysis

of the recurrence asthma attack study in Section 6.2.1.4, the shape parameter of

the Weibull distribution was set equal to r = 1.

The cluster size and sample size were equal to 10 and 60, respectively. From

these 60 subjects, half of them were assigned to the treatment and the other half to

the placebo group. One hundred data sets were generated from the additive and

multiplicative models, and the GLM, GLMM, the additive, and multiplicative

models were fitted to each simulated data set. The bias and relative bias of

the parameters were calculated. The bias measures the difference between the

expected value of the parameter estimates and the true value of the parameter,

while the relative bias is the ratio between the bias and true value of the parameter.

In addition, to check the precision of the parameter estimates, the mean square

error (MSE) was reported. The models were also compared in terms of inference

and model fit using the 95% coverage probability and DIC values, respectively.

We will not present full details of bias, relative bias, and MSE, for the GLM

and GLMM. We present in Table 6.8 the 95% coverage probability for both mo-

dels for data generated from the additive and multiplicative models. For high and

moderate overdispersion, misspecification of the GLM leads to invalid inference

of the intercept and the slope while misspecification of the GLMM leads to in-

valid inference of the intercept and the standard deviation of the random effect,

which measures the variability between subjects. However, misspecifcation of the

GLMM does not cause serious flaws in inference for the slope. For low overdis-

persion, misspecification of the GLM and GLMM does not affect estimation and

inference. Note that, as the standard deviation of the random intercept increases

from 0.1 to 0.5, the impact of misspecification of the GLM increases even for low

overdispersion. This is due to the fact that the GLM underestimates the standard

error of the parameters when there is high variability between subjects.

Table 6.6 summarizes the results for data generated and fitted using additive
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Figure 6.1: Simulation Study. Comparison of the DIC of data generated from the additive
(top figure) and multiplicative (bottom figure) models, for 100 data sets. The x (y)-axis
represents the DIC value of the additive (multiplicative) models. The dashed lines show
the mean DIC values.

and multiplicative models. In general, both models produce similar results, except

that there is some difference in the estimates of the intercept and the standard

deviation of the random effect for high overdispersion. This pattern is also seen

in Table 6.7, in terms of inference. For data generated with high and moderate

overdispersion, misspecification of the additive or multiplicative model affects the

inference of the intercept. On the other hand, using the multiplicative model,

for data generated from the additive model with high overdispersion and less

between-subject variation (σb = 0.1), affects the inference regarding between-

subject variation. This impact will be less when the between-subject variation

increases to σb = 0.5. According to the DIC values, both models fit the data

generated similarly, except that the additive model has slightly lower DIC values

than the multiplicative model for data generated from the additive model with

high overdispersion (Figure 6.1). As we expected and described in Section 6.2.2,

there is a difference between the two models in the estimation and inference of the

intercept (Aregay et al. 2013a).
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Table 6.6: Time-to-event study. Summary of the simulation results for n = 60, t = 10,
for data generated and fitted using the additive and multiplicative models, for different
overdispersion levels.

α σθ

0.25 2 25 2 1 0.2

σb Par. Meas. Add Mult Add Mult Add Mult Add Mult Add Mult Add Mult

0.1 β00 Bias -2.855 -0.037 -0.260 -0.014 -0.022 -0.036 -0.035 0.967 -0.027 0.289 0.0009 0.025

Rel.Bias 0.655 0.008 0.059 0.003 -0.012 0.008 0.008 -0.222 0.006 -0.066 -0.0002 -0.006

var 0.048 0.031 0.006 0.009 0.004 0.066 0.016 0.036 0.007 0.013 0.004 0.004

MSE 8.197 0.032 0.074 0.009 0.082 0.067 0.018 0.970 0.008 0.097 0.064 0.004

β01 Bias -0.022 0.006 -0.0002 0.011 -0.051 0.003 0.046 -0.018 0.031 -0.015 0.015 -0.011

Rel.Bias 0.225 -0.066 0.002 -0.115 0.025 -0.029 -0.469 0.187 -0.317 0.155 -0.156 0.111

var 0.120 0.066 0.013 0.013 0.079 0.008 0.037 0.058 0.017 0.018 0.017 0.005

MSE 0.121 0.066 0.013 0.013 0.082 0.008 0.039 0.058 0.018 0.019 0.018 0.006

σb Bias 0.274 0.175 0.082 0.079 -0.0005 0.053 0.141 0.235 0.089 0.096 0.049 0.043

Rel.Bias 2.745 1.747 0.817 0.791 -0.010 0.532 1.412 2.348 0.891 0.959 0.488 0.428

var 0.014 0.005 0.002 0.002 <0.0001 0.002 0.004 0.013 0.002 0.002 0.002 0.0008

MSE 0.089 0.036 0.009 0.008 <0.0001 0.005 0.024 0.068 0.009 0.012 0.004 0.003

α Bias - 0.0006 - 0.106 - 27.339 - - - - - -

Rel.Bias - 0.002 - 0.053 - 1.094 - - - - - -

Var - 0.0002 - 0.115 - 124 - - - - - -

MSE - 0.0002 - 0.126 - 872 - - - - - -

σθ Bias - - - - - - -0.017 - -0.012 - 0.075 -

Rel.Bias - - - - - - -0.009 - -0.012 - 0.755 -

Var - - - - - - 0.014 - 0.002 - 0.002 -

MSE - - - - - - 0.014 - 0.005 - 0.007 -

DIC 10657.57 10636.21 7340.48 7310.92 6737.88 6684.31 7291.11 7368.24 7135.66 7094.80 6635.87 6559.61

0.5 β00 Bias -2.861 -0.027 -0.019 -0.014 -0.007 -0.019 -0.039 0.976 -0.030 0.298 -0.006 0.017

Rel.Bias 0.656 0.006 0.004 0.003 -0.003 0.004 0.009 -0.224 0.007 -0.068 0.001 -0.004

var 0.059 0.041 0.008 0.018 0.009 0.007 0.019 0.047 0.012 0.024 0.009 0.014

MSE 8.246 0.042 0.080 0.018 0.009 0.008 0.021 1.000 0.013 0.113 0.009 0.014

β01 Bias -0.010 0.012 0.013 0.011 -0.0367 0.013 0.056 -0.017 0.039 -0.017 0.024 -0.012

Rel.Bias 0.107 -0.118 -0.129 -0.108 0.018 -0.129 -0.570 0.174 -0.402 0.170 -0.248 0.118

var 0.148 0.084 0.018 0.030 0.064 0.018 0.044 0.073 0.027 0.033 0.019 0.021

MSE 0.148 0.084 0.018 0.030 0.065 0.018 0.047 3.074 0.028 0.034 0.136 0.021

σb Bias -0.046 -0.094 -0.005 -0.007 0.001 -0.004 -0.073 0.071 -0.019 0.003 -0.005 0.0004

Rel.Bias -0.091 -0.189 -0.009 -0.014 0.006 -0.009 -0.146 0.141 -0.037 0.006 -0.009 0.008

var 0.029 0.021 0.004 0.008 0.001 0.004 0.020 0.023 0.009 0.008 0.005 0.004

MSE 0.031 0.029 0.004 0.008 0.001 0.004 0.022 0.028 0.009 0.008 0.005 0.004

α Bias - -0.0008 - 0.067 - 25.88 - - - - - -

Rel.Bias - -0.003 - 0.033 - 1.036 - - - - - -

Var - 0.0002 - 0.121 - 114 - - - - - -

MSE - 0.0002 - 0.125 - 785 - - - - - -

σθ Bias - - - - - - -0.005 - 0.004 - -0.089 -

Rel.Bias - - - - - - -0.002 - 0.004 - 0.889 -

Var - - - - - - 0.037 - 0.005 - 0.002 -

MSE - - - - - - 0.037 - 0.005 - 0.009 -

DIC 10657.40 10650.89 7364.21 7343.62 6760.72 6733.16 7249.52 7372.93 7147.30 7112.10 6675.40 6616.74
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Table 6.7: Time-to-event study. 95 % coverage probability of the simulation results for
n = 60, t = 10, for data generated and fitted using the additive and multiplicative models,
for different overdispersion levels.

α σθ

0.25 2 25 2 1 0.2

σb Par. Add Mult Add Mult Add Mult Add Mult Add Mult Add Mult

0.1 β00 0 96 16 96 97 95 96 0 97 21 95 95

β01 98 97 97 96 99 97 97 90 97 95 98 98

σb 94 96 96 97 97 98 95 68 97 92 95 98

α - 94 - 94 - 97 - - - - - -

σθ - - - - - - 96 - 93 - 97 -

0.5 β00 0 94 43 96 96 94 93 0 95 44 97 96

β01 97 94 98 95 96 99 95 96 98 97 99 97

σb 100 95 93 99 97 92 93 92 95 94 94 98

α - 92 - 92 - 99 - - - - - -

σθ - - - - - - 96 - 94 - 93 -

Table 6.8: Time-to-event study. 95 % coverage probability of the simulation results for
n = 60, t = 10, for data generated using the additive and multiplicative models, for
different overdispersion levels and fitted using a generalized linear model and a generalized
linear mixed model.

α σθ

0.25 2 25 2 1 0.2

σb Par. GLM GLMM GLM GLMM GLM GLMM GLM GLMM GLM GLMM GLM GLMM

0.1 β00 0 0 0 0 91 96 0 0 0 4 92 94

β01 1 94 24 96 94 99 29 93 64 93 93 97

σb - 0 - 0 - 93 - 0 - 0 - 93

0.5 β00 0 0 0 1 29 98 0 0 0 14 43 94

β01 3 92 20 96 73 97 30 94 40 98 63 97

σb - 0 - 30 - 99 - 0 - 30 - 94
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6.4.2 Bernoulli Model for Binary Data

Molenberghs et al. (2012) studied the performance of the GLMM and combined

model for binary and binomial data, which are simulated from a GLMM. We

study here the behavior of the GLM, GLMM, additive, and multiplicative models,

for binary data generated from additive and multiplicative models with normal

random effect. The mean structure is assumed equal to that in (6.2), Yij |bi, θij ∼
Binomial(πij ,mij = 1). The true values of the model parameters were taken

from the analysis of the onychomycosis study, i.e., β1 = −1.804, β2 = −1.659,

β3 = −0.574, and β4 = −0.411. For the additive model, the overdispersion random

effect, θij , was sampled from a N(0, σθ) with σθ = 0.1; 1; 2, which corresponds

to low, moderate, and high overdispersion levels, respectively. However, for the

multiplicative model, the overdispersion random effect, θij , was simulated from

a beta distribution with α and β hyper parameters. To avoid identifiability and

hence convergence problems, the constraint β = α was used. Unlike the hyper

parameter α in Section 6.4.1, the values of α = 0.25; 2; 25 does not correspond to

high, moderate, and low overdispersion, respectively. To show this, first, let us

define the variance of θij , var(θij) = αβ/[(α+ β)2(α+ β + 1)]. As in Section 6.4.1,

we used α = 0.25; 2; 25 and var(θij) = 0.005; 0.05; 0.16, respectively. Hence, there

is not much difference in the overdispersion level by considering different values of

the hyper parameter α. The between-subject variation here was equal to 0.1 and

0.5.

Because the repeated measurement of the Bernoulli outcome typically exhibits

weak overdispersion, it is hard to fit, especially with small sample size. Hence,

we considered a sufficiently large sample size with 300 subjects, each of them

measured at 10 time points. Half of them were assigned to the treatment group

and the other half to the placebo group. One hundred data sets were generated

and the GLM, GLMM, additive, and multiplicative models were fitted.

The 95% coverage probability for data sampled from the additive and multi-

plicative models and fitted using GLM and GLMM are displayed in Table 6.11.

For data generated from the additive model with high overdispersion, misspecifi-

cation of the GLM causes serious flaws in inference for all parameters. However,

for data generated from an additive model with moderate overdispersion, misspe-

cification of the GLM only affects the intercept while misspecification of the GLM

affects neither the intercept nor the slope for low overdispersion. For the multi-
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plicative overdispersion, misspecification of the GLM affects only the inference of

intercepts but not for the slopes. On the other hand, for data generated from the

multiplicative model, misspecification of the GLMM causes flaws in inference for

the intercepts and the between-subject variation (σb). For data simulated from an

additive model with high overdispersion, misspecification of the GLMM produces

invalid inferences for all parameters. However, for moderate and low overdisper-

sion, it does not affect the inference of the parameters, except for the between

subject variation.

From Table 6.9, we can see that misspecification of the multiplicative or the ad-

ditive model only affects estimation of the intercepts but not of the slopes and

the between-subject variation. The DIC results show that both models perform

similarly except for the data generated from the additive model with high overdis-

persion; then, the additive model provides slightly better fit than the multiplicative

model.

Table 6.10 summarizes the 95% coverage probability for data generated and fitted

using additive and multiplicative models. For the data sampled from the multi-

plicative model with small between-subject variation (σb=0.1), misspecification of

the additive model affects inference of the intercepts and the between-subject va-

riation but not the slopes. However, when the between-subject variation increases

to 0.5, the 95% coverage probability for the between-subject variation increases.

For data simulated from the additive model with high overdispersion, using the

additive or multiplicative model affects the inference about all of the parameters.

Nevertheless, the 95% coverage probability of the slopes from the multiplicative

model is slightly higher than from the additive model. For data sampled from

an additive model with low and moderate overdispersion, misspecification of the

multiplicative model affects the intercept and the between-subject variation. Both

the multiplicative and the additive models produce invalid inferences for the dis-

persion parameter and the variance of the overdispersion parameter, respectively.

Generally, both the additive and the multiplicative models perform similarly, ex-

cept the 95% coverage probability of the slopes favors the multiplicative model for

data sampled from the additive model with high overdispersion.
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Table 6.9: Bernoulli study. Summary of the simulation results for n = 300, t = 10,
for data generated and fitted using the additive and multiplicative models, for different
overdispersion levels.

α σθ

0.25 2 25 2 1 0.2

σb Par. Meas. Add Mult Add Mult Add Mult Add Mult Add Mult Add Mult

0.1 β00 Bias -0.877 -0.091 -0.842 -0.048 -0.802 -0.022 0.752 1.759 0.284 1.174 -0.079 0.769

RelBias 0.486 0.050 0.467 0.027 0.444 0.012 -0.417 -0.975 -0.158 -0.651 0.044 -0.426

var 0.312 0.345 0.314 0.335 0.365 0.401 0.043 0.067 0.097 0.122 0.132 0.170

MSE 1.080 0.353 1.022 0.338 1.009 0.402 0.609 3.163 0.177 1.501 0.139 0.762

β01 Bias -0.932 -0.129 -0.995 -0.198 -0.875 -0.072 0.668 1.732 0.241 1.178 -0.074 0.804

RelBias 0.562 0.078 0.599 0.119 0.527 0.043 -0.403 -1.044 -0.145 -0.709 0.045 -0.485

var 0.158 0.163 0.139 0.160 0.144 0.169 0.021 0.035 0.036 0.047 0.061 0.083

MSE 1.027 0.179 1.128 0.199 0.910 0.175 0.468 3.034 0.094 1.434 0.066 0.729

β10 Bias -0.085 -0.106 -0.114 -0.133 -0.112 -0.130 0.127 0.083 -0.006 -0.041 -0.039 -0.066

RelBias 0.149 0.185 0.198 0.232 0.196 0.227 -0.222 -0.144 0.011 0.072 0.067 0.114

var 0.048 0.051 0.067 0.075 0.077 0.086 0.003 0.004 0.011 0.014 0.019 0.023

MSE 0.055 0.062 0.080 0.093 0.089 0.102 0.019 0.011 0.011 0.016 0.021 0.027

β11 Bias -0.021 -0.040 0.002 -0.011 -0.027 -0.044 0.105 0.062 0.011 -0.024 -0.021 -0.046

RelBias 0.052 0.097 -0.006 0.026 0.065 0.106 -0.256 -0.151 -0.027 0.057 0.050 0.112

var 0.013 0.015 0.008 0.009 0.011 0.013 0.001 0.002 0.003 0.003 0.006 0.002

MSE 0.014 0.017 0.008 0.009 0.012 0.015 0.012 0.006 0.003 0.004 0.006 0.009

σb Bias 0.375 0.427 0.366 0.377 0.319 0.366 0.163 0.190 -0.791 0.278 0.240 0.276

RelBias 3.75 4.262 3.661 3.769 3.198 3.665 1.623 1.905 -0.791 2.778 2.404 2.759

var 0.072 0.082 0.041 0.054 0.044 0.055 0.008 0.014 0.016 0.031 0.014 0.035

MSE 0.213 0.263 0.175 0.196 0.147 0.189 0.035 0.050 0.068 0.108 0.072 0.111

α Bias - 14.078 - - 14.45 - -8.093 - - - - - -

RelBias - 56.31 - 7.23 - -0.323 - - - - - -

Var - 249.77 - 345.29 - 370.36 - - - - - -

MSE - 447.96 - 554.11 - 435.86 - - - - - -

σθ Bias - - - - - - -1.789 - -0.791 - 0.124 -

RelBias - - - - - - -0.894 - -0.791 - 1.243 -

Var - - - - - - 0.014 - 0.015 - 0.027 -

MSE - - - - - - 3.213 - 0.641 - 0.042 -

DIC 447.68 463.75 441.39 442.17 431.89 437.67 1541.91 1611.07 956.54 978.64 741.64 731.94

0.5 β00 Bias -0.819 -0.047 -0.822 -0.006 -0.770 -0.007 0.748 1.766 0.293 1.201 -0.013 0.863

RelBias 0.454 0.026 -0.456 0.003 0.427 0.004 -0.414 -0.979 -0.163 -0.666 0.007 -0.479

var 0.246 0.347 0.267 0.295 0.260 0.329 0.048 0.069 0.088 0.118 0.143 0.169

MSE 0.916 0.349 0.943 0.295 0.853 0.329 0.606 3.138 0.174 1.562 0.143 0.915

β01 Bias -0.887 -0.093 -0.926 -0.111 -0.829 -0.035 0.672 1.762 0.271 1.227 -0.042 0.865

RelBias 0.535 0.056 0.558 0.067 0.499 0.021 -0.405 -1.062 -0.164 -0.739 0.025 -0.522

var 0.157 0.193 0.158 0.150 0.165 0.187 0.021 0.034 0.043 0.063 0.074 0.078

MSE 0.944 0.202 1.02 0.163 0.853 0.188 0.473 3.138 0.116 1.568 0.075 0.827

β10 Bias -0.053 -0.076 -0.079 -0.104 -0.083 -0.106 0.086 -0.105 0.011 -0.027 -0.036 -0.072

RelBias 0.092 0.133 0.137 0.182 0.145 0.184 -0.149 0.182 -0.020 0.047 0.063 0.125

var 0.003 0.032 0.051 0.066 0.049 0.011 0.004 0.011 0.009 0.011 0.018 0.024

MSE 0.031 0.038 0.057 0.077 0.056 0.068 0.011 0.022 0.009 0.011 0.019 0.029

β11 Bias -0.013 -0.034 0.0003 -0.012 -0.026 -0.049 0.146 -0.111 0.019 -0.018 -0.015 -0.046

RelBias 0.033 0.083 -0.008 0.029 0.064 0.120 0.004 0.271 -0.046 0.044 0.036 0.111

var 0.011 0.012 0.008 0.009 0.013 0.016 0.002 0.013 0.003 0.004 0.005 0.006

MSE 0.011 0.013 0.008 0.009 0.014 0.018 0.005 0.026 0.003 0.004 0.005 0.008

σb Bias 0.019 0.083 -0.024 0.0008 0.008 0.083 -0.176 -0.089 -0.093 -0.040 -0.078 0.011

RelBias 0.039 0.166 -0.048 0.002 0.015 0.166 -0.352 -0.178 -0.186 -0.081 -0.155 0.022

var 0.069 0.139 0.060 0.096 0.071 0.138 0.019 0.036 0.022 0.046 0.044 0.069

MSE 0.069 0.146 0.061 0.096 0.071 0.145 0.050 0.043 0.031 0.047 0.049 0.069

α Bias - 14.767 - 14.89 - -9.172 - - - - - -

RelBias - 59.06 - 7.448 - -0.367 - - - - - -

Var - 218.05 - 340.98 - 339.18 - - - - - -

MSE - 536.007 - 562.92 - 423.31 - - - - - -

σθ Bias - - - - - - -1.772 - -0.779 - 0.149 -

RelBias - - - - - - -0.886 - -0.779 - 1.495 -

Var - - - - - - 0.032 - 0.018 - 0.058 -

MSE - - - - - - 3.172 - 0.624 - 0.080 -

DIC 502.65 506.06 490.08 488.25 483.49 496.50 1680.80 1760.88 1065.18 1085.52 857.59 851.26
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Table 6.10: Bernoulli study. 95% coverage probability of the simulation results for n =
300, t = 10, for data generated and fitted using the additive and multiplicative models,
for different overdispersion levels.

α σθ

0.25 2 25 2 1 0.2

σb Par. Add Mult Add Mult Add Mult Add Mult Add Mult Add Mult

0.1 β00 57 94 57 92 64 92 6 0 84 8 94 43

β01 32 95 21 95 34 94 3 0 83 0 93 27

β10 95 92 90 91 91 90 44 74 93 94 93 90

β11 95 96 93 96 95 95 25 70 97 97 96 94

σb 53 45 45 52 51 42 67 63 64 58 66 60

α - 0 - 28 - 28 - - - - - -

σθ - - - - - - 0 - 0 - 42 -

0.5 β00 54 92 57 97 58 93 1 0 80 8 91 39

β01 30 94 28 94 34 93 2 0 80 1 97 14

β10 95 93 97 93 95 94 36 70 95 96 93 89

β11 95 97 93 95 91 89 19 72 94 97 98 95

σb 88 80 88 82 93 81 66 82 88 87 83 87

α - 0 - 33 - 27 - - - - - -

σθ - - - - - - 0 - 0 - 45 -

Table 6.11: Bernoulli study. 95% coverage probability of the simulation results for n =
300, t = 10, for data generated using the additive and multiplicative models and fitted
using a generalized linear model (GLM) and a generalized linear mixed model (GLMM).

α σθ

0.25 2 25 2 1 0.2

σb Par. GLM GLMM GLM GLMM GLM GLMM GLM GLMM GLM GLMM GLM GLMM

0.1 β00 69 59 69 60 66 62 3 5 74 80 93 95

β01 40 30 32 26 46 39 1 2 69 80 96 94

β10 97 95 94 90 90 91 37 42 93 94 92 92

β11 95 95 93 94 95 95 22 21 95 96 95 96

σb - 49 - 47 - 53 - 70 - 49 - 51

0.5 β00 73 58 65 62 72 70 4 4 62 73 86 89

β01 44 35 35 28 49 37 0 1 54 77 95 99

β10 95 94 95 97 96 95 31 38 94 95 93 92

β11 95 95 95 94 92 91 14 17 93 96 98 98

σb - 83 - 89 - 89 - 77 - 87 - 89
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6.4.3 Binomial Model

The simulation study that we consider here, is designed as the one in Section 6.4.2,

except now Yij |bi, θij ∼ Binomial(πij ,mij = 20). For convenience, we assumed

the number of trials to be fixed for all observations. The sample size and clus-

ter size were equal to 60 and 10, respectively. The bias, relative bias, variance,

and MSE are given in Table 6.12, and the 95% coverage probability is presented

in Table 6.13. For data sampled from the multiplicative model, misspecification

of the additive model provides invalid inferences and high bias and MSE for the

intercept parameters. For data simulated from the additive model with high and

moderate overdispersion, misspecification of the multiplicative model causes esti-

mation and inference problems for the intercept and between-subject variation. In

contrast, only estimation and inferences for the intercept for data simulated from

the additive model with low overdispersion is affected. However, in all scenarios,

there is no such problem with estimation and inference of the slopes.

For binomial data generated from the additive model with high overdispersion,

misspecification of the GLM and GLMM leads to invalid inferences of the parame-

ters. As the overdispersion level decreases, the impact of misspecification of these

two models reduces. The additive and the multiplicative models perform similarly

here also, except that there are some differences in the estimation and inferences

of the intercepts using both models.

The computation time for time-to-event, binary, and binomial data generated

and fitted using the additive and multiplicative models is presented in Table 6.15.

Note that the VSC infrastructure (Flemish supercomputer center) was used for

all simulations and six combinations were run in parallel. Hence, the computation

time given in Table 6.15 is the total CPU time for six combinations (σb = 0.1, 0.5,

α = 0.25, 2, 25; 2× 3 = 6 combinations for data generated from the multiplicative

model and σb = 0.1, 0.5, σθ = 0.1, 1, 2; 2× 3 = 6 combinations for data generated

from the additive model). In all scenarios, the additive model converges faster

than the multiplicative model, especially for binary data, where the computation

time for the multiplicative is nearly double that of the additive model.
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Table 6.12: Binomial study. Summary of the simulation results for n = 60, t = 10
for data generated and fitted using the additive and multiplicative models, for different
overdispersion levels.

α σθ

0.25 2 25 2 1 0.2

σb Par. Meas. Add Mult Add Mult Add Mult Add Mult Add Mult Add Mult

0.1 β00 Bias -1.037 -0.137 -0.863 -0.062 -0.824 -0.050 -0.029 2.455 -0.032 1.149 -0.039 0.787

RelBias 0.575 0.076 0.478 0.034 0.457 0.028 0.016 -1.361 0.018 -0.637 0.022 -0.436

var 0.075 0.080 0.074 0.072 0.057 0.051 0.116 0.419 0.051 0.071 0.027 0.032

MSE 1.149 0.099 0.819 0.076 0.735 0.054 0.116 6.445 0.052 1.39 0.029 0.652

β01 Bias -1.063 -0.138 -0.873 -0.054 -0.811 -0.018 -0.009 2.865 -0.002 1.229 -0.034 0.829

RelBias 0.641 0.083 0.526 0.032 0.488 0.011 0.005 -1.727 0.001 -0.741 0.020 -0.499

var 0.059 0.065 0.036 0.039 0.041 0.046 0.089 0.518 0.035 0.056 0.021 0.037

MSE 1.189 0.084 0.797 0.043 0.698 0.047 0.089 8.729 0.035 1.567 0.022 0.724

β10 Bias -0.025 -0.027 0.0001 -0.004 -0.002 -0.007 -0.006 -0.107 -0.001 -0.011 -0.007 -0.025

RelBias 0.044 0.047 -0.0002 0.007 0.004 0.013 0.010 0.187 0.002 0.049 0.012 0.044

var 0.008 0.008 0.009 0.009 0.008 0.007 0.004 0.012 0.003 0.004 0.004 0.004

MSE 0.008 0.008 0.009 0.009 0.008 0.007 0.004 0.024 0.003 0.004 0.004 0.005

β11 Bias -0.006 -0.012 0.008 0.0009 0.008 -0.0007 -0.003 -0.111 -0.004 -0.017 -0.004 -0.024

RelBias 0.014 0.029 -0.019 - 0.002 -0.017 0.002 0.006 0.273 0.009 0.041 0.010 0.059

var 0.003 0.003 0.002 0.003 0.003 0.003 0.003 0.012 0.002 0.002 0.001 0.002

MSE 0.003 0.003 0.003 0.003 0.003 0.003 0.003 0.025 0.002 0.002 0.001 0.0002

σb Bias 0.181 0.193 0.134 0.155 0.105 0.117 0.163 1.339 0.113 0.335 0.072 0.092

RelBias 1.805 1.931 1.337 1.549 1.049 1.173 1.626 13.39 1.127 3.347 0.727 0.915

var 0.008 0.012 0.004 0.006 0.001 0.003 0.005 0.045 0.003 0.012 0.001 0.004

MSE 0.040 0.049 0.022 0.030 0.012 0.003 0.031 1.84 0.016 0.124 0.006 0.012

α Bias - 4.938 - 41.38 - 25.46 - - - - - -

RelBias - 19.75 - 20.69 - 1.018 - - - - - -

Var - 163.55 - 172.39 - 92.64 - - - - - -

MSE - 187.94 - 1884.96 - 740.84 - - - - -

σθ Bias - - - - - - 0.021 - 0.003 - 0.118 -

RelBias - - - - - - 0.011 - 0.003 - 1.181 -

Var - - - - - - 0.014 - 0.002 - 0.007 -

MSE - - - - - - 0.014 - 0.002 - 0.007 -

DIC 880.90 728.41 779.12 728.01 706.65 659.78 1391.69 1573.96 1281.84 1334.70 983.05 941.96

0.5 β00 Bias -1.081 -0.130 -0.854 -0.035 -0.813 -0.031 -0.042 2.434 -0.048 1.148 -0.032 0.803

RelBias 0.599 0.072 -0.474 0.019 0.451 0.017 0.025 -1.349 0.027 -0.637 0.018 -0.445

var 0.089 0.080 0.081 0.077 0.054 0.054 0.139 0.460 0.059 0.074 0.035 0.041

MSE 1.258 0.097 0.811 0.079 0.714 0.055 0.142 6.384 0.061 1.393 0.036 0.686

β01 Bias -1.112 -0.138 -0.889 -0.051 -0.816 -0.013 -0.010 2.851 -0.009 1.254 -0.033 0.849

RelBias 0.670 0.083 0.536 0.031 0.492 0.008 0.006 -1.719 0.006 -0.756 0.020 -0.512

var 0.067 0.061 0.045 0.051 0.053 0.060 0.103 0.607 0.047 0.09 0.032 0.049

MSE 1.304 0.079 0.836 0.054 0.718 0.060 0.103 8.736 0.047 1.662 0.033 0.772

β10 Bias -0.016 -0.016 -0.003 -0.008 0.0002 -0.007 -0.002 -0.105 0.006 -0.011 -0.004 -0.027

RelBias 0.028 0.028 0.005 0.015 -0.0004 0.012 0.003 0.182 -0.009 0.019 0.006 0.046

var 0.007 0.007 0.007 0.007 0.008 0.007 0.005 0.011 0.003 0.004 0.003 0.003

MSE 0.008 0.007 0.007 0.007 0.008 0.007 0.005 0.022 0.003 0.003 0.003 0.004

β11 Bias -0.0005 -0.004 0.009 0.002 0.011 0.001 -0.0005 -0.111 -0.002 0.02 -0.001 -0.027

RelBias 0.001 0.010 -0.023 -0.004 -0.026 -0.003 0.001 0.271 0.005 0.053 0.003 0.065

var 0.002 0.003 0.002 0.003 0.003 0.003 0.003 0.013 0.002 0.03 0.001 0.002

MSE 0.003 0.003 0.003 0.003 0.003 0.003 0.003 0.026 0.002 0.003 0.001 0.002

σb Bias -0.031 0.034 -0.050 -0.007 -0.065 -0.028 -0.094 1.061 -0.045 0.177 -0.012 0.042

RelBias -0.061 0.069 -0.101 -0.013 -0.131 -0.056 -0.188 2.122 -0.090 0.354 -0.024 0.085

var 0.031 0.031 0.020 0.023 0.013 0.014 0.019 0.057 0.014 0.014 0.009 0.011

MSE 0.032 0.033 0.023 0.023 0.017 0.015 0.028 1.183 0.015 0.045 0.009 0.013

α Bias - 2.268 - 35.66 - 23.27 - - - - - -

RelBias - 9.072 - 17.83 - 0.931 - - - - - -

Var - 74.36 - 304.63 - 140.4 - - - - - -

MSE - 79.50 - 1576.2 - 681.8 - - - - - -

σθ Bias - - - - - - 0.025 - 0.011 - 0.138 -

RelBias - - - - - - 0.012 - 0.011 - 1.383 -

Var - - - - - - 0.047 - 0.014 - 0.038 -

MSE - - - - - - 0.048 - 0.015 - 0.057 -

DIC 874.46 732.28 832.44 773.11 765.06 730.81 1396.02 1585.29 1295.04 1335.17 1032.65 996.75
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Table 6.13: Binomial study. 95% coverage probability of the simulation results for n = 60,
t = 10, for data generated and fitted using the additive and multiplicative models, for
different overdispersion levels.

α σθ

0.25 2 25 2 1 0.2

σb Par. Add Mult Add Mult Add Mult Add Mult Add Mult Add Mult

0.1 β00 3 94 8 95 97 92 96 0 94 1 98 1

β01 2 90 0 97 0 94 97 0 97 0 95 0

β10 95 93 88 87 96 98 97 45 93 90 94 93

β11 90 95 95 96 91 94 97 34 97 90 93 88

σb 90 79 94 91 100 98 95 0 96 11 100 97

α - 5 - 32 - 99 - - - - - -

σθ - - - - - - 95 - 98 - 89 -

0.5 β00 3 90 11 92 7 96 93 0 95 2 96 3

β01 2 86 1 92 0 87 94 0 93 1 91 1

β10 96 97 93 93 92 94 96 43 94 89 98 94

β11 96 96 93 94 91 92 95 37 97 83 93 90

σb 94 87 93 95 97 98 97 1 94 53 95 88

α - 3 - 41 - 98 - - - - - -

σθ - - - - - - 96 - 96 - 80 -

Table 6.14: Binomial study. 95 % coverage probability of the simulation results for n = 60,
t = 10, for data generated using the additive and multiplicative models and fitted using
generalized linear model (GLM) and generalized linear mixed model (GLMM).

α σθ

0.25 2 25 2 1 0.2

σb Par. GLM GLMM GLM GLMM GLM GLMM GLM GLMM GLM GLMM GLM GLMM

0.1 β00 14 9 11 10 5 3 3 18 37 69 94 94

β01 3 3 0 0 0 0 1 14 35 58 92 93

β10 95 94 89 89 97 97 11 14 84 83 91 91

β11 92 91 95 95 91 92 6 11 72 75 93 93

σb - 31 - 90 - 99 - 0 - 0 - 97

0.5 β00 14 5 17 62 13 6 5 21 29 75 88 96

β01 5 3 3 2 2 1 2 18 22 67 77 90

β10 96 96 92 93 93 93 9 16 76 77 97 97

β11 93 91 90 91 90 89 3 12 68 72 93 92

σb - 75 - 96 - 97 - 1 - 52 - 98
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Table 6.15: Total computation times (hr:min:sec) for the simulation results for time-to-
event (Weibull), binary, and binomial data generated and fitted using the additive and
multiplicative models.

Fitting model

Weibull Bernoulli Binomial

Generating model Add Mult Add Mult Add Mult

Additive 55:30:07 72:20:08 83:50:53 149:18:21 108:18:55 150:33:09

Multiplicative 60:31:15 63:39:01 78:56:16 152:33:01 109:51:13 149:34:18

6.5 Discussion

In this chapter, we studied models that deal with two issues present in binary,

binomial, and time-to-event data. The first issue is the hierarchical structure in

the data, with the second one the presence of overdispersion. We addressed these

issues by allowing two separate random effects in the models: the first random

effect, at the individual level, accommodates the hierarchical structure and cap-

tures some overdispersion, whereas the second random effect, at the observation

level, handles overdispersion not accounted for by the first random effect. We in-

troduced the second random effect either additively into the linear predictor or as

a multiplicative factor at the mean level. We compared the performance of these

additive and multiplicative models using the bias, relative bias, MSE, 95% cove-

rage probability, computation time, and DIC values. Moreover, we investigated

the misspecification of the GLM and GLMM when both issues are present in the

data, in terms of parameter estimation and inference.

We fitted the models (GLM, GLMM, additive with/without clustering random

effect, and multiplicative with/without clustering random effect) for overdispersed

and hierarchical data. The main findings were as follows. When overdispersion

and correlation between repeated measures is weak, the more complex models, i.e.,

the additive and multiplicative models with clustering random effects, fitted the

data in a similar fashion as the simple models, i.e., the GLM, GLMM, and the

additive and multiplicative without clustering random effects (Table 6.5). This is

not unexpected, because the more complex models reduce to the simpler ones in

such cases. On the other hand, and not surprising, when both the overdispersion

and hierarchical structure are present in the data, the complex models perform

better than their simple counterparts. This is noted through a difference in terms
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of estimation and inference for important parameters (Tables 6.1, 6.3, and 6.4).

Note that, when the hierarchy dominates the overdispersion, the GLMM fits bet-

ter than the additive and multiplicative models without clustering random effect

(Table 6.2).

The simulation study for the time-to-event outcomes shows that misspecifica-

tion of the GLM causes invalid inferences for the parameters for high and moderate

overdispersion, while it does not affect inferences under low overdispersion. On the

other hand, misspecification of the GLMM affects inference regarding the intercept

and the between-subject variation but not the slope for high and moderate overdis-

persion, whereas it does not cause problems in the inference of the parameters with

low overdispersion. In general, the additive and the multiplicative models perform

similarly, except that there is some difference in the estimation and inference of

the intercepts. This is unsurprising because in both models the overdispersion pa-

rameters contribute to the intercept in a different way (see Section 6.2.2; Aregay

et al. 2013a).

For binary data, misspecification of the GLM causes serious inferential flaws

for high overdispersion, while the effect is less pronounced for moderate and low

overdispersion. In contrast, misspecification of the GLMM causes problems with

inference on the intercept and between-subject variation for high overdispersion

and low between-subject variation. This problem for the between-subject varia-

tion will be less when there is high variability between the subjects (σb=0.5). For

moderate and high overdispersion, misspecification of the GLMM had less effect

on inferences. Here, for data generated from an additive model with high over-

dispersion, even using the additive model does not improve inference, compared

to GLMM. This pattern may be due to the weakness of overdispersion in binary

outcomes.

For binomial data generated from an additive model with high overdisper-

sion, misspecification of the GLM and GLMM lead to incorrect inferences. As

the overdispersion level decreases, the impact of misspecification of these two mo-

dels weakens. The additive and the multiplicative models perform similarly here

also, except that there are some differences in the estimation and inference of the

intercepts using both models.
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7 A Hierarchical Bayesian Approach

for the Analysis of Longitudinal

Data With Stratified

Overdispersion Parameters

7.1 Introduction

In Sections 4.2 and 6.2.1, we presented a general model that employs normal and

conjugate random effects for the whole exponential family. We implemented this

model assuming the dispersion parameter, that quantifies the amount of overdis-

persion, to be constant over time. However, this assumption may not be satisfied

in some cases. In addition, the dispersion parameter may depend on some cova-

riates. For example, in an experiment on salamander matings (McCullagh and

Nelder 1989), Lin (1997) has studied whether or not there is heterogeneity of ma-

ting success probability among male and female salamanders using a generalized

linear model with random effects. In this chapter, we deal with such multiple

sources of variation in the framework of the combined model.

The chapter is structured as follows. Section 7.2 will be devoted to the hierar-

chical models with stratified overdispersion parameters. In Section 7.3, we discuss

the application of the models to the data.

99
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7.2 Generalized Overdispersion Models

For convenience of explanation, we will term the GLM, GLMM, and the combined

model “lower level models”. In this chapter, a further extension of the lower level

models to upper level models, termed “stratified overdispersion model” is proposed.

In the upper level model, the hyper-parameter of the overdispersion effect will be

allowed to change through covariates and will be modeled in the GLM framework.

In the combined model, depending on the distribution of the response, the prior

distribution of the overdispersion parameter is specified,

θij ∼ H(α, β). (7.1)

For example, H may be a beta distribution when the overdispersed data are bi-

nomial, whereas it can represent a gamma distribution when we have count data

or Weibull distributed data. Such an approach was followed by Molenberghs et

al. (2007, 2010) within the frequentist framework, and by Aregay et al. (2013ab)

within the hierarchical Bayesian framework. Note that in (7.1) the distribution

of the overdispersion parameter is assumed to be the same across all time-points

and/or other covariates in the model. In what follows, we formulate a generali-

zed model for θij that allows the distribution of the overdispersion parameter to

vary across covariate levels. Note that we specified the dependency of H on the

covariates via a model for the hyper-parameters in H. Similar to a GLM, the

generalized model for θij has three components: (1) a prior distribution of θij , H
(i.e, Gamma, Beta, etc.), (2) a link function g, and (3) a linear predictor which

is used to model the dependency of H on covariates via parametrization of the

hyper-parameters.

Let XOD be a known design matrix and γ a parameter vector,

θij ∼ H(α,β),

g(α) = XODγ1, (7.2)

g(β) = XODγ2.

Here, g is a chosen link function, X
OD

γ1 and X
OD

γ2 are the linear predictors for

the hyper-parameters of α and β in H(α,β).

A few examples:

1. An unstructured time dependent distribution for the overdispersion parame-
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ter : The aim is to model the dependency of the overdispersion parameter on time.

In this case, we define a time specific hyper-parameter γ1 = (α1, α2, . . . , αT )
′.

Thus, the distribution of θij is time dependent, θij ∼ H(αj , βj), (j = 1, 2, . . . T ),

where T is the number of time points. In matrix notation,

XODγ1 =



1 0 . . . 0

0 1 . 0

. . . .

. . . .

0 0 . . . 1


(α1, α2, . . . αT )

′.

2. A “linear” time dependent distribution for the overdispersion parameter: in

the previous case, the dependency of the distribution of θij on time was formulated

by specifying different (across time) prior distributions for θij (i.e., different hyper-

parameters in H). This approach may lead to overparameterization. To overcome

this issue, we define here a linear dependency between αj and time. Let XOD and

γ be the following design matrix and parameter vector, respectively,

XOD =



1 t1

1 t2

1 .

1 .

1 tT


, and γ′ = (α0, α1).

Hence, for the identity link function we have α = XOD (α0, α1)
′ or αj = α0 +

α1tj . Note that if we define the following relationship αj = exp(α0 + α1tj), the

generalized model for the overdispersion parameter is the same above but the link

function now is a log link, i.e., log(α) = XOD (α0, α1)
′. Note that in this approach

we can easily evaluate whether or not a linear time dependent overdispersion model

is appropriate for the data at hand by checking the 95% credible interval of α1.

3. A covariate dependent distribution for the overdispersion parameter : So far

we have focused on time dependent distributions for the overdispersion parameters.

However, the generalized model (7.2) allows for inclusion of other covariates that

might influence the distribution of the overdispersion parameters. For example,
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in a study with two treatment arms, consider a binary covariate representing a

treatment group,

Ii =

 1 If subject i recieved treatment,

0 Otherwise,

(i = 1, 2, . . . N) and let H(αi, βi) be the prior distribution of θij . Note that, in

this case, the dimension of α is not the number of time-points but the number of

treatment groups. If we use the log link function, we have that log(αi) = Ii×α1+

(1−Ii)×α2 and, as a result, the prior distribution for the overdispersion parameters

is treatment-dependent. In matrix notation, the model can be formulated as

XODγ1 =



I1 1− I1

I2 1− I2

. .

. .

IN 1− IN


(α1, α2)

′,

where N represents the number of subjects.

4. Constant distribution of the overdispersion parameter : in this case we define

the following design matrix

XOD =



1 0 . . . 0

0 1 . 0

. . . .

. . . .

0 0 . . . 1


,

and γ1 = (α, . . . , α)′. Hence, α = XODγ1 = (α, . . . , α)′. Similarly, we can define

a linear predictor for β or use the constraint β = f(α), for example β = 1/α as

in Aregay et al. (2013a). Note that in this case the distribution of θij is the same

across all time-points. In the following sections, we discuss the application of these

methods for count, binomial, and time-to-event data, respectively.
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7.2.1 Hierarchical Poisson-normal Model with Stratified Over-

dispersion Parameters

Molenberghs et al. (2007) and Aregay et al. (2013a) assumed the following hierar-

chical Poisson-normal overdispersion (HPNOD) model:

Yij |bi, θij ∼ Poisson(θijλij),

λij = exp
(
x′
ijβ + z′

ijbi
)
, (7.3)

bi ∼ N(0, D),

θij ∼ Gamma(α, β),

where Yij , xij , zij , β, and bi are as described in Section 3.3.2. The H distribution,

which is described in Section 7.2, is here now the gamma conjugate distribution

for Poisson. To overcome identification problems, one can impose a constraint

β=α. We can extend the HPNOD easily to the HPNSOD model by allowing

the overdispersion parameter θij to depend on the covariates. For instance, if we

allowed the hyper-parameter α to depend on time, we would obtain the so-called

time dependent hierarchical Poisson-normal overdispersion model (TDHPNOD).

The model is similar to the one in (7.3) with the exception that,

θij ∼ Gamma(αj , βj), j = 1, 2, . . . , T, (7.4)

where βj = αj . Furthermore, we can assume a link function g between αj and

time tj given by

g(αj) = α0 + α1 · tj ,

βj = αj .

In particular, we remind that for the epilepsy data we assume Yij to be the number

of epileptic seizures for patient i during week j. We have adopted different hierar-

chical models as discussed in Section 7.2. We start from the simple hierarchical

model.

1. Model P1 : The first model accounts for the hierarchical structure and/or

extra variation in the data and it is the same as (4.1).

2. Model P2 : The second model can take into account the overdispersion
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and the hierarchy in the data simultaneously. This model is a hierarchi-

cal Poisson-normal overdispersion model (HPNOD), which is described in

(5.2).

3. Model P3 : As explained in (7.4), one can allow the hyper-parameter α in

Model P2 to depend on time, so that it produces the time dependent hie-

rarchical Poisson-normal overdispersion model (TDHPNOD), for which we

assume the following distribution for the overdispersion parameter:

θij ∼ Gamma(αj , βj), j = 1, 2, . . . , 27.

Here also, we assumed βj = αj . The design of Section 7.2 becomes:

XODγ1 =



1 0 . . . 0

0 1 . 0

. . . .

. . . .

0 0 . . . 1


(α1, α2, . . . α27)

′.

4. Model P4 : Since the variability in the epilepsy data set is not changing

considerably and there are only a small number of observations after week

19 for this data set, we assume the dispersion parameter αj to change up to

week 19 and to be constant afterwards. Hence, we modify Model P3 in the

following way:

θij ∼ Gamma(αj , αj), j = 1, 2, . . . , 19,

θij ∼ Gamma(α20, α20), j = 20, . . . , 27.

A uniform prior distribution was considered for αj , αj ∼ U(0,100). Fur-

thermore, in the epilepsy study, patients were followed during 16 weeks after

which they were entered into a long-term open-extension study. Some pa-

tients were followed for up to 27 weeks. Hence, we modeled this pattern by

allowing the dispersion parameter αj to change up to week 16 and to be

constant afterwards.

5. Model P5 : Models P3 and P4 overparametrize the hyper-parameter α. This
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issue can be overcome by regressing the hyper-parameter α against time.

We assumed a linear relationship between α and time, obtaining therefore

a linear time dependent hierarchical Poisson-normal overdispersion model

(LTDHPNOD) with the following form:

θij ∼ Gamma(αj , αj), (7.5)

αj = exp(α00 + α11 · tj). (7.6)

Flat independent normal priors were taken for both α00 and α11.

6. Model P6 : To assess whether or not θij depends on a treatment effect, we

considered the following treatment dependent hierarchical Poisson-normal

overdispersion model (TRDHPNOD): Yij |bi, θij01, θij02 ∼ Poisson(κij) with

log(κij) = log(λij) + log(θij01)× Ii + log(θij02)× (1− Ii), (7.7)

where the first component in (7.7) is the linear predictor in (4.1), θij01 ∼
Gamma(α01, α01), θij02 ∼ Gamma(α02, α02), and Ii is as described in Sec-

tion 4.2. We assumed a uniform prior distribution, U(0,100), for both α01

and α02.

7.2.2 Hierarchical Binomial-normal Model with Stratified Over-

dispersion Parameter

Similar to the HPNOD, the hierarchical binomial-normal overdispersion model

(HBNOD) can be specified as

Yij |bi, θij ∼ Binomial(πij = θijλij ,mij), (7.8)

λij = expit(x′
ijβ + z′

ijbi), (7.9)

θij ∼ Beta(α, β), (7.10)

where mij is the number of trials in measurement j for cluster i and Yij is the

same as in Section 3.3.2. The HBNOD can be easily extended into a stratified

hierarchical binomial-normal overdispersion model (SHBNOD) by allowing the

hyper-parameter α to depend on covariates. For example, we can assume α to

depend on time which provides a time dependent hierarchical binomial-normal
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overdispersion (TDHBNOD) model in which (7.8) and (7.9) still apply while (7.10)

will be:

θij ∼ Beta(αj , βj), j = 1, 2, . . . , T. (7.11)

One can use a link function g to relate αj with time covariate, which will give us

a model similar to (7.8) and (7.9) with the exception that,

g(αj) = α0 + α1 × tj .

To avoid convergence problems, a constraint function f can be used for βj : βj =

f(αj). We have applied the above models to the HIV data that have been discussed

in Section 2.5 and the following models were considered.

1. Model B1 : The first model is a hierarchical binomial-normal (HBN) model

which allows for subject heterogeneity. Let Yij be the same as in Section

6.2.1.3. An unstructured mean was assumed, i.e., a disease specific parame-

ters for each year was fitted with,

logit(πij) = β0 + βj + bi, (7.12)

where πij , mij , bi, β0, and βj are as described in Section 6.2.1.2.

Flat independent normal priors were used for the components of β and β0. To

avoid convergence issues with the intercept, hierarchical centering (Gelfand

et al. 1996; Zhao et al. 2006) was applied. Thus, (7.12) will be:

logit(πij) = βj + bi,

with bi ∼ N(β0, σ
2
b ). A flat gamma prior distribution was assumed for the

precision, σ−2
b ∼ G(0.01, 0.01).

2. Model B2 : To accommodate at the same time both subject heterogeneity

and extra variability in the data, the HBN was extended to a hierarchical

binomial-normal overdispersion (HBNOD) model. The model is the same as

in Section 6.2.1.3.

3. Model B3 : As described in (7.11), the HBNOD can be generalized to the
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TDHBNOD, as follows:

θij ∼ Beta(αj , βj), j = 1, 2, . . . , 9.

A uniform distribution was taken as prior distribution for αj , αj ∼ U(1, 100)

and we assumed βj = αj .

4. Model B4 : In this model, the hyper-parameter α was assumed to have a

linear relationship with time, obtaining therefore linear time dependent hie-

rarchical binomial-normal overdispersion (LTDHBNOD). It is the same as

in Section 6.2.1.3 except that,

θij ∼ Beta(αj , βj),

αj = exp(α00 + α11 · tj),

βj = αj .

Here, flat independent normal priors were taken for α00 and α11.

7.2.3 Hierarchical Weibull-normal Model with Stratified Over-

dispersion Parameter

Assuming Yij to be the same as in Section 3.3.2, the hierarchical Weibull-normal

overdispersion model (HWNOD) is given as follows:

Yij |bi, θij ∼ Weibull(r, θijλij),

λij = exp(x′
ijβ + z′

ijbi), (7.13)

θij ∼ Gamma(α, β).

Here, r is the shape parameter. Similar to the Poisson distribution, the gamma

distribution is also the common choice for the Weibull distribution since it leads

to an analytically tractable solution. It can be extended easily to the hierarchical

Weibull-normal stratified overdispersion (HWNSOD) model by allowing the hyper-

parameter α to vary over covariates as in Section 7.2.

For the recurrent asthma attack study, we consider the following four models:

1. Model W1 : This is an extension of the GLM for time-to-event data, which

has been widely used in statistical applications for survival data. It can
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be formulated by including a random effect, which handles the hierarchy

induced association, to the GLM. For convenience, we refer to this model as

hierarchical Weibull-normal (HWN) and it can be written as:

Yij |bi ∼ Weibull(r, λij), (7.14)

log(λij) = β0 + β1Ii + bi, (7.15)

where Yij and Ii are as described in Section 6.2.1.4. For the parameters, we

assumed the same prior distribution presented in Section 6.2.1.4.

2. Model W2 : This model is similar to Model W1 except that we assumed the

shape parameter r to be equal to 1, obtaining therefore an exponential type

model, which is a special case of the Weibull model.

3. Model W3 : Models W1 and W2 are not flexible enough to allow for both

clustering and extra variability in the model simultaneously. Hence, by in-

cluding an overdispesion parameter in the mean of the Weibull distribution,

both models can be extended to obtain a hierarchical Weibull-normal over-

dispersion (HWNOD) model, which has the same form as in Section 6.2.1.4.

4. Model W4 : This is the upper level model. that we proposed in this study.

Similar to Section 7.2, two different overdispersion parameters for the two

treatment groups were used. The model is called treatment dependent hie-

rarchical Weibull-normal overdispersion (TRDHWNOD) model and looks as

follows:

Yij |bi, θ0ij , θ1ij ∼ Weibull(r, κij),

log(κij) = β0 + β1Ii + bi + log θ0ij(1− Ii) + log(θ1ij)Ii,

θ0ij ∼ Gamma(α0, β0),

θ1ij ∼ Gamma(α1, β1).

The prior distributions for all parameters are the same as in Model W3.

We assumed here also βk = αk, αk ∼ U(0, 100), k = 0, 1, and the shape

parameter r to be equal to 1.
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7.2.4 Hierarchical Joint Model with Stratified Overdispersion

Parameters

Del Fava et al. (2012) presented a joint GLMM model with multiplicative overdis-

persion parameters. Here, we extend their models to account for time dependent

overdispersion parameters as described in Section 7.2. Let Yijk be the number of

reported cases of infection k in region i during the jth period, k = 1, 2 for HCV

and HIV infection, respectively, i = 1, 2, . . . , 20, and j = 1, 2, . . . , 9. The following

models were implemented.

1. Model J1 : To estimate the prevalence of the HCV and HIV infections, ac-

counting for the association between the two infections, Del Fava et al. (2011)

applied a joint GLMM model of the form

Yijk|bi1, bi2 ∼ Binomial(πijk,mijk),

logit(πij1) = β1 + βj1 + bi1, (7.16)

logit(πij2) = β2 + βj2 + bi2.

Here, mijk is the number of trials in region i, during year j and for infection

k, πij1 and πij2 are the prevalence of the HCV and HIV infections, and βj1

and βj2 are the log odds ratio of being infected in year j with HCV and

HIV, respectively. The random intercepts bik, k = 1, 2, are assumed to have

a bivariate normal distribution with a mean vector of zeros and variance-

covariance structure Db, i.e., bi1

bi2

 ∼MVN

 0

0

 ,Db =

 σ2
b1

ρb1b2σb1σb2

ρb1b2σb1σb2 σ2
b2

 .

The correlation ρb1b2 measures the association between the HCV and HIV

infections and σ2
b1

and σ2
b2

are the between region variability of HCV and

HIV, respectively. We defined the prior distributions for the parameters and

we used hierarchical centering for the random intercepts similar to Del Fava

et al. (2011).

2. Model J2 : In turn, we considered an extension to the joint GLMM in Model

J1 by including an overdispersion random effect, θijk, at the mean level to

accommodate the extra variability not taken into account by the random
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intercepts. The model formulation is similar to the one reported in Del Fava

et al. (2012) and is given by

Yijk|θijk, bi1, bi2 ∼ Binomial(πijk = θijkλijk,mijk),

logit(λijk) = β1 + βj1 + bi1, (7.17)

logit(λijk) = β2 + βj2 + bi2,

where bi1, bi2 are distributed as described in Model J1, θijk is assumed to

follow a beta distribution with hyper-parameters α and β, i.e.,

θijk ∼ Beta(α, β). (7.18)

We assumed a uniform prior distribution for both α and β, α ∼ U(0, 100)

and β ∼ U(0, 100).

3. Model J3 : We hereby extend the model considered in Model J2 by allowing

the dependency of the hyper-parameters α and β on time. This model is

similar to Model J2 except that the overdispersion parameter θijk in (7.18)

has now the following distribution:

θijk ∼ Beta(αj , βj), j = 1, 2, . . . , 9.

We assumed here also an independent flat uniform prior distribution for the

hyper-parameters αj and βj , αj ∼ U(0, 100), and βj ∼ U(0, 100).

4. Model J4 : Here, we regress the hyper-parameters αj and βj against time

using a generalized linear model framework, overcoming in this way the

overparameterization problem of αj and βj in Model J3.

θijk ∼ Beta(αj , βj),

αj = exp(α01 + α11 × tj),

βj = exp(β02 + β12 × tj).

Flat independent normal priors were considered for the regression coeffi-

cients.
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7.3 Application to The Data

7.3.1 Epilepsy Data Set

The hierarchical Poisson-normal, hierarchical Poisson-normal overdispersion, and

the hierarchical Poisson-normal stratified overdispersion models were fitted using

the WinBUGS software (Spiegelhalter et al. 2003). We implemented the models

using a Markov Chain Monte Carlo (MCMC) approach to sample from the poste-

rior distributions of the parameters, taking three chains of 100,000 iterations each,

discarding as burn-in part the first 10,000 iterations and using a thinning of 100. A

trace plot which is an informal check of the convergence and the Brooks-Gelman-

Rubin (BGR) diagnostic (Gelman and Rubin 1992), which is a formal check of

the convergence, and autocorrelation plots were employed to assess convergence of

the MCMC chains. The best model was selected using the Deviance Information

Criterion (DIC; Gelman et al. 2004). The results of the two types of plots and

the BGR diagnostic indicate convergence for all parameters.

Tables 7.1 and 7.2 show the posterior means of the parameters with their 95%

credible intervals (CI) and the DIC values of the models for the epilepsy data.

Using the DIC, the linear time dependent hierarchical Poisson-normal overdis-

persion model (DIC; 4806.18) was preferred among all models considered in this

study. Additionally, the slope of the linear time dependent hierarchical overdis-

persion parameter (α11) is significantly positive, which implies that the dispersion

parameter α increases with time. The posterior mean of the parameters for both

HPNOD and LTDHPNOD have the same sign and differ slightly in magnitude. In

all models, not only the difference between the treatment and the placebo groups

but also the ratio between these two groups were found to be non-significant, in-

dicating that there is no treatment effect. Note that the DIC and the posterior

means with 95% CIs are similar for both HPNOD and TRDHPNOD, implying

that there is no heterogeneity across the treatment groups. Comparing the results

for the TDHPNOD up to week 27 in Table 7.2 and the exploratory data analy-

sis in Table 2.2, we notice that the value of the dispersion parameter αj is small

(large overdispersion) for those time-points in which the sample variance is much

larger than the sample mean, whereas it is large (small overdispersion) for those

time-points in which the sample variance does not exceed the sample mean. This

indicates that the analysis done using the models is consistent with the explo-

ratory data analysis. From Table 7.2, we also notice that the TDHPNOD up to
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week 16 (DIC=4825.02) has smaller DIC value than the TDHPNOD up to week 27

(DIC=4843.01). However, there is no improvement in the fit for the TDHPNOD

up to week 19 compared to the TDHPNOD up to week 27.

In addition to the DIC, model comparison between HPN and the overdispersion

models was performed by plotting the observed individual profiles with the fitted

profiles. We presented the results for HPN and HPNOD in Figure 7.1. Comparing

the fitted profiles to the observed ones in Figure 2.1, it can be clearly seen that

the HPNOD provides similar estimates to the observed individual profiles. Hence,

the HPNOD, that accounts for overdispersion in the data fits much better than

the HPN, which, on the other hand, shows a quite poor fit. Note that the other

overdispersion models (TDHPNOD, TRDHPNOD, LTDHPNOD) produce similar

results for the individual profiles to the HPNOD (details not shown). In Figure 7.2

we compare the estimated dispersion parameter α over time for all the models. It

can be clearly seen that the dispersion parameter for the LTDHPNOD is decreasing

over time while for the TDHPNOD model it shows a more variable behavior, as

it is expected. Moreover, the dispersion parameters for all models are similar at

some time-points (for example, at week 2, and week 7). Note that the dispersion

parameter of TDHPNOD after week 19 starts to increase (suggesting a decrease

in the overdispersion) because there are fewer observations after this week and, in

addition, the sample variance is not much larger than the sample mean.

7.3.2 HIV Data Set

The hierarchical binomial-normal, hierarchical binomial-normal overdispersion,

and the hierarchical binomial-normal stratified overdispersion models were fit-

ted using WinBUGS (Spiegelhalter et al. 2003). A MCMC with three chains of

100,000 iterations, 10,000 burn-in iterations, and 100 thinning was used to sample

from the posterior distribution. The trace plot, autocorrelation plot, and BGR

diagnostic show convergence for all parameters.

Table 7.3 shows the posterior summary statistics results. The hierarchical over-

dispersion models performed better than the hierarchal binomial-normal. Howe-

ver, there is not much difference in terms of fitting to the data among the hierarchal

overdispersion models (HBNOD, TDHBNOD, and LTDHBNOD). Hence, in this

example allowing the hyper-parameter α to depend on time does not improve the

fit. The posterior mean of the intercept β0 has the same sign and is similar in
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Figure 7.1: Comparison of hierarchical Poisson-normal (HPN) and hierarchical Poisson-
normal overdispersion (HPNOD) using fitted individual profiles.

Table 7.1: Epilepsy Study. posterior mean estimates and 95% credible interval for hie-
rarchical Poisson-normal (HPN), hierarchical Poisson-normal overdispersion (HPNOD),
treatment dependent hierarchical Poisson-normal overdispersion (TRDHPNOD), and li-
near time dependent hierarchical Poisson-normal overdispersion (LTDHPNOD) models.

Parameters HPN HPNOD TRHPNOD LTDHPNOD

Mean CI Mean CI Mean CI Mean CI

β00 0.613 (0.258, 0.951) 0.624 (0.265, 0.975) 0.625 (0.251, 0.979) 0.637 (0.277, 0.989)

β01 0.838 (0.509, 1.155) 0.935 (0.604, 1.271) 0.932 (0.586, 1.278) 0.912 (0.571, 1.245)

β10 -0.012 (-0.020, -0.003) -0.012 (-0.026, 0.004) -0.012 (-0.024, 0.004) -0.012 (-0.027, 0.003)

β11 -0.015 (-0.023, -0.006) -0.025 (-0.039, -0.011) -0.025 (-0.039, -0.010) -0.023 (-0.038, -0.007)

β10- β11 0.003 (-0.009, 0.015) 0.014 (-0.007, 0.034) 0.014 (-0.007, 0.035) 0.011 (-0.011, 0.033)

β10/β11 0.929 (0.195, 2.252) 0.526 (0.156, 1.505) 0.527 (0.126, 1.529) 0.459 (0.194, 2.075)

σ 1.096 (0.937, 1.287) 1.083 (0.922, 1.266) 0.929 (0.788, 1.078) 1.082 (0.918, 1.275)

α 2.481 (2.093, 2.925)

α01 2.607 (2.064, 3.27)

α02 2.407 (2.386, 3.045)

α00 1.658 (1.279, 2.062)

α11 0.084 (0.048, 0.122)

DIC 6047.64 4839.88 4839.88 4806.18
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Figure 7.2: The dispersion parameter of the fitted hierarchical Poisson-normal overdis-
persion (HPNOD), linear time dependent hierarchical Poisson-normal overdispersion
(LTDHPNOD) and time dependent hierarchical Poisson-normal overdispersion (TDHP-
NOD) models versus time for epilepsy data.
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Table 7.2: Epilepsy Study. posterior mean estimates and 95% credible interval for time
dependent hierarchical Poisson-normal overdispersion (TDHPNOD) models.

Parameters TDHPNOD16 TDHPNOD19 TDHPNOD27

Mean CI Mean CI Mean CI

β00 0.608 (0.231, 0.963) 0.588 (0.236, 0.937) 0.588 (0.236, 0.937)

β01 0.912 (0.597, 1.246) 0.9086 (0.557, 1.256) 0.898 (0.556, 1.243)

β10 -0.011 (-0.025, 0.004) -0.009 (-0.024, 0.006) -0.007 (-0.023, 0.006)

β11 -0.022 (-0.036, -0.007) -0.021 (-0.036, -0.007) -0.021 (-0.036, -0.007)

β10- β11 0.011 (-0.009, 0.031) 0.012 (-0.008, 0.032) 0.013 (-0.007, 0.033)

β10/β11 0.584 (0.201, 2.025) 0.576 (0.299, 1.763) 0.474 (0.324, 1.728)

σ 1.080 (0.922, 1.275) 1.083 (0.923, 1.271) 1.087 (0.927, 1.280)

α1 7.511 (2.586, 20.41) 7.705 (2.673, 22.29) 7.617 (2.646, 22.130)

α2 2.876 (1.434, 5.559) 2.821 (1.439, 5.22) 2.836 (1.460, 5.290)

α3 4.189 (2.000, 8.624) 4.074 (1.966, 8.114) 4.043 (1.944, 8.003)

α4 24.08 (4.245, 88.65) 26.840 (4.420, 91.0) 25.99 (4.234, 89.65)

α5 14.90 (3.197, 69.24) 14.03 (3.165, 67.41) 14.41 (3.199, 66.22

α6 2.695 (1.373, 4.992) 2.634 (1.34, 4.798) 2.637 (1.338, 4.922)

α7 2.508 (1.291, 4.739) 2.488 (1.241, 4.727) 2.493 (1.263, 4.629)

α8 7.29 (1.936, 33.15) 7.237 (1.908, 31.02) 7.541 (1.97, 37.03)

α9 3.323 (1.45, 7.034) 3.306 (1.438, 7.192) 3.361 (1.438, 7.443)

α10 1.721 (0.913, 3.002) 1.715 (0.930, 2.976) 1.708 (0.925, 2.983)

α11 18.45 (3.52, 83.23) 20.77 (3.792, 85.77) 20.11 (3.687, 81.84)

α12 3.735 (1.62, 8.208) 3.847 (1.631, 8.609) 3.836 (1.625, 8.633)

α13 0.946 (0.490, 1.738) 0.916 (0.477, 1.71 0.911 (0.477, 1.641)

α14 1.678 (0.883, 3.019) 1.687 (0.903, 3.13) 1.695 (0.892, 3.088)

α15 2.764 (1.047, 7.089) 2.728 (1.053, 7.003) 2.769 (1.052, 7.035)

α16 0.946 (0.490, 1.738) 0.916 (0.477, 1.71 0.911 (0.477, 1.641)

α17 1.026 (0.520, 1.908) 1.23 (0.444, 2.901) 1.229 (0.458, 2.844)

α18 23.67 (0.116, 93.57) 24.54 (0.115, 94.48)

α19 2.525 (0.365, 9.581) 2.545 (0.348, 9.641)

α20 37.1 (1.107, 96.02) 49.54 (3.083, 97.27)

α21 47.88 (1.195, 97.32)

α22 51.49 (3.9, 97.72)

α23 51.11 (3.48, 97.62)

α24 50.12 (2.684, 97.51)

α25 50.47 (3.054, 97.4)

α26 46.43 (1.487, 97.02)

α27 41.25 (0.601, 96.57)

DIC 4825.83 4842.12 4843.01
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magnitude in all the models but with slightly higher magnitude in the HBN mo-

del. Even though there is a slight difference in the posterior mean of β2, β3,. . . ,β8,

the conclusion which can be drawn from the 95% credible intervals are the same

for the hierarchical overdispersion models (Model B1, B2, and B3). However, for

most of these regression coefficient parameters, their results under these models

are different from the results under the HBN model. Note that the 95% CIs for

the hyper-parameter of the LTDHBNOD α11 includes zero, indicating that it is

not significant. Hence, the hyper-parameter α does not change over time linearly,

which may be the reason why the LTDHBNOD does not improve the fit compared

to the HBNOD model.

The comparison of the fitted and observed individual profiles was done for all

the models. The results for the fitted models are displayed in Figure 7.3 and the

observed individual profiles are shown in the top Figure 7.5 at the right panel.

Clearly, the HBN model, which takes into account the region clustering and/or

extra variability, is not fitting the data well, indicating that the model is not flexible

enough to handle the extra variability in the data. However, all the overdispersion

models returned similar estimates to the observed individual profiles, showing a

strong improvement in terms of fit. Figure 7.4 shows the estimated dispersion

parameter over time for HBNOD, LTDHBNOD, and TDHBNOD. The dispersion

parameter for the LTDHBNOD decreases over time, whereas it decreases up to

time-point 2 then starts to increase until time-point 5 and afterwards decreases

over time for the TDHBNOD model. The highest overdispersion (smallest hyper-

parameter; α9 = 3.901) was obtained at time-point 9, which is in agreement

with the result in the top Figure 7.5 at the right panel, in which high variability

is observed at this time-point. At some time-points, the estimated dispersion

parameter of all the models are close to each other, for instance, at time-point 2

and 8.

7.3.3 Recurrence Asthma Attack Study

Similarly to the preceding analysis, for the analysis of the asthma attack study, we

used a MCMC with three chains of 100,000 iterations, 10,000 burn-in sequence,

and thinning equal to 100. All the diagnostic methods, which we discussed in

Section 7.3.1 were applied here as well and show good convergence. The results

are shown in Table 7.4. The best model is Model W3 (DIC=18518.5). There is
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Figure 7.3: Fitted individual profiles of HIV data.
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overdispersion (LTDHBNOD), and time dependent hierarchical binomial-normal over-
dispersion (TDHBNOD) for HIV data.
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Table 7.3: HIV Study. posterior mean estimates and 95% credible interval for hierar-
chical binomial-normal (HBN), hierarchical binomial-normal overdispersion (HBNOD),
linear time dependent hierarchical binomial-normal overdispersion (LTDHBNOD), and
time dependent hierarchical binomial-normal overdispersion (TDHBNOD) models.

Parameters HBN HBNOD LTDHBNOD TDHBNOD

Mean CI Mean CI Mean CI Mean CI

β0 -2.127 (-2.435, -1.821) -1.091 (-1.593, -0.597) -1.035 (-1.538, -0.531) -1.027 (-1.573, -0.502)

β1 0.019 (-0.012, 0.049) -0.058 (-0.256, 0.130) -0.129 (-0.246, 0.033) -0.133 (-0.394, 0.106)

β2 -0.028 (-0.059, 0.004) -0.089 (-0.292, 0.102) -0.172 (-0.408, 0.039) -0.175 (-0.443, 0.069)

β3 0.043 (0.013, 0.074) -0.111 (-0.314, 0.826) -0.184 (-0.419, 0.029) -0.173 (-0.417, 0.049)

β4 -0.004 (-0.035, 0.029) -0.111 (-0.305, 0.081) -0.185 (-0.421, 0.031) -0.171 (-0.412, 0.049)

β5 -0.008 (-0.039, 0.024) -0.211 (-0.409, -0.025) -0.283 (-0.519, -0.071) -0.266 (-0.515, -0.061)

β6 -0.043 (-0.075, -0.010) -0.233 (-0.437, 0.044) -0.303 (-0.543, 0.086) -0.281 (-0.522, 0.072)

β7 -0.045 (-0.076, -0.013) -0.222 (-0.422, -0.031) -0.289 (-0.533, -0.076) -0.281 (-0.544, -0.066)

β8 -0.078 (-0.111, -0.044) -0.266 (-0.463, -0.076) -0.333 (-0.553, -0.114) -0.317 (-1.573, -0.502)

σ2 0.771 (0.391, 1.448) 1.197 (0.614, 2.306) 1.135 (0.574, 2.205) 1.178 (0.602, 2.261)

α 13.19 (9.986, 17.05)

α00 3.08 (2.32, 3.82)

α11 -0.11 (-0.25, 0.033)

α1 15.08 (6.28, 29.38)

α2 10.69 (4.48, 20.48)

α3 27.72 (10.13, 62.12)

α4 36.12 (12.68, 78.85)

α5 73.31 (32.57, 99.01)

α6 63.11 (22.96, 98.27)

α7 30.44 (9.37, 72.77)

α8 14.96 (5.69, 31.7)

α9 3.90 (1.73, 7.40)

DIC 3816.21 1595.95 1592.84 1591.39
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no improvement in the fit by accounting for overdispersion separately for the two

treatment groups (DIC=18525.5). In all models, the treatment effect is found to

be non-significant. Generally, there is not much difference between the posterior

parameter estimates among the models. Comparing Model W1 to Model W2,

allowing the shape parameter r to be different from 1, does not improve the fit.

Table 7.4: Asthma Attack Study. posterior mean estimates and 95% credible interval for
hierarchical Weibull-normal (Model W1), hierarchical Weibull-normal with shape para-
meter, r=1, (Model W2) hierarchical Weibull-normal overdispersion (Model W3), and
treatment dependent hierarchical Weibull-normal overdispersion (Model W4) models.

Parameters Model W1 Model W2 Model W3 Model W4

Mean CI Mean CI Mean CI Mean CI

β0 -3.814 (-4.015, -3.617) -4.361 (-4.481, -4.246) -4.220 (-4.370, -4.070) -4.269 (-4.430, -4.111)

β1 -0.082 (-0.226, 0.063) -0.098 (-0.259, 0.067) -0.091 (-0.260, 0.081) -0.069 (-0.294, 0.168)

σ 0.414 (0.339, 0.490) 0.503 (0.433, 0.580) 0.477 (0.397, 0.560) 0.485 (0.408, 0.572)

r 0.889 (0.855, 0.924)

α 9.147 (4.868, 20.82)

α0 23.79 (5.008, 90.66)

α1 17.52 (4.359, 79.78)

DIC 18553.6 18555.9 18518.5 18525.5

7.3.4 Joint Modeling for HCV and HIV Data Sets

The models discussed in Section 7.2.4 were fitted through the R2jags package in

R using three chains of 250,000 MCMC iterations, 125,000 burn-in sequence, and

thinning equal to 125. The BGR diagnostic is close to one for all parameters,

indicating good convergence. Table 7.5 summarizes the DIC values of the models.

According to this criterion, the time-dependent overdispersion model (Model J3)

outperforms the others. The next best model is the linear time-dependent overdis-

persion model J4. This indicates that the dispersion parameter depends on time.

As expected, the worst model is the joint GLMM (Model J1). The correlation

between the HCV and HIV infection is also given in Table 7.5, which shows there

is a significant positive association between these two infections. Note that the

95% credible interval of this correlation for the overdispersion models is wider than

for the joint GLMM model.

To investigate the performance of the models, we compared the model fit and
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Table 7.5: DIC values and the correlation between the random intercepts (ρb1b2) with 95%
credible interval for Model J1 (joint GLMM), Model J2 (joint combined model), Model
J3 (joint time dependent combined model), and Model J4 (linear time dependent joint
combined model).

Model J1 Model J2

DIC 9768.3 3548.4

ρb1b2 0.68 (0.39, 0.87) 0.45 (0.04, 0.77)

Model J3 Model J4

DIC 3520.1 3528.9

ρb1b2 0.63 (0.28, 0.85) 0.42 (0.01, 0.74)

observed prevalence profiles. We refer to Figure 7.5 at the top for the observed

region-specific prevalence over time and at the bottom of this figure for the fitted

region-specific prevalence profiles using the joint GLMM model. Clearly, the basic

joint GLMM does not fit the data very well. However, the region-specific preva-

lence profiles from the best two models (time-dependent and linear time-dependent

overdispersion models) in Figure 7.6 resemble the observed region-specific preva-

lence.

7.4 Discussion

In this chapter, we have extended the combined model, which was discussed by

Molenberghs et al. (2010) to hierarchical stratified overdispersion models using

a Bayesian approach. This allows the dispersion parameter to depend on cova-

riates. The models enjoy more flexibility in the sense that not only they capture

the overdispersion and the hierarchical structure induced association at the same

time but also they handle the heterogeneity across groups. This was achieved

by introducing two separate random effects. The first random effect accounts for

the correlation between the repeated measures while the second random effect

accommodates overdispersion. Further, the second random effect was allowed to

vary across groups and over time so that the heterogeneity across them will be

fully addressed. We have studied also these methods in the framework of joint

modeling.

The models were applied to epilepsy count data, HCV and HIV binomial data,
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Figure 7.5: observed region specific prevalence (top figure) and fitted individual profiles
using joint GLMM model (bottom figure).
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Figure 7.6: Fitted individual prevalence profiles of the two best models (time dependent
and linear time dependent overdispersion models).
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and asthma attack time-to-event data. For comparison’s purpose, we also fitted

a special case of these models, i.e., the GLMM model and compared them using

the fitted and the observed individual profiles. We found that the overdispersion

models returned estimates similar to the observed values. However, the GLMM

results in a poor fit (Figures 7.1, 7.3, and 7.5). In practice, it is common to use

the GLMM models for the distributions belonging to the exponential families.

Nevertheless, the results of these models show that caution should be used when

using such models for hierarchical overdispersed data.

To wrap up, when modeling hierarchical overdispersed count, binomial, and

time-to-event data, we should take into account the hierarchy induced association,

the overdispersion, and heterogeneity across groups at the same time. In this

chapter, we have argued that instead of assuming the dispersion parameter to

be constant over covariates, it can be allowed to vary. Hence, we modeled the

dependence of the dispersion parameter on covariates, using Bayesian inferences.
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Chapter

8 Model Based Estimates of

Long-term Persistence of Induced

anti-HPV Antibodies: A Flexible

Subject-specific Approach

8.1 Introduction

When developing a model to predict long-term immunity, several dynamic fac-

tors must be considered, including rates of B-cell decay and proliferation, B-cell

immune memory, cell mediated immunity, and individual variability. David et

al. (2009) and Fraser et al. (2007) studied the HPV-16/18 data set (GlaxoSmithK-

line Biologicals, HPV Protocols 001/007), which will be used in this chapter, and

the HPV-16 L1 VLP vaccine trial (Merck Research Laboratories, HPV Protocol

005), respectively, using a conventional power-law as well as a modified power-law

model. However, the first model has been limited to the assumption of a progres-

sive decay of antibody and antibody-producing B-cells, while the second model

assumes, in addition, that the proportion of memory B-cells remains stable and

identical for all women, which is biologically unlikely.

The objective of this chapter is to predict the long-term persistence of vaccine-

induced anti-HPV-16 and anti-HPV-18 antibodies, to obtain the time at which

127



128 Chapter 8

the antibody level of an individual crosses the threshold value and to predict the

proportion of subjects above the threshold value using a flexible subject-specific

model based on fractional polynomials (FPs).

This chapter is organized as follows. In Section 8.2, we formulate the mean

structure for antibody decay using fractional polynomial models. In Section 8.3,

the long-term prediction with subject-specific models based on FPs will be discus-

sed.

8.2 Modeling Mean Antibody Using Subject-specific

Models

8.2.1 The Power-law (PL) and Piece-wise Models

Fraser et al. (2007) estimated the persistence of anti-HPV levels over time using

two mixed-effects models (Verbeke and Molenberghs 2000) that took into account

the rates of B-cell decay. The first mixed-effect model that they used is a conven-

tional power-law model, given by:

Yij = f(tij) + εij , i = 1, . . . , N ; j = 1, . . . , ni. (8.1)

Here, Yij is the log antibody level of subject i at time j, f(tij) = ki−ai log(c+ tij)
is the mean log antibody titer at time tij post vaccination, εij is the random error

term for subject i at time j, assumed to be normally distributed, εi ∼ N(0,Wi),

Wi = σ2Ini . The parameter ki is the peak log level, ai is the decay rate, c is an

arbitrarily small constant (often set to zero, c=0), N is the number of subjects,

and ni is the number of time points for subject i. Fraser et al. (2007) fitted a

mixed model and they assumed that the random effects ki and ai are drawn from

a bivariate normal distribution. The linear mixed model representation of the

power-law model can be given as in Section 3.3.1.

Hence, the mean structure for the power-law model with random intercept and

slope is given by:

f(tij) = (β0 + b0i) + (β1 + b1i) log(tij).

Here, b0i and b1i are subject-specific intercepts and slopes, respectively. Fraser et
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al. (2007) extended this model to account for two populations of B-cells, including

activated and memory B-cells, which impose a long-term antibody plateau. Their

model takes the form:

f(tij) = {ki + log[(1− π)(c+ tij)
−ai + π]},

where π is the relative level of antibody produced in the long term memory plateau

(between 0 and 1). A value of π > 0 indicates long-term antibody persistence.

Note that for π = 0, the modified power-law model is reduced to standard power-

law model (8.1). The modified power-law model proposed by Fraser et al. (2007)

imposes an asymptote for the antibody levels at tij → ∞ and, as a result, the

expected value of individual antibody level reaches a constant value in the long

run.

In addition to the power-law and modified power-law models, David et al. (2009)

proposed a subject-specific piece-wise constant model with mean structure:

f(tij) =


β0 + β1tij + b0i M7 ≤ tij < M12,

β0 + β1tij + β2(tij − 12) + b0i M12 ≤ tij < M21,

β0 + β1tij + β2(tij − 12) + β3(tij − 21) + b0i tij ≥ M21,

where M7, M12, and M21 represent month 7, month 12, and month 21, respecti-

vely. They selected the three break points, months 7, 12, and 21, using Akaike’s

Information Criterion (AIC; Akaike 1974). The main difficulty of the modified mo-

del proposed by Fraser et al. (2007) and the piece-wise model proposed by David

et al. (2009) is that the first assumes a priori that the antibody levels will reach

an asymptote in the long run while the later assumes that the rate of decline is

constant within a specified period. In what follows, we generalized the power-law

model and use the fractional polynomial family of models as a flexible, and data

driven, modeling approach to estimate subject-specific models for the antibody

decline. Moreover, we included a serial correlation function to account for the

possible dependency of the correlation between the different time points.
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8.2.2 Modeling Mean Antibody Using Subject-specific Fractio-

nal Polynomials

Fractional polynomials (FP; Royston and Altman 1994; Royston and Sauerbrei

2008) are proposed as a flexible parametric approach to describe the dependency

between a response of primary interest and a covariate. In our example, the

response of primary interest is the log-transformed antibodies and the covariate is

time. The mean structure of a fractional polynomial model can be formulated in

the following way:
m∑
l=0

βlHl(tij) +
m∑
l=0

bliHl(tij), (8.2)

where m is an integer, p1 ≤ p2 ≤ · · · ≤ pm is a sequence of powers and Hl(a) is a

transformation function given by

Hl(tij) =

 tpl

ij if pl ̸= pl−1,

Hl−1(tij) · log(tij) if pl = pl−1,
(8.3)

with p0 = 0 and H0 = 1. To take subject heterogeneity into account, we assume

two components in the mean structure of (8.2). The first consists of the fixed

parameters βl and the latter the subject-specific parameters bli. For the analysis

presented in this chapter, first-order FPs were used. The mean structure for the

first-order mixed fractional polynomial can be written as

f(tij) = (β0 + b0i) + (β1 + b1i)t
p
ij . (8.4)

Note that, for p = 0, FP model (8.4) reduces to the power-law model (8.1) (Box

and Tidwell 1962).

In addition, higher-order FP models for m > 1 can be considered as well.

Royston and Sauerbrei (2008) argued that the second order FP (m = 2) often

provide enough flexibility for modeling many of the types of continuous functions

that we encounter in health sciences and elsewhere. Therefore, in this study, we

used m ≤ 2. The closed testing procedure for function selection (FSP), which was

discussed by Royston and Sauerbrei (2008), was implemented for model selection

from among FP1, FP2, and the linear mixed model.

Mixed model (3.4) assumes that the covariance matrix Wi is equal to σ2Ini ,

where Ini denotes the identity matrix of dimension ni. The model can be extended
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to include serial correlation (Diggle et al. 2002; Verbeke and Molenberghs 2000).

The resulting linear mixed model can be written as

Y i = Xiβ +Zibi + ε(1)i + ε(2)i.

The error term ε(2)i is a component of serial correlation and ε(1)i is an extra

component of measurement error, reflecting variation added by the measurement

process itself (Verbeke and Molenberghs 2000) and assumed to be independent

of ε(2)i. Hence, bi ∼ N(0, D), ε(1)i ∼ N(0, σ2Ini), and ε(2)i ∼ N(0, τ2Hi). The

serial correlation matrix Hi depends on i through the number ni of observations

and through the time points tij at which measurements were taken. For an ela-

borate discussion regarding serial-correlation functions, we refer to Verbeke and

Molenberghs (2000).

8.3 Long-term Prediction Using Subject-specific Frac-

tional Polynomials

8.3.1 Model Building Over the Data Period

The FP models discussed above were used to estimate subject-specific evolutions

for the log antibody within the follow-up period of the study (the estimation per-

iod). In the first stage, we selected an appropriate model for the serial correlation

process, as well as the FP model for the mean structure. To this effect, four mo-

dels for the serial correlation process were considered: (1) a model without a serial

correlation process, (2) a local exponential model, (3) Gaussian serial correlation,

and (4) exponential serial correlation. Next, to select the power of the FP1 model,

powers in the range {−3,−2.75,−2.5, . . . , 2.5, 2.75, 3} were considered. Figure 8.1

shows the AIC values versus the power for the first-order fractional polynomials

using a simple covariance structure. For both HPV-16 and HPV-18, the model

with the smallest AIC was obtained for p = −1.25.

For HPV-16, the best serial correlation model is the local exponential model

(AIC: 264.9) while for HPV-18, the Gaussian serial correlation model fits best

(AIC: −197.9). Note that we reached almost the same AIC value (approximately

265) for p = −1.5 and p = −1.25; that was for HPV-16 using the local exponential

model. However, the estimate of d22 (the variance of the random slope) and its
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Table 8.1: AIC value for power-law (PL), piece-wise linear (PW), fractional polynomial
(FP), and modified power-law (MPL) models, for HPV-16 and HPV-18.

Model HPV-16 HPV-18

FP 264.9 −197.9

MPL 517.1 61.8

PL 1341.5 929.8

PW 662.5 264.5

standard error obtained from p=-1.5 was equal to 13.9 (s.e. 5.6) which is larger

than the result obtained with p = −1.25; 5.4 (s.e. 2.1). Furthermore, using the

simple covariance structure, the AIC of p = −1.25 (433.6) was smaller than the

AIC of p = −1.5 (438.9). Hence, we decided to use p = −1.25. Similarly, second-

order FP were fitted and for both HPV-16 and HPV-18, the model with smallest

AIC obtained for p; (-1.25;-1.25). Note that the optimal serial correlation for FP2

was the same as for FP1 above. Next, the aforementioned FSP was applied to

select the best model from among the linear mixed model, FP1, and FP2. The

result implies that the first-order FP, reported above, is to preferred (Appendix

C; Table C.1).

The AIC values for the power-law model, piece-wise, FP1, and modified power-

law model are shown in Table 8.1. It is clearly seen from the table that the AIC of

the FP is smallest for both HPV-16 and HPV-18. Hence, the fractional polynomial

model fits the data best among these four models. Table 8.2 shows the parameter

estimates and their associated standard errors using FP1 model. Observed means

and fitted values for the FPs and the power-law models are shown in Figure 8.2.

The fractional polynomial returned mean values more similar to the observed

means than the power-law model. The 95% point-wise and bootstrap confidence

band for the FP1 are displayed in Figure 8.2. Comparing these two methods, the

second method results in estimates more similar to the observed values than the

first. Moreover, as we expected, it has a wider confidence interval than the first

method.

To evaluate the prediction performance of the FP model, individual predicted

profiles were obtained for the time points within the estimation period: [M57–

M62], [M63–M68], [M69–M74], and [M75–. . . ] months. For each one of these
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Figure 8.1: Selection of the powers for the first order fractional polynomial using AIC.
The circular points in the plots indicate the AIC values for the pre-specified powers.

categorized months in the estimation period, the density of the predicted values

and the observed value for HVP-16 and HVP-18 are shown in Figures 8.3 and

8.4, respectively. From the figures, we can clearly see that the observed values

and the model-based predicted values in these months are similar. This indicates

that the model is performing well in terms of prediction at time points within the

estimation period.

However, in this approach, both the estimation and the evaluation are based on

the same data. Hence, a cross-validation approach has been applied to avoid overly

optimistic conclusions. First, we considered the data up to [M69–M74] months for

model estimation and then the performance of the FP model was evaluated by

plotting the density of the observed values against the density of the predicted

values at [M75–. . . ] months (Figure C.1). From this figure, it can be seen that

both densities are similar, indicating that the model is performing well in terms of

prediction. Second, the data up to [M45–M50] months were used for estimation,

and then the model-based and observed densities were compared at [M51–M56],

[M57–M62], [M63–M68], [M69–M74], and [M75–. . . ] months. The results showed
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Table 8.2: Model parameter estimates and their associated standard errors using FP1.

Effect Estimate Standard Error p-value

HPV-16

β0 2.582 0.024 <0.001

β1 11.539 0.242 <0.001

HPV-18

β0 2.468 0.024 <0.001

β1 11.985 0.208 <0.001

that both densities are similar (details not shown). Hence, it is reasonable to state

that the FP model gives good prediction.

8.3.2 Model-based Long-term Prediction for 30 and 50 Years

In reality, it is impracticable and costly to follow up subjects over the long term,

such as 30 or even 50 years. Hence, to save resources, it is unavoidable to predict

the persistence of the anti-HPV responses induced by the vaccine outside the range

of the data. In this section, we discuss the subject-specific long-term prediction

for the antibody level. Using the maximum likelihood parameter estimates for

the fixed effects and the empirical Bayes estimates for the random effects, we can

use the model estimated within the estimation period to predict the antibody

level for 30 and 50 years. Figure 8.5 shows the long-term predicted means for

50 years for the population mean with 95% point-wise and bootstrap confidence

band, while Figures 8.6 and 8.7 exhibit an example of individual predictions. From

Figure 8.5, we can clearly see that on average, the antibody level of the population

is significantly above the natural infection level for 50 years. In addition, over

the long term prediction, the 95% bootstrap confidence band results in a similar

pattern to the observed mean where as the 95% point-wise confidence band remains

constant.

Let τ be a threshold value such that ŷij > τ above threshold,

ŷij ≤ τ below threshold.
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Figure 8.2: Observed means versus mean values with 95 % point-wise and bootstrap confi-
dence band using FP1 for HPV-16 and HPV-18.

Our aim is to estimate the proportion of individuals in the study who are above

the threshold value for a given period. Two different threshold values (τ) were

used. For HPV-16, τ = 1.474 log (EU/ml) and 2.621 log (EU/ml) and for HPV-

18, τ = 1.355 log (EU/ml), and 2.446 log (EU/ml). The threshold values 1.474

and 1.355 are the natural infection level (David et al. 2009) while the threshold

values of τ = 2.621 and τ = 2.446 are the mean of log anti-HPV-16 titers and log

anti-HPV-18 titers at the end of the study period (Fraser et al. 2007).

Figure 8.6 shows an example of one subject that crosses the threshold τ = 1.474

for HPV-16 and two subjects that cross the threshold τ = 1.355 for HPV-18 before

50 years, while Figure 8.7 shows an example of two subjects who remain above

the threshold for a period of 50 years.

For each subject in the study, the time to cross a given threshold value, tτ , can

be calculated from the predicted serological result. Figure 8.8 shows the density

estimate for the model-based antibody level and the two thresholds mentioned

above. We note that for lower thresholds (1.474 and 1.355 for HPV-16 and HPV-

18, respectively), the proportion of subjects below the threshold is 0.3% (only
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Figure 8.3: The densities of observed values (dashed line) and model-based predictions
(solid line) at categories [M57–M62], [M63–M68], [M69–M74], and [M75–. . . ] for HPV-
16 using FP1.

one subject) for HPV-16 and 0.5% (only two subjects) for HPV-18. Table 8.3

shows the observed distribution of subjects above the threshold over the estimation

period, while Tables 8.4 and 8.5 show the model-based distribution of subjects for

different thresholds within the follow-up period and after the vaccination period,

respectively. When we use τ = 1.474 for HPV-16 and τ = 1.355 for HPV-18, it can

be seen from the tables that the model-based proportion is similar to the observed

proportion for all months. However, if we use τ = 2.621 for HPV-16 and τ = 2.446

for HPV-18, there is a small discrepancy at months 12 and [M75–. . . ] because

the model-based proportion is not as close as the observed proportion. Thus,

considering the bias and the variability of the estimated FP model coefficients,

a bootstrap method was applied to estimate the proportion and the percentile
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Figure 8.4: The densities of observed values (dashed line) and model-based predictions
(solid line) at categories [M57–M62], [M63–M68], [M69–M74], and [M75–. . . ] for HPV-
18 using FP1.

confidence interval. Because the HPV-16/18 data set is longitudinal, we used a

cluster bootstrap method in which clusters (or individuals) are selected by simple

random sampling with replacement and there is no subsequent permutation (Field

and Welsh 2007). The results are shown in Appendix C (Table C.2). It can be

clearly seen that the bootstrap method returned a slightly closer estimate to the

observed proportion than the classical approach.

Figure 8.9 shows the distribution of the time to cross a given threshold in

the two studies, respectively. Two subjects crossed the natural infection level

for HPV-18, while one subject did so for HPV-16; for subject 8650, the time to

cross the natural infection level was 260 months for HPV-16 while it was 131

months for HPV-18. For subject 8579, the time to cross the natural infection
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Figure 8.5: Long-term prediction (50 years) with 95 % point-wise and bootstrap confidence
band using FP1 for HPV-16 and HPV-18.

level was 76 months for HPV-18 while it was more than 600 months for HPV-

16. Figure 8.10 shows the proportion of subjects above the threshold over the

estimation period and for a period of 50 years; proportions are calculated based

on model-based prediction for antibody levels. It is clearly seen from the figure

that the FP estimated the proportion more similar to the observed proportion

than the power-law models. This implies that the FP is more preferable than the

power-law model in this study. For τ = 2.621, 47.4% [C.I.: (42.6,52.4)] and for

τ = 2.446, 52.5% [C.I.: (47.6,57.5)] are above the threshold during 50 years for

HPV-16 and HPV-18, respectively.

The SAS software was used to fit the models. Code is presented in Appen-

dix C.3.

8.4 Discussion

In this chapter, a fractional polynomial mixed model was applied to predict the

proportion of subjects above a given threshold value, to obtain the estimated time
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Figure 8.6: Long-term prediction (50 years) for selected subjects 8650 and 8579 for HPV-16
(top panel) and HPV-18 (bottom panel). The dots (.) in the figure during the estimation
period indicate individual profiles.

points where the individual titers are below the threshold value and to predict

the long-term protection of vaccine which is given against HPV-16 and HPV-18

antigens. Generally, we found that the predicted mean anti-HPV-16 and anti-

HPV-18 titers were above those associated with natural infection for at least 50

years when given to women aged 15–25 years.

It should be pointed out that, according to the fractional polynomial model, out

of the 393 subjects, only one subject for HPV-16 and two subjects for HPV-18 have

predicted values below the threshold value associated with natural infection. 99.7%

and 99.5% of the subjects have a predicted serological result above the threshold

value for life-time for HPV-16 and HPV-18, respectively. Nevertheless, when we

use another threshold value other than the natural infection level, τ = 2.621 for
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Figure 8.7: Long-term prediction (50 years) for selected subjects 8005 and 8026 for HPV-
16 (top panel) and HVP-18 (bottom panel).

HPV-16 and τ = 2.446 for HPV-18, around 47.4% and 52.6% of subjects are above

the threshold for at least 50 years for HPV-16 and HPV-18, respectively.

The results obtained for the estimated time points where the individual titers

are below those associated with natural infection level is greater than 50 years for

all subjects. However, for one subject, the estimated time point associated with

natural infection is 260 month for HPV-16. There were two subjects for HPV-18

who have the estimated time points 76 and 131 months. Furthermore, if we take

τ = 2.621 and τ = 2.446, the estimated time point is less than 120 month (10 years)

for around 50.8% and 45.8% subjects for HPV-16 and HPV-18, respectively, while

less than 360 month (30 years) for 52.5% and 47.2% of the subjects for HPV-16

and HPV-18, respectively.

To evaluate the predictive power of the FP model, a density of the observed
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Figure 8.8: The densities of model-based predictions of the antibody level for 30 and 50
years and for HPV-16 and HPV-18 using FP1. The solid and bold dashed lines indicate
the thresholds 1.474 and 2.621 (left panel) and 1.355 and 2.446 (right), respectively.

value and the model based prediction was considered for different months. It could

be claimed that the FP model gives good prediction within the estimation period.

This result seems to imply that the model may be applied for long-term prediction,

while at the same time the clinical relevance of long-term persistence of HPV-16

and HPV-18 antibodies is being investigated in long-term follow-up studies.

Variability was studied by calculating the proportion of vaccines with anti-

HPV responses above the natural infection, and vaccine induced level at the last

month in this study, even though an anti-HPV level associated with protection

has not been defined. Both FP and power-law models described the proportions

of antibody responses above these thresholds. However, the FP model provided

proportion estimates more similar to those observed proportions than the power-

law model (Figure 8.10). This indicates that the fractional model is a better model

in predicting anti-HPV-16 and anti-HPV-18 persistence in this study.

The results of long term prediction using an FP model corroborate the findings

of previous work done on the same data set by David et al. (2009), up to 6.4

years with modified power-law model. Both models contain long-term plateaus.
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Table 8.3: Observed proportion of subjects with anti HPV-16 and anti HPV-18 responses
greater than the thresholds. P indicates for the proportion.

response > 1.474 response > 1.355 response > 2.621 response > 2.446

HPV-16 HPV-18 HPV-16 HPV-18

Month n P 95% CI n P 95% CI n P 95% CI n P 95% CI

7 363 0.997 (0.983, 1.00) 362 1.00 (0.987, 1.00) 357 0.981 (0.96, 0.992) 359 0.992 (0.975, 0.998)

12 366 1.00 (0.988, 1.00) 366 1.00 (0.988, 1.00) 292 0.798 (0.754, 0.834) 330 0.902 (0.867, 0.928)

18 364 0.997 (0.983, 1.00) 364 0.997 (0.983, 1.00) 249 0.682 (0.633, 0.728) 276 0.756 (0.709, 0.798)

[M25–M32] 88 0.989 (0.933, 1.00) 88 0.989 (0.933, 1.00) 58 0.652 (0.548, 0.743) 67 0.753 (0.653, 0.831)

[M33–M38] 218 0.995 (0.972, 1.00) 218 0.995 (0.972, 1.00) 125 0.571 (0.505, 0.635) 133 0.607 (0.541, 0.669)

[M39–M44] 161 1.00 (0.972, 1.00) 162 1.00 (0.972, 1.00) 98 0.609 (0.532, 0.681) 109 0.673 (0.597, 0.741)

[M45–M50] 233 0.996 (0.974, 1.00) 233 0.996 (0.974, 1.00) 113 0.483 (0.42, 0.547) 113 0.483 (0.42, 0.547)

[M51–M56] 130 1.00 (0.966, 1.00) 130 1.00 (0.966, 1.00) 88 0.677 (0.592, 0.751) 91 0.70 (0.616, 0.772)

[M57–M62] 224 0.996 (0.973, 1.00) 225 1.00 (0.979, 1.00) 110 0.489 (0.446, 0.576) 119 0.529 (0.464, 0.593)

[M63–M68] 130 1.00 (0.966, 1.00) 130 1.00 (0.966, 1.00) 71 0.546 (0.461, 0.629) 80 0.615 (0.529, 0.695)

[M69–M74] 220 0.991 (0.966, 0.999) 220 0.991 (0.966, 0.999) 112 0.505 (0.439, 0.569) 118 0.532 (0.466, 0.596)

[M75–. . . ] 66 0.985 (0.911, 1.00) 66 1.00 (0.934, 1.00) 34 0.515 (0.397, 0.632) 34 0.515 (0.397, 0.632)

The modified power-law model assumes a decline of antibodies and it assumes

also the memory B-cells will remain constant over long term, which may not be

correct biologically. Hence, this model allows bias towards asymptotic constant in

predicting antibodies levels over the long term. However, the FP model is very

flexible (Royston and Altman 1994) because of its data-driven nature and also its

appropriate fitting property in the study at hand.

It should be noted that, even though the AIC values shows that the FP model

best fitted the data within the follow-up period when compared to the power-law

model, piece-wise and modified power-law model, this does not mean it fits best for

the prediction as well. Therefore, we would like to point out that the persistence

of the anti-HPV responses induced by these vaccines can only be ascertained em-

pirically by long-term follow-up analysis. Moreover, modeling using FP functions

has some limitations. Perhaps the most important one is sufficient power to detect

a non-linear function and possible sensitivity to extreme values at either end of

the distribution of a covariate (Royston and Sauerbrei 2008). Note that the FP1

model considered in this study has an asymptotic behavior which may result in

overestimate of the log antibody level when tij approaches infinity. Hence, caution

should be made when using such model for large values of tij .

In conclusion, according to the FP mixed model, vaccination of healthy wo-

men with AS04-adjuvanted HPV-16/18 vaccine results in antibody level above the

natural infection level from 50 years to near-life long persistence for more than

99% of the subjects. The model we considered in this chapter is a fractional po-
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Table 8.4: Model-based proportion of subjects with anti HPV-16 and anti HPV-18 res-
ponses greater than the thresholds within the estimation period using FP1. P indicates
for the proportion.

response > 1.474 response > 1.355 response > 2.621 response > 2.446

HPV-16 HPV-18 HPV-16 HPV-18

Month n P 95% CI n P 95% CI n P 95% CI n P 95% CI

7 364 1.00 (0.988, 1.00) 362 1.00 (0.987, 1.00) 364 1.00 (0.988, 1.00) 361 0.997 (0.983, 1.00)

12 366 1.00 (0.987, 1.00) 366 1.00 (0.988, 1.00) 321 0.878 (0.839, 0.907) 345 0.943 (0.914, 0.963)

18 365 1.00 (0.987, 1.00) 365 1.00 (0.987, 1.00) 258 0.707 (0.658, 0.751) 286 0.784 (0.738, 0.823)

[M25–M32] 89 1.00 (0.950, 1.00) 89 1.00 (0.950, 1.00) 61 0.685 (0.583, 0.773) 69 0.775 (0.678, 0.850)

[M33–M38] 219 1.00 (0.979, 1.00) 219 1.00 (0.979, 1.00) 124 0.566 (0.500, 0.630) 131 0.598 (0.532, 0.661)

[M39–M44] 161 1.00 (0.972, 1.00) 160 0.988 (0.953, 0.999) 98 0.609 (0.532, 0.681) 105 0.648 (0.572, 0.718)

[M45–M50] 234 1.00 (0.981, 1.00) 234 1.00 (0.981, 1.00) 116 0.496 (0.441, 0.568) 121 0.517 (0.453, 0.580)

[M51–M56] 130 1.00 (0.966, 1.00) 130 1.00 (0.966, 1.00) 87 0.669 (0.584, 0.744) 88 0.677 (0.592, 0.751)

[M57–M62] 225 1.00 (0.979, 1.00) 225 1.00 (0.979, 1.00) 114 0.507 (0.442, 0.571) 121 0.538 (0.473, 0.602)

[M63–M68] 130 1.00 (0.966, 1.00) 130 1.00 (0.966, 1.00) 73 0.562 (0.476, 0.644) 77 0.592 (0.506, 0.673)

[M69–M74] 222 1.00 (0.979, 0.999) 222 1.00 (0.979, 0.999) 113 0.509 (0.444, 0.574) 114 0.514 (0.448, 0.579)

[M75–. . . ] 66 1.00 (0.934, 1.00) 66 1.00 (0.934, 1.00) 29 0.439 (0.326, 0.559) 31 0.469 (0.35, 0.588)

Table 8.5: Model-based prediction for the proportion of individuals with anti HPV-16 and
anti HPV-18 greater than the threshold using FP1. P indicates for the proportion.

response > 1.474 response > 1.355 response > 2.621 response > 2.446

HPV-16 HPV-18 HPV-16 HPV-18

Month n P 95 % CI n P 95% CI n P 95%CI n P 95% CI

120 390 1.00 (0.988, 1.00) 389 0.997 (0.984, 1.00) 192 0.492 (0.458, 0.557) 211 0.541 (0.491, 0.589)

180 390 1.00 (0.988, 1.00) 388 0.995 (0.980, 0.999) 186 0.477 (0.43, 0.53) 208 0.533 (0.484, 0.582)

240 390 1.00 (0.988, 1.00) 388 0.995 (0.980, 0.999) 185 0.474 (0.426, 0.524) 207 0.531 (0.481, 0.579)

300 389 0.997 (0.984, 1.00) 388 0.995 (0.980, 0.999) 185 0.474 (0.426, 0.524) 206 0.528 (0.479, 0.578)

360 389 0.997 (0.984, 1.00) 388 0.995 (0.980, 0.999) 185 0.474 (0.426, 0.524) 206 0.528 (0.479, 0.578)

420 389 0.997 (0.984, 1.00) 388 0.995 (0.980, 0.999) 185 0.474 (0.426, 0.524) 206 0.528 (0.479, 0.578)

480 389 0.997 (0.984, 1.00) 388 0.995 (0.980, 0.999) 185 0.474 (0.426, 0.524) 205 0.526 (0.476, 0.575)

540 389 0.997 (0.984, 1.00) 388 0.995 (0.980, 0.999) 185 0.474 (0.426, 0.524) 205 0.526 (0.476, 0.575)

lynomial model with only time as a covariate. Therefore, it is natural to extend

this chapter to an FP model, including other covariates deemed relevant. Finally,

to account for immunological mechanisms, the anti-HPV vaccination trials can be

studied further based on the “plasma-cell imprinted life span” model proposed by

Amanna and Slifika (2010). This model was implemented by Andraud et al. (2012)

to study the long-term persistence of antibodies after vaccination with inactiva-

ted HAV vaccines. The authors considered three models: (1) Complete model in

which the antibody kinetics are determined by the antibody, short- and long-lived

plasma cells life spans. (2) A model which assumes a constant long-lived plasma

cell (asymptotic model, which is close to the modified power-law model of Fraser
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Figure 8.9: Kaplan-Meier estimate for the distribution of the time to cross the threshold
value for HPV-16 (left panel) and HPV-18 (right panel) using FP1 model.

et al. 2007). (3) Plasma cell driven kinetic (PCDK) model, assuming the antibody

lifespan to be short compared with plasma cell lifespan. The authors also applied

the full power-law model proposed by Fraser et al. (2007). Such approaches re-

main of further interest to test the hypothesis of two plasma cell populations and

also for testing whether or not there is an asymptote in the context of anti-HPV

vaccination trials.
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Figure 8.10: Observed proportion and model-based proportion above different threshold
values [τ = 1.474 and τ = 1.355 (solid line) and τ = 2.621 and τ = 2.446 (dashed line)]
for HPV-16 (left) and HPV-18 (right), using the power-law model and FP models.





Chapter

9 Non-linear Fractional Polynomials

for Estimating Long-Term

Persistence of Induced anti-HPV

Antibodies: A Hierarchical

Bayesian Approach.

9.1 Introduction

In this chapter, we extend the fractional polynomials framework discussed in Sec-

tion 8.2 to non-linear longitudinal data using a hierarchical Bayesian approach.

The method is applied to predict the long-term persistence of vaccine-induced

anti-HPV-16 and anti-HPV-18 antibodies, as well as to predict the proportion of

subjects above a threshold value. Many researchers (Fraser et al. 2007; David et

al. 2009; Aregay et al. 2012) have been focusing on the prediction of long-term

immunity but no attention was given to the subject-specific probability of above a

threshold at a given time point. In contrast with the model-based long-term pre-

diction, which treats subjects as above threshold or not at any given time points, a

subject-specific probability quantifies the uncertainty about the subject protection

status at any time point.

147
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The chapter is structured as follows. The hierarchical Bayesian model used to

predict the probability of being above a threshold is discussed in Section 9.2. We

apply the proposed model to the data in Section 9.3.

9.2 Modeling Mean Antibody Using Subject-specific

Models

9.2.1 Modeling the Mean Antibody Using Non-linear Fractional

Polynomials

In previous studies of the decline in antibody level after induced vaccination against

HPV, Fraser et al. (2007) and David et al. (2009) employed a power-law (PL)

model to estimate the persistence of anti-HPV level. In this section, we propose

an extension of the FP discussed in Section 8.2. Within the fractional polynomials

framework, the unknown powers in (8.4) are estimated by a grid search over the

pre-specified sequence p1 ≤ p2 ≤ · · · ≤ pm. Note that, for a given value of p,

the mean structure in (8.4) is linear. In this section, we formulate a hierarchical

Bayesian model that, in contrast with the FP framework, is estimating the FP

model (8.4) as a non-linear model (NLFP).

At the first stage of the hierarchical model we assume a normal model, i.e.,

Yij ∼ N(f(tij), σ
2), where f(tij) is the mean structure defined in (8.4). We consi-

dered a normal prior distribution for the population and subject-specific para-

meters, that is βk ∼ N(µk, σ
2
βk
) and bki ∼ N(0, σ2

bk
), for k = 0, 1. For the

hyper-parameters we assume a non-informative independent normal prior distri-

bution (Gelman, 2006) for µk and a gamma prior distribution (Gelman, 2006;

Spiegelhalter et al., 2003) for the precision parameters, i.e., σ−2
bk

∼ G(0.01, 0.01),

σ−2
βk

∼ G(0.01, 0.01), and σ−2 ∼ G(0.01, 0.01). Finally, to complete the specifica-

tion of the hierarchical model, we define a uniform prior distribution for the power

p ∼ U(a, b). A sensitivity analysis for the choice of a and b is performed and is

presented in Section 9.3.1.

9.2.2 The Probability above a Threshold

All studies discussed above were conducted to assess the long-term protection

after vaccination. Such an assessment can be done by comparing the model-based
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empirical Bayes subject-specific predictions at a given time point to a pre-specified

threshold τ . Based on this approach, Fraser et al. (2007), David et al. (2009), and

Aregay et al. (2012) concluded that 76%, 100%, and 99.7% of the vaccinated

subjects will be above the threshold level near life long persistence of anti-HPV-16

antibodies after vaccination.

One of the motivations for using the hierarchical Bayes model presented in the

previous section is to calculate the probability of above a threshold for a given time

point. Note that, in contrast with the approaches discussed by Fraser et al. (2007),

David et al. (2009), and Aregay et al. (2012), which were used to classify subjects

as above a threshold or not, here we wish to quantify the uncertainty about above

threshold or not status of each subject. Hence, for each subject, we estimate the

probability to be above a pre-specified threshold. Let Zij be an indicator latent

variable, representing an above threshold or not status of the ith subject at time

tij :

Zij =

 1 Yij > τ, above a threshold πij ,

0 Yij ≤ τ, below a threshold 1− πij .
(9.1)

Here πij = P (Yij > τ) is a subject-specific probability of above a threshold value

at time tij . We notice that to estimate the proportion of subjects above a threshold

in the sample, Fraser et al. (2007), David et al. (2009), and Aregay et al. (2012)

estimate the value of Zij as

Ẑij =

 1 f̂(tij) > τ,

0 f̂(tij) ≤ τ.
(9.2)

Hence, the proportion of subjects above a threshold at time tij was estimated by

p̄j =

nj∑
i=1

Ẑij/nj ,

where nj is the number of subjects at the jth time point. The proposed hie-

rarchical Bayes model allows us to estimate the probability πij . This implies

that, in contrast with the methodology discussed by Fraser et al. (2007), David et

al. (2009), and Aregay et al. (2012), the hierarchical Bayes model enables estima-

tion of both the quantities Zij and πij .



150 Chapter 9

9.3 Data Application

9.3.1 Long-term Prediction Using Subject-specific Non-linear Frac-

tional Polynomials

To estimate the subject evolution of the log antibodies within the follow up per-

iod, the NLFP model was fitted using the R2WinBUGS package (Sturtz et al.

2005). A Markov Chain Monte Carlo (MCMC) simulation of 10,000 iterations,

from which the first 1000 were considered burn-in and discarded from the analy-

sis, was used to estimate the model parameters. Model selection was done using

the Deviance Information Criteria (DIC; Spiegelhalter et al. 2002; Gelman et al.

2004) and convergence was checked using trace plots, estimated potential scale

reduction factor (R̂) and Brooks, Gelman, and Rubin’s (BGR) statistics (Gelman

and Rubin 1992). The trace plot and BGR statistic indicate convergence for all

model parameters. Furthermore, the estimated potential scale reduction factor

(R̂) for all the parameters were close to one which indicates convergence for all

model parameters (see Appendix D Table D.1).

Initially, we fitted an NLFP which assumes the random intercept and the ran-

dom slope to be independent. Because we have prior knowledge of the power p,

which is p = −1.25 from Aregay et al. (2012), a uniform prior distribution for the

power p ∼ U(−1.4,−1.2) was used. A sensitivity analysis for the prior of p will be

discussed below. The posterior mean for the power was estimated to be −1.356 for

anti-HPV-16 antibodies, while −1.259 for anti-HPV-18 antibodies. At the second

stage, an NLFP which assumes the random intercept and the random slope to be

correlated was applied. For this model, the posterior means are estimated to be

equal to −1.332 for anti-HPV-16 antibodies, whereas it is −1.243 for anti-HPV-

18 antibodies. For both anti-HPV-16 and anti-HPV-18 antibodies, the DIC for

the correlated random effect model was smaller than the DIC for the independent

random effects model. Hence, the former is to be preferred. Additionally, the pos-

terior mean for the correlation between the random-effects is equal to −0.413 (95%

credible interval: [−0.511,−0.307]) for anti-HPV-16 antibodies and −0.596 (cre-

dible interval: [−0.677,−0.508]) for anti-HPV-18 antibodies. Parameter estimates

for the posterior mean of the fixed effects are shown in Table 9.1.

To assess whether the results depend on the prior distribution of the power p,

a sensitivity analysis was performed using different values for a and b. This shows

that the results do not depend on the prior distribution chosen (see Table 9.2).
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Figure 9.1: Long-term prediction with posterior predictive interval over 50 years for anti-
HPV-16 (left panel) and anti-HPV-18 antibodies (right panel).

Different threshold values (τ) were used: 29.8 EU/mL (1.474 log (EU/mL)) and

417.8 EU/mL (2.621 log (EU/mL)) for anti-HPV-16 antibodies and 22.6 EU/mL

(1.355 log (EU/mL)) and 279.3 EU/mL (2.446 log (EU/mL)) for anti-HPV-18 an-

tibodies (Fraser et al. 2007; David et al. 2009; Aregay et al. 2012). Unless

otherwise specified in the text, authors will focus their analysis on the low thre-

shold values, i.e., 29.8 EU/mL for anti-HPV-16 antibodies and 22.6 EU/mL for

anti-HPV-18 antibodies.

Figure 9.1 shows the long-term posterior predicted population means with 95%

predictive intervals, indicating that on average all of the subjects have antibody

levels above a threshold level for near life time.

Figure 9.2 shows the observed and posterior prediction for the antibody levels

for selected months within the estimation period. The posterior prediction den-

sities and observed densities are similar, indicating that the NLFP is fitting the

data very well over the follow-up period. The posterior predictive densities for 30

and 50 years at different threshold values are shown in Figure 9.3. Note that the

posterior predictive densities for 30 years and 50 years are almost the same.
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Figure 9.2: The densities of the posterior predictions (solid line) and observed values
(dashed line) of the antibody level at the categorized months, i.e., M63–M68 and M75–
. . . , for anti-HPV-16 (top figure) and anti-HPV-18 antibodies (bottom figure).

A comparison of the observed and model-based proportion within the follow

up period using the power-law and NLFP model is shown in Figure 9.4 at the top.

Using the NLFP, we observe from the lower panels that the proportion of subjects

who are above the threshold value was 99.7% (389 out of 390 subjects) for anti-

HPV-16 antibodies, while it was 99.5% (388 out of 390 subjects) for anti-HPV-18

antibodies over 50 years. If we use τ = 2.621 and τ = 2.446, the proportion above

the threshold will decrease to 48.9% and 52.6% for anti-HPV-16 and anti-HPV-

18 antibodies, respectively. These results agree with these reported in David et

al. (2009) and Aregay et al. (2012)
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Figure 9.3: The densities of posterior predictions of the antibody level over 30 and 50
years for anti-HPV-16 and anti-HPV-18 antibodies. Vertical solid line and bold dashed
line indicate the thresholds, 29.8 EU/mL and 417.8 EU/mL (left panel), and 22.6 EU/mL
and 279.3 EU/mL (right panel), respectively.

9.3.2 Estimation of Subject-specific Probability to be above a

Threshold

As we mentioned in Section 9.2.2, the hierarchical Bayesian model allows us to

estimate the posterior probability to be above a threshold. First, we discuss the

results obtained for the anti-HPV-16 antibodies.

The posterior mean for some selected subjects is shown in Figure 9.5. Note that

the first subject (8650) has a posterior predictive value below the threshold level

while the other subjects have values above this one. The posterior distribution of

the probability above the threshold level for these subjects is shown in Figure 9.6.

The estimated posterior mean for πij above the threshold level for these subjects

is equal to 0.25, 1, 1, 1, respectively.

Using the methodology described in Fraser et al. (2007), David et al. (2009) and

Aregay et al. (2012), subject 8650 is classified as having a predicted mean below

the threshold level for 50 years. However, using the current model π̂i50 is equal
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Figure 9.4: Observed proportion and model-based proportion above different threshold va-
lues (τ = 1.474 and τ = 1.355 (solid line) and τ = 2.621 and τ = 2.446 (dashed line)
for anti-HPV-16 (left panel) and anti-HPV-18 antibodies (right panel) within (top figure)
and after (bottom figure) the follow up period, using the power-law and NLFP models.

to 0.25. In other words, the current model provides a measure for uncertainty for

each subject.

Figure 9.7 shows the histogram of the posterior probability above threshold

for anti-HPV-16 antibodies. It shows that 93 (23.8%) subjects have a posterior

probability to be above the threshold τ = 2.621 equal to 0, for 193 (49.5%),

0 ≤ π̂ij ≤ 1 and the rest (104, 26.7 %) have a probability of above the threshold

equal to 1; π̂ij = 1 for 50 years. The sorted posterior probabilities to be above the

threshold for all subjects in the trial are shown in left panel of Figure 9.8 and the

posterior probabilities to be above the threshold for 10 years for subjects who have

posterior predicted mean above/below the threshold are shown in the right panel

of Figure 9.8 and illustrate the main difference between the analysis presented in

this paper to the analysis discussed in Fraser et al. (2007), David et al. (2009),
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Table 9.1: Comparison of power-law model, non-linear fractional polynomial model with
ρ12 = 0 and non-linear fractional polynomial model with ρ12 ̸=0 for anti-HPV-16 and
anti-HPV-18 antibodies.

HPV-16

PL NLFP with p∼dunif(-1.4,-1.2);ρ12=0 NLFP with p∼dunif(-1.4,-1.2); ρ12 ̸=0

Parameters mean sd MC error 95 % CI mean sd MC error 95% CI mean sd MC error 95%CI

β0 4.104 0.033 0.001 (4.042, 4.171) 2.604 0.024 0.001 (2.559, 2.651) 2.601 0.025 0.001 (2.555, 2.649)

β1 -0.368 0.008 3.83E-4 (-0.386, -0.351) 13.97 0.824 0.039 (12.21, 15.29) 13.32 0.941 0.048 (11.45, 15.03)

σb0 0.532 0.029 3.56E-4 (0.475, 0.592) 0.443 0.017 0.0001 (0.413, 0.478) 0.461 0.017 0.0001 (0.428, 0.496)

σb1 0.140 0.008 9.05E-5 (0.126, 0.156) 4.585 0.359 0.011 (3.866, 5.264) 4.539 0.382 0.016 (3.805, 5.294)

σ 0.235 0.004 3.50E-5 (0.227, 0.242) 0.185 0.003 3.19E-5 (0.178, 0.191) 0.184 0.003 2.5E-5 (0.178, 0.189)

ρ12 -0.581 0.048 5.62E-4 (-0.668, -0.488) -0.413 0.052 5.1E-4 (-0.511, -0.307)

p -1.356 0.031 0.001 (-1.398, -1.287) -1.332 0.037 0.002 (-1.39, -1.254)

DIC 429.51 -756.54 -777.45

HPV-18

PL NLFP with p∼dunif(-1.4,-1.2);ρ12=0 NLFP with p∼dunif(-1.4,-1.2); ρ12 ̸=0

Parameters mean sd MC error 95 % CI mean sd MC error 95% CI mean sd MC error 95%CI

β0 4.079 0.024 0.001 (4.032, 4.125) 2.468 0.022 0.001 (2.425, 2.512) 2.465 0.021 0.001 (2.422, 2.507)

β1 -0.389 0.006 0.0001 (-0.402, -0.377) 12.07 0.186 0.003 (11.71, 12.44) 11.79 0.545 0.026 (10.97, 13.08)

σb0 0.347 0.017 0.0002 (0.315, 0.379) 0.446 0.015 0.0001 (0.417, 0.477) 0.446 0.015 0.0001 (0.417, 0.476)

σb1 0.079 0.005 0.0001 (0.068, 0.089) 3.149 0.169 0.003 (2.822, 3.485) 3.069 0.213 0.007 (2.682, 3.527)

σ 0.219 0.004 3.21E-5 (0.213, 0.226) 0.171 0.003 2.71E-5 (0.165, 0.178) 0.169 0.003 2.54E-5 (0.164, 0.175)

ρ12 -0.396 0.065 8.85E-4 (-0.515, -0.259) -0.596 0.043 4,4E-4 (-0.677, -0.508)

p -1.259 0.032 0.002 (-1.326, -1.205) -1.237 0.024 0.001 (-1.293, -1.202)

DIC 34.5 -1182.65 -1232.97

and Aregay et al. (2012). As mentioned before, all authors used a model-based

classification procedure. In contrast, the right panel of Figure 9.8 shows π̂ij for

subjects who were classified as above/below the threshold by David et al. (2009)

and Aregay et al. (2012). We clearly see that among the 199 (51.02%) subjects

who were classified as above the threshold, 102 subjects have π̂ij = 1, while 97

subjects have 0.5 < π̂ij < 1. On the other hand, among the 191 (48.98%) subjects

who were classified as below the threshold, 89 subjects have π̂ij = 0 while 102

subjects have 0 < π̂ij < 0.5 over 10 years. This indicates that some of the subjects

who were classified as above the threshold in David et al. (2009) and Aregay et

al. (2012), are surrounded by some uncertainty.

The hierarchical model allows us to calculate the proportion of individuals for

which the probability to be above a threshold is more than α. For instance, over

50 years, if we use τ = 2.621, 190 subjects for anti-HPV-16 antibodies have a

posterior probability to be above a threshold more than 0.5. On the other hand, if

we use the lower thresholds, τ = 1.474, all of the subjects but one have a posterior

probability above 0.5 over 50 years.
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Table 9.2: A sensitivity analysis of the non-linear fractional polynomial for anti-HPV-16
and anti-HPV-18 antibodies.

HPV-16

NLFP with p∼dunif(-1.6,-1.2) NLFP with p∼dunif(-3,3) NLFP with p∼dunif(-5,5)

Parameters mean sd MC error 95 % CI mean sd MC error 95% CI mean sd MC error 95%CI

β0 2.604 0.026 0.001 (2.554, 2.653) 2.604 0.024 0.001 (2.557, 2.650) 2.604 0.024 0.001 (2.557, 2.650)

β1 13.910 1.134 0.059 (11.750, 16.240) 13.720 1.045 0.054 (11.810, 15.860) 13.720 1.045 0.054 (11.810, 15.860)

σb0 0.459 0.017 0.0001 (0.427, 0.495) 0.459 0.017 1.34E-4 (0.427, 0.495) 0.459 0.017 1.34E-4 (0.427, 0.495)

σb1 4.738 0.446 0.020 (3.904, 5.66) 4.668 0.416 0.010 (2.576, 3.538) 4.668 0.416 0.010 (2.576, 3.538)

σ 0.184 0.003 2.79E-5 (0.178, 0.190) 0.184 0.003 2.85E-5 (0.178, 0.190) 0.184 0.003 2.85E-5 (0.178, 0.190)

ρ12 -0.411 0.051 0.001 (-0.508, -0.305) -0.411 0.053 4.80E-4 (-0.510, -0.304) -0.411 0.053 4.8E-4 (-0.510, -0.304)

p -1.354 0.043 0.002 (-1.439, -1.266) -1.229 0.033 0.001 (-1.293, -1.165) -1.229 0.033 0.001 (-1.293, -1.165)

DIC -777.19 -777.4 -777.4

HPV-18

NLFP with p∼dunif(-1.6,-1.2) NLFP with p∼dunif(-3,3) NLFP with p∼dunif(-5,5)

Parameters mean sd MC error 95 % CI mean sd MC error 95% CI mean sd MC error 95%CI

β0 2.466 0.026 0.001 (2.415, 2.517) 2.466 0.024 0.001 (2.419, 2.512) 2.466 0.024 0.001 (2.419, 2.512)

β1 11.84 0.639 0.032 (10.88, 13.26) 11.63 0.755 0.038 (10.22, 13.28) 11.63 0.755 0.038 (10.22, 13.28)

σb0 0.460 0.017 0.0001 (0.428, 0.495) 0.460 0.017 0.0001 (0.428, 0.495) 0.4604 0.017 0.0001 (0.428, 0.495)

σb1 3.227 0.242 0.008 (2.8, 3.748) 3.175 0.261 0.010 (2.69, 3.73) 3.175 0.261 0.010 (2.69, 3.73)

σ 0.169 0.003 2.343E-5 (0.164, 0.175) 0.169 0.003 2.42E-5 (0.164, 0.175) 0.169 0.003 2.42E-5 (0.164, 0.175)

ρ12 -0.596 0.043 0.0004 (-0.676, -0.506) -0.597 0.043 0.0004 (-0.677, -0.507) -0.597 0.043 0.0004 (-0.677, -0.507)

p -1.243 0.028 0.001 (-1.304, -1.202) -1.232 0.034 0.002 (-1.302, -1.165) -1.232 0.034 0.002 (-1.302, -1.165)

DIC -1232.06 -1232.770 -1232.770

Figure D.2 shows the subject-specific posterior probability to be above a thre-

shold for anti-HPV-18 antibodies. Similar to the results obtained for anti-HPV-

16 antibodies, among the 212 (54.4%) subjects who were classified as above the

threshold, we can see that 133 subjects have π̂ij = 1 while 79 subjects have

0.48 < π̂ij < 1. For an elaborate presentation of the results obtained for anti-

HPV-18 antibodies, we refer to Appendix D.1.

9.4 Discussion

In this chapter, we proposed an extension of the fractional polynomial model

discussed by Aregay et al. (2012) to non-linear fractional polynomial using a hie-

rarchical Bayesian model. We have shown that the model can be used to calculate

a subject-specific probability to be above a threshold and to predict the long-term

persistence of vaccine induced anti-HPV-16/18 antibodies. The Bayesian perspec-

tive of the fractional polynomial was implemented by assuming a uniform prior

distribution for the power. The NLFP is more flexible than the fractional polyno-

mial, which assumes pre-specified fractional powers. It can easily be extended to

include multiple covariates. We have a conducted sensitivity analysis, establishing
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Figure 9.5: Long-term (50 years) prediction with posterior predictive interval of some
selected subjects for anti-HPV-16 antibodies.

that the results do not depend on the prior distribution of the power.

Moreover, using the current method, the uncertainty of above a threshold can

be calculated for subjects who were classified as above/below a threshold in David

et al. (2009) and Aregay et al. (2012). Subjects who were classified previously as

above a threshold have some uncertainty of being above threshold in this study

(Figure 9.8; Figure D.2).

For both HPV-16 and HPV-18, the main findings show that the posterior

probability above the threshold value is equal to one for 97.5% subjects (380 out

of 390 subjects) over 50 years. Note that, under the frequentist approach, the

probability above a certain threshold is fixed, i.e., 1 or 0.

One of our objectives was to obtain the long-term individual prediction above a

threshold. Hence, the posterior individual predictive mean was calculated. It was

found that 389 out of 390 subjects had posterior predicted mean above a threshold

level for 50 years for anti-HPV-16 antibodies while 388 out of 390 subjects for
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Figure 9.6: The posterior distribution of the probability above the threshold level for some
selected subjects for anti-HPV-16 antibodies.

anti-HPV-18 antibodies. If we use τ = 2.621, the proportion of subjects above

this threshold for 50 years was approximately 48.9% for anti-HPV-16 antibodies,

whereas 52.6% for anti-HPV-18 antibodies with τ = 2.446. These results were

similar to previous findings that were obtained from the same data set by Aregay

et al. (2012). We were able to show that the posterior predicted mean was above

the threshold level for 50 years.

Model comparison between the non-linear fractional polynomial and power-

law model was done using the Deviance Information Criterion. For both anti-

HPV-16 and anti-HPV-18 antibodies, the NLFP was to be preferred. To evaluate

the performance of the prediction over the estimation period, the model-based

proportions and observed proportions for both models were obtained. The NLFP

returned proportions more similar to the observed proportion than the power-law

model. Hence, in this work, the NLFP model fits to the data better than the power-

law model within the follow-up period. However, this does not automatically mean
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Figure 9.7: The posterior probability above threshold value 2.621, at 10, 20, 30, and 50
years for anti-HPV-16 antibodies.

it does the same outside the range of the observed data. Rather, this can be

ascertained only with long-term follow up.

There are two vaccines against HPV available on the market. It is difficult for

many medical experts to choose among them. Our method can be used to compare

two or more vaccines using the posterior probability above a given threshold. To

underscore this, we plotted an illustrative figure with vaccine 1 and vaccine 2

(Figure 9.10). From the plot, we can see that vaccine 1 is better than vaccine 2.
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Figure 9.8: HPV-16: Subject-specific sorted posterior probability above threshold 2.621 (left
panel) and posterior probability above threshold 2.621 over 10 years for subjects who were
classified as above threshold and below threshold (right panel). The index represents the
number of subjects.



9.4 Discussion 161

0 100 200 300 400

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

HPV−18

Index

S
o
rt

e
d
 P

ro
b
a
b

ili
ty

 a
b
o
ve

 t
h
re

s
h
o
ld

above threshold

below threshold

Figure 9.9: HPV-18: Subject-specific posterior probability above threshold 2.446 over 10
years for subjects who were classified as above threshold and below threshold. The index
represents the number of subjects.
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Figure 9.10: An illustrative probability above a threshold plot, which shows the comparison
of two vaccines.



Chapter

10 Concluding Remarks and Further

Research

This thesis focused on the contribution of statistical flexible methods to hierarchi-

cal data. The thesis consisted of two parts. The first part was aimed at proposing

flexible statistical methods for hierarchical and overdispersed data using a Baye-

sian method, whereas the second part emphasized making long-term prediction

of vaccine-induced anti-Human papillomavirus (HPV) antibodies using fractional

polynomials, from a frequentist and Bayesian view-point. In this chapter, we offer

concluding remarks drawn from the first and second part of the thesis. We discuss

both parts in turn. Further research will be discussed in Section 10.3.

10.1 Part I: Models for Hierarchical and Overdisper-

sed Data

In Chapter 4, we have presented a fully Bayesian approach for the so-called com-

bined model proposed by Molenberghs et al. (2007). These authors have studied

the combined model using maximum likelihood, whereas we adopted a fully Baye-

sian approach in this thesis. Furthermore, we conducted an extensive simulation

study to compare the performance of the combined model with an existing, po-

163
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pular method, i.e., the generalized linear mixed model (GLMM). We found that

the combined model performs better than the GLMM model for data featuring

high, moderate, and low overdispersion levels. As expected, however, both models

perform similarly for data without overdispersion. Using the GLMM model, the

bias and MSE of all parameters increases when the overdispersion level increases.

The GLMM model results in bias and inefficient estimates for all parameters, es-

pecially for σb (standard deviation of the random effect) and for data with high

overdispersion (0 < α ≤ 0.25). This may be due to the excess variability resulting

from overdispersion not taken into account with the GLMM model. Thus, using

the GLMM for hierarchical and overdispersed data in public health application,

which concentrates on improving health and quality of life through the preven-

tion and treatment of disease, may lead to incorrect conclusions. For example, a

treatment which does not have a significant effect could be found to have an effect.

The combined model sometimes fails to converge. Even when it converges, it is

computationally intensive. Hence, in Chapter 5, we proposed an alternative addi-

tive model in which the overdispersion random effect is introduced into the linear

predictor. In this chapter, we implemented the additive model and compared it

to the multiplicative model, from a Bayesian perspective. Simulations are used to

this effect. According to the simulation study in this chapter, both models perform

similarly, except that the additive model produces slightly smaller bias and MSE

for σb than the multiplicative model for data generated from an additive model

with high overdispersion level. Computationally, the additive model converges fas-

ter than the multiplicative model. In summary, both models can be used as viable

alternatives for overdispersed data. Note that the additive model is more uniform

in terms of using a normal distribution for the overdispersion random effect for the

entire exponential family. On the other hand, the multiplicative model requires

specific distributions for the overdispersion parameter in the exponential family

under consideration while it is a better choice in terms of parameter estimation

and inference.

Chapters 4 and 5 are restricted to the Poisson outcome case. In Chapter 6, we

generalized the additive and multiplicative combined model to the non-Gaussian

outcomes (binary, binomial, count, and time-to-event data). Moreover, we stu-

died the impact of misspecification of the GLM and GLMM for hierarchical and

overdispersion data using a focused simulation study. The main findings were

as follows. Misspecification of the GLM for hierarchical and overdispersed data
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causes serious flaws in inference. However, misspecification of the GLMM does

not strongly affect inferences of the slopes in time-to-event outcomes, but it does

so for binary and binomial hierarchical data with high overdispersion. Hence,

we should be careful using simple models for such data. The Bayesian approach

considered here converged well for some data sets, i.e., the HIV and onychomycosis

studies, where difficulties were encountered with a likelihood approach implemen-

ted in the SAS procedure NLMIXED, for the multiplicative model (Molenberghs

et al. 2010). Even though the multiplicative model has been studied for binary,

binomial, and time-to-event by Molenberghs et al. (2010, 2012), using maximum

likelihood, our work contributes useful applications and estimation strategies using

a fully Bayesian approach. For instance, if interest lies in making direct probabi-

lity statements about the parameters, the simulations done here provide further

useful insight into the performance of the model. Comparing the multiplicative

and additive versions of the model, the former exhibits more convergence issues

and, even when it converges it does so at higher computational expense. Thus,

the additive model can be a useful alternative.

The multiplicative combined model assumes the dispersion parameter, that quan-

tifies the amount of overdispersion, to be constant over time. However, this as-

sumption may not be satisfied in some cases. In addition, the dispersion parameter

may depend on some covariates. To this end, in Chapter 7, we handled such mul-

tiple sources of variation in the framework of the combined model. The models

were implemented in count data from an epilepsy study, HIV, and HCV related bi-

nomial data, and asthma attack data of a time-to-event nature. We found that the

dispersion parameter depends on time but not on the treatment effect for epilepsy

data; besides there is no need to allow for the dispersion parameter to depend on

time and treatment for HIV and asthma attack data, respectively, indicating that

a complex model is not always the better model. For the joint model, the disper-

sion parameter changes over time. In the time-dependent overdispersion models,

it should be pointed out that the number of dispersion parameters to be estimated

may be too large when we have longitudinal data with many time-points, such as

the epilepsy data set, which has a maximum of 27 time-points. This leads to issue

of overparameterizetion. To overcome such issue, we used a linear time dependent

overdispersion models. Alternative parametric functions can be used as well.
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10.2 Part II: Long-term Prediction

David et al. (2009) and Fraser et al. (2007) studied the HPV-16/18 data set

(GlaxoSmithKline Biologicals, HPV Protocols 001/007), and the HPV-16 L1 VLP

vaccine trial (Merck Research Laboratories, HPV Protocol 005), respectively, using

a so-called power-law and a modified power-law model. However, the first mo-

del has been limited to the assumption of a progressive decay of antibody and

antibody-producing B-cells, while the second model assumes, in addition, that the

proportion of memory B-cells remains stable and identical for all women, which is

biologically unlikely. To overcome such limitations, in Chapter 8, we proposed a

more flexible fractional polynomial (FP) models to predict the long-term persis-

tence of vaccine-induced ant-HPV antibodies. According to the FP mixed model,

vaccination of healthy women with AS04-adjuvanted HPV-16/18 vaccine results

in antibody level above the natural infection level from 50 years to near-life long

persistence for more than 99% of the subjects.

Several researchers (Fraser et al. 2007; David et al. 2009; Aregay et al. 2012)

have been focusing on the prediction of long-term immunity but little attention

was given to the subject-specific probability of being above a threshold at a given

time point. In contrast with the model-based long-term prediction, which treats

subjects as above threshold or not at any given time point, a subject-specific

probability quantifies the uncertainty about the subject protection status at any

time point. Thus, in Chapter 9, we have stated that the fractional polynomial

framework can be extended into non-linear fractional polynomial by assuming a

prior distribution on the power using a Bayesian approach. In this study, more

than 99% of the subjects who were vaccinated with HPV-16/18 AS04-adjuvanted

vaccine, had a higher chance of having antibody levels above the threshold level

for 50 years. Moreover, we have discussed that subjects who were classified as

above a threshold in the David et al. (2009) and Aregay et al. (2012) approaches,

may not be classified with certainly above a threshold in this study. We have

also shown that the performance of different vaccines can be compared using the

posterior probability above a threshold.
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10.3 Further Research

In this section, we discuss some of the limitations in our thesis and suggest further

research to address these issues.

For the models presented in the first part of the thesis, from Chapter 4 to 7,

we considered only a random intercept to account for the clustering effect and an

overdispersion random effect to accommodate the extra variability not accounted

for by the hierarchical random intercept. Including a random slope in the model

does not improve by much the fit in some of our examples. However, sometimes

there may be a need to include the random slope to handle the variability not

taken into account by the overdispersion random effect. This issue remains a topic

of further research.

In Chapter 6, we conducted a focused simulation study with fixed sample size

and cluster size. In practice, the information (extra-variability) obtained from

data collected depends on sample size and cluster size, especially for hierarchical

overdispersed binary data. Thus, further research should be done to explore the

effect of sample size and cluster size, especially for binary data.

To overcome the issue of overparameterizetion, in Chapter 7, we used linear

time-dependent overdispersion models. However, the dispersion parameter, which

measures the amount of overdispersion, may not be linearly related to the time

covariate. This emphasizes the need for further studies.

The model we considered in Chapter 8 is a fractional polynomial model with

only time as a covariate. Therefore, it is natural to extend this study to an FP

model, including other covariates deemed relevant. Moreover, modeling using FP

functions has some limitations. Perhaps the most important one is sufficient power

to detect a non-linear function and possible sensitivity to extreme values at either

end of the distribution of a covariate (Royston and Sauerbrei, 2008). Note that the

FP1 model considered in this study exhibits asymptotic behavior that may result

in overestimating the log antibody level when tij (time) approaches to infinitive.

Hence, caution should be made when using such model for large value of tij .

Finally, in Chapter 9, we considered a mean threshold value at the end of

the study period and a natural infection level (Fraser et al. 2007) to calculate

the probability of above a threshold because there are no defined antibody levels

associated with protection in the literature. Hence, further work is needed to

define these antibody levels.





Summary

The general objective of the thesis was to propose flexible statistical methods to

hierarchical data. The thesis was made up of two main parts. The first part was

devoted to flexible methods for hierarchical and overdispersed data. The long-

term prediction of vaccine-induced anti-human papillomavirus (HPV) antibodies

was our interest in the second part of the thesis.

In Chapter 1, we presented a general introduction for overdispersed data. We

focused on the impact of ignoring overdispersion during modeling and on how to

address such issues. In the second part of the thesis, we illustrated the prevalence

of HPV and covered some of the existing methods, which help to predict the

long-term persistence of vaccine-induced anti-HPV antibodies.

The case studies, which motivated us to undertake this research, were exem-

plified in Chapter 2.

Chapter 3 was dedicated to the existing methods to handle overdispersed uni-

variate data, such as the negative-binomial and beta-binomial models. Further,

we reviewed statistical methods for hierarchical data, like linear mixed models,

generalized linear mixed models, and a so-called combined model. The frequentist

and Bayesian estimation approaches were also reviewed in this chapter.

The focus of Chapter 4 was on hierarchical Bayesian modeling of overdisper-

sed longitudinal count data. Two different models were considered. The first one

assumes a Poisson distribution for the count data and includes a subject-specific

intercept, which is assumed to follow a normal distribution, to account for subject

heterogeneity. However, such a model does not fully address the potential problem

of extra-Poisson dispersion. The second model, therefore, includes also random

subject and time dependent parameters, assumed to be gamma distributed for rea-

sons of conjugacy and hence ease of manipulation and computation. To compare

the performance of the two models, a simulation study was conducted in which

the mean squared error, relative bias, and variance of the posterior means were

169
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compared. We found that the second model performs better than the first model

for data featuring high, moderate, and low overdispersion levels. However, both

models perform similarly for data without overdispersion.

In Chapter 5, an alternative additive model was proposed and compared with

the multiplicative combined model discussed in Chapter 4. An extensive simula-

tion study was performed to compare the performance of the two models in terms

of parameter estimation and computation time. In general, both models are com-

parable. Nevertheless, the additive model converges faster than the multiplicative

model.

In Chapter 6, the additive and multiplicative models discussed in Chapters 4

and 5 were extended to outcomes other than counts, such as binary, binomial, and

time-to-event data. In addition, the impact of misspecification of the conventio-

nally used generalized linear model (GLM) and generalized linear mixed model

(GLMM) was studied. For high and moderate overdispersion, misspecification

of the GLM for hierarchical and overdispersed data causes serious flaws in infe-

rence. However, misspecification of the GLMM does not strongly affect inferences

of the slopes in time-to-event outcomes, but it does so for binary and binomial

hierarchical data with high overdispersion.

In epidemiological studies and clinical trials, there is pronounced interest in

dealing with overdispersion and hierarchical structure induced association. Moreo-

ver, there can be multiple source of variation such as heterogeneity across groups.

In Chapter 7, we concentrated on addressing these issues by allowing the conjugate

random effect in the multiplicative model to change across groups and over time

as well. In some of the examples (epilepsy study), the results show that there is

variation over time whereas in others (asthma attack study), there is no need to

assume heterogeneity across treatment groups.

In infectious diseases, it is important to predict the long-term persistence of

vaccine-induced antibodies and to estimate the time points where the individual

titers are below the threshold value for protection. Chapter 8 focused on HPV-

16/18, and uses a so-called fractional-polynomial model to this effect, derived in

a data-driven fashion. In this study, more than 99% of the subjects who were

vaccinated with HPV-16/18 AS04-adjuvanted vaccine, had antibody level above

the natural infection level from 50 years to near-life long persistence.

vaccination of healthy women with AS04-adjuvanted HPV-16/18 vaccine re-

sults in antibody level above the natural infection level from 50 years to near-life
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long persistence for more than 99% of the subjects.

In Chapter 9, the fractional polynomial modeling framework, which assumes

a pre-specified set of powers, is extended to a non-linear fractional polynomial

framework (NLFP). Inferences are drawn in a Bayesian fashion. The proposed

modeling paradigm was implemented to quantify the subject-specific posterior

probability to be above a threshold value at a given time. Accordingly, vaccination

of healthy women with AS04-adjuvanted HPV-16/18 vaccine results in a higher

chance of having antibody level above the natural infection level from 50 years to

near-life long persistence for more than 99% of the subjects.

Finally, in Chapter 10, general conclusions and ideas for further research were

presented. We emphasized on the statistical contributions of our work and the

need for further research to overcome some of the limitations in the thesis.





Samenvatting

De algemene doelstelling van deze thesis bestaat erin van flexibele statistische

methoden voor te stellen voor hiërarchische gegevens. De thesis behelst twee delen.

Het eerste deel is gewijd aan flexibele modellen voor data met een hiërarchische

structuur en met overdispersie. De predictie over de lange termijn van vaccin-

gëınduceerde anti-humane papillomavirus (HPV) antilichamen is de focus in het

tweede deel van de tekst.

In Hoofdstuk 1 geven we een algemene inleiding op overdispersie. We leggen

de nadruk op de gevolgen van het niet in rekening brengen van dit fenomeen

gedurende het statistisch modelleren. Daarnaast beschrijven we hoe dit gegeven

correct kan worden aangepakt. In het tweede deel passen we de methodologie

toe op de prevalentie van HPV. We beschouwen dan enkele bestaande methoden

die dienstig kunnen zijn bij het voorspellen van de lange-termijn persistentie van

vaccin-gëınduceerde anti-HPV antilichamen.

De data die de motivatie vormen voor het onderhavige werk worden beschreven

in Hoofdstuk 2.

Hoofdstuk 3 beschrijft bestaande methoden om univariate gegevens met over-

dispersie te beschrijven. Deze omvatten het negatief-binomiale en het beta-binomiale

model. We geven ook een overzicht van modellen voor hiërarchische gegevens,

zoals het linear gemengde model, het veralgemeend lineair gemengde model, en

het zogenaamde gecombineerde model. We geven ook een overzicht van zowel de

frequentistische als de Bayesiaanse schattingsmethode.

In Hoofdstuk 4 ligt de klemtoon op hiërarchische Bayesiaanse modelering van

longitudinale aantallen met overdispersie. Concreet beschouwen we twee onder-

scheiden methoden. Ten eerste vertrekken we van een Poisson verdeling voor de

aantallen, met inbegrip van een subject-specifiek intercept, wat een normale verde-

ling volgt. Via dit laatste wordt heterogeniteit in rekening gebracht. Een dergelijk

model slaagt er niet altijd in van extra-Poisson dispersie in kaart te brengen. Om
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hieraan tegemoet te komen beschouwen we een tweede model, wat aan het vo-

rige model gamma verdeelde random effecten toevoegt. De gamma verdeling is

conjugate tegenover de Poisson verdeling, wat computationale voordelen oplevert.

De twee modellen worden vergeleken via een simulatiestudie. We evalueren de

performantie in termen van mean squared error , relatieve vertekening en variantie

van de a posteriori gemiddelden. De conclusie is dat het tweede model een be-

tere performantie heeft voor gegevens met hoge, matige, en lage overdispersie. De

performantie is gelijkaardig indien er geen overdispersie is.

In Hoofdstuk 5 stellen we een alternatief model voor, waar het random effect

additief eerder dan multiplicatief is. Het additieve en multiplicatieve model worden

vergeleken aan de hand van simulaties. We bestuderen zowel het schatten van

de parameters als de benodigde berekeningstijd. Over het algemeen zijn beide

modellen vrij vergelijkbaar. Het additieve model heeft nochtans de neiging van

sneller te convergeren dan zijn multiplicatieve tegenhanger.

In Hoofdstuk 6 worden zowel het additieve als het multiplicatieve model uitge-

breid naar gegevens verschillend van aantallen. Dit betekent dat de modellen ook

kunnen gebruikt worden voor binaire gegevens, binomiale respons en stoptijden.

We bestuderen in dit hoofdstuk ook de impact van foutief gespecifieerde veral-

gemeend lineaire modellen (GLM) en veralgemeend lineair gemengde modellen

(GLMM). Voor hoge en matige overdispersie zorgt misspecificatie van de GLM

voor ernstig manklopende inferentie. Het probleem is veel minder aanwezig bij

GLMM voor wat betreft inferentie met betrekking tot de covariaat-effecten voor

stoptijden. Nochtans, voor binaire en binomiale gegevens met hoge overdispersie

is het probleem wel ernstig.

In epidemiologische en klinische studies is er een duidelijke nood aan het cor-

rect in rekening brengen van overdispersie en correlatie ontstaan ter wille van het

herhaald meten van de respons. Het is bovendien mogelijk dat meer dan één bron

verantwoordelijk is voor de heterogeniteit tussen groepen. In Hoofdstuk 7 laten

we toe dat het conjugate random effect in het multiplicatieve model afhangt van

de groep waartoe een patiënt behoort. Bovendien is afhankelijkheid van de tijd

mogelijk. In bijvoorbeeld de studie van epileptische patiënten zien we een tijdsaf-

hankelijkheid, terwijl in de asthma studie de effecten niet afhangen van groepen

of van de tijd.

In infectieziekten is het van belang de predictie op de lange termijn van de

persistentie van vaccin-gëınduceerde antilichamen te schatten. Het is eveneens
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van belang de tijdspunten te bepalen waar de individuele titers beneden de bes-

chermingsdrempel liggen. Hoofdstuk 8 bestudeert de HPV-16/18 gegevens. Zo-

genaamde fractionele polynomen worden gebruikt om dit effect te bestuderen. Ze

worden bepaald op een data-gestuurde manier. Voor deze studie vinden we dat

meer dan 99% van de respondenten die gevaccineerd wroden met HPV-16/18 een

antilichaamsniveau hebben boven het natuurlijke beschermingsniveau, van 50 jaar

to quasi levenslange bescherming.

In Hoodstuk 9 breiden we het kader van de fractionele polynomen (FP) uit. In

klassieke FP modellen kiezen we uit een vooraf bepaalde verzameling van machten.

Hier laten we zogenaamde niet-lineaire fractionele polynomen (NLFP) toe. Infe-

rentie geschiedt op een Bayesiaanse manier. Het doel was van de subject-specifieke

a posteriori kans te bepalen om boven een bepaalde drempel te liggen, op een ge-

geven tijdspunt. In die zin leidt de vaccinatie van een gezonde vrouw met het

HPV-16/18 vaccin in een hogere kans op een niveau van antilichamen boven het

natuurlijke infectieniveau van 50 jaar to quasi levenslange bescherming, in meer

dan 99% van de gevallen.

In Hoofdstuk 10 trekken we algemene conclusies en formuleren we relevante

mogelijkheden voor verder onderzoek. We geven een overzicht van de statistische

bijdragen van ons onderzoek en geven aan hoe de beperkingen kunnen overstegen

worden.
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Appendix

A Supplementary Material for

Chapter 4

A.1 Diagnostic of Convergence

Theoretically, convergence occurs at infinity. In practice, from a certain iteration

the sampling distribution sufficiently stays the same. Different diagnostic methods

were performed. The first was a trace plot, which shows how quickly the posterior

distribution is reached (Gelman et al. 2004). Visual inspection of trace plots,

however, does not suffice to claim convergence. Some more formal test must

be performed. Thus, the trace plot is accompanied with Brooks, Gelman, and

Rubin’s (BGR) diagnostic. The BGR approach to monitoring convergence of

MCMC output is based on more than one parallel chain. The chains are run

with starting values that are overdispersed relative to the posterior distribution.

Convergence is diagnosed when the chains have “forgotten” their initial values and

the output from all chains is indistinguishable. The test is based a comparison

of within-chain and between-chain variances (Gelman and Rubin 1992; Gelman et

al. 2004), and is similar to a classical analysis of variance.

To compare the HPN and HPNOD models, we applied Deviance Information
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Criterion (DIC, Spiegelhalter et al. 2002), which is given by the formula

DIC = D̄ + pD = D̂ + 2pD,

where D̄ is the posterior mean of the deviance and D̂ is a point estimate of the

deviance obtained by substituting the posterior mean θ̄, namely, D̂ = −2 log p(y|θ̄),
where log p(y|θ̄) is the log-likelihood of the data. The quantity pD is the effective

number of parameters, and is given by the posterior mean of the deviance minus

the deviance of the posterior means, i.e., pD = D̄−D̂. The model with the smallest

DIC is selected to be the model that would best predict a replicate data set of the

same structure as the one currently observed.

Figures A.3 and A.4 show the Gelman and Rubin plots for the HPN and

HPNOD models, respectively. All diagnostics show good convergence.

A.2 Simulation Study

A simulation study was performed to compare the performance of the HPN and

HPNOD models. Initially, we assess the effect of α = 0.25, 1, 5, 25, 50, 100 and

also with σ = 0.1, 0.2, 0.3, 0.5. However, we have seen similar results with α =

5, 25, 50, 100 and σ = 0.2, 0.3, 0.5 and we decided to use α = 0.25, 1, 25 and σ =

0.1, 0.5 (Figures A.1 and A.2). We have investigated the effect of cluster size,

sample size, and β. Tables A.1, A.2, and A.3 show the effect of cluster size while

Tables A.4 and A.5 show the effect of sample size. The effect of β is shown in

Tables A.6 and A.7.

A.3 WinBUGS Implementation for Combined Model

The WinBUGS implementation of the combined model via R2WinBUGS package

is shown below.

model

{

for(j in 1 : N) {

y[j] ˜ dpois(lambda[j])

lambda[j]<-theta[j]*lambda.ind[j]

log(lambda.ind[j]) <- beta00*Trt[j]+beta01*(1-Trt[j])
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+beta10*Trt[j]*t[j]+beta11*(1-Trt[j])*t[j]+bi[id2[j]]

theta[j]˜dgamma(alpha,beta)

}

for(k in 1:n){

bi[k] ˜ dnorm(0.0, tau.bi)

}

beta00 ˜ dnorm(mu00,tau00)

beta01 ˜ dnorm(mu01,tau01)

beta10 ˜ dnorm(mu10,tau10)

beta11 ˜ dnorm(mu11,tau11)

mu00 ˜ dnorm(0.0,1.0E-6)

mu01 ˜ dnorm(0.0,1.0E-6)

mu10 ˜ dnorm(0.0,1.0E-6)

mu11 ˜ dnorm(0.0,1.0E-6)

tau00 ˜ dgamma(0.01,0.01)

tau01 ˜ dgamma(0.01,0.01)

tau10 ˜ dgamma(0.01,0.01)

tau11 ˜ dgamma(0.01,0.01)

tau.bi ˜ dgamma(0.01,0.01)

alpha ˜ dunif(0,100)

beta <- 1/alpha

sig.b <- 1/tau.bi

diff <- beta10-beta11

ratio <- beta10/beta11

}
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Table A.1: Summary of the simulation results for n = 60, t = 2 for over dispersed data
with different α values and without overdispersion. Using HPN (GLMM) and HPNOD
(combined model) models.

α

sigma Parameter 0.25 1 25 α→∞
GLMM Comb GLMM Comb GLMM Comb GLMM Comb

0.1 β00 Bias -1.1085 2.4506 -0.2672 -0.6051 -0.0666 -7.4068 -0.0045 -8.1472

RelBias -0.5542 1.2253 -0.1336 -0.3025 -0.0333 -3.7034 -0.0023 -4.0736

var 0.9136 1.5582 0.2069 0.7926 0.0220 1.0369 0.0196 0.2723

MSE 2.1423 7.5636 0.2783 1.1587 0.0264 55.8977 0.0196 66.6498

β01 Bias -3.2356 2.5704 -0.5611 -0.7446 0.2068 -9.1236 - 0.1512 -7.7557

RelBias 1.6178 -1.2852 0.2805 0.3723 -0.1034 4.5612 0.0756 3.8778

var 975.258 81.6860 2.2722 2.0878 23.2979 153.215 1.5070 465.775

MSE 985.728 88.2931 0.2587 2.6422 23.3406 236.455 1.5299 525.925

β10 Bias 0.0010 0.0240 -0.0097 0.0104 0.0360 -0.0065 -0.0058 -0.0067

RelBias 0.0208 0.4801 -0.1938 0.2074 0.7208 -0.1296 -0.1152 -0.1333

var 0.3584 0.2687 0.0790 0.0647 0.0081 0.0106 0.0076 0.0069

MSE 0.3584 0.2692 0.0791 0.0648 0.0094 0.0107 0.0077 0.0069

β11 Bias 0.1359 -0.5962 0.0105 -0.0412 -0.3989 0.7684 -0.0328 -1.2333

RelBias 0.6796 -2.9812 0.0527 -0.2059 -1.1948 3.8418 -0.1639 -6.1667

var 419.929 65.4084 0.7344 0.5069 22.7201 39.5257 0.5288 375.259

MSE 419.948 65.7639 0.7345 0.5087 22.879 40.1161 0.5298 376.780

σ Bias 1.61106 0.4894 0.6830 0.2656 0.0950 0.0782 0.0529 0.0467

RelBias 16.1107 4.8941 6.8302 2.6565 0.9502 0.7823 0.5292 0.4674

var 0.0593 0.0459 0.0186 0.0184 0.0090 0.0015 0.0009 0.0006

MSE 2.6548 0.2855 0.4851 0.0890 0.0113 0.0076 0.0038 0.0028

α Bias 0.0477 0.4433 23.8639

RelBias 0.1908 0.4433 0.9546

Var 0.0076 0.3274 342.3114

MSE 0.0098 0.5239 911.797

DIC 636.78 285.15 522.38 334.25 377.65 240.38 361.90 328.64

0.5 β00 Bias -1.1275 2.6727 -0.2629 -0.1341 0.0069 -7.2172 -0.0240 -7.9229

RelBias -0.5637 1.3364 -0.1314 -0.0671 0.0034 -3.6086 -0.0120 -3.9615

var 1.0973 1.1055 0.2387 0.7161 0.0401 1.5498 0.0283 0.5668

MSE 2.3684 8.2489 0.3078 0.7340 0.0401 53.6378 0.0289 63.3393

β01 Bias -2.4703 3.6456 -0.4079 -1.5371 -0.1869 -7.5787 -1.7447 -8.2769

RelBias 1.2351 -1.8228 0.2039 0.7686 0.0934 3.7894 0.8724 4.1385

var 212.860 115.189 1.5531 111.432 1.4929 2.8435 140.039 2.3527

MSE 218.962 128.479 1.7195 113.795 1.5278 60.2802 143.083 70.8603

β10 Bias 0.0300 -0.0200 0.0098 0.0013 -0.0171 0.0016 0.0044 -0.0063

RelBias 0.6008 -0.4012 0.1955 0.0256 -0.3426 0.0328 -0.0870 -0.1253

var 0.4343 0.2747 0.0942 0.1052 0.0119 0.0111 0.0065 0.0075

MSE 0.4352 0.2751 0.0943 0.1052 0.0122 0.0111 0.0065 0.0075

β11 Bias 0.1537 -1.2580 -0.0519 0.6078 0.0053 0.0696 0.8009 0.0245

RelBias 0.7684 -6.2901 -0.2599 3.0386 0.0263 0.3480 4.0044 0.1225

var 96.7169 111.998 0.5561 28.0041 0.5899 0.6242 34.7574 0.5379

MSE 96.7405 113.581 0.5588 28.3734 0.5900 0.6291 35.3988 0.5385

σ Bias 1.2522 0.0882 0.443 0.0054 0.0434 0.0278 0.0157 0.0058

RelBias 2.5043 0.1764 0.8886 0.0108 0.0868 0.0557 0.0313 0.0115

var 0.0945 0.0545 0.0157 0.0331 0.0087 0.0089 0.0084 0.0071

MSE 1.6624 0.0622 0.2131 0.0331 0.0106 0.0098 0.0086 0.0071

α Bias 0.0327 0.1652 22.1171

RelBias 0.1309 0.1652 0.8847

Var 0.0054 0.1556 432.04

MSE 0.0065 0.1829 921.211

DIC 675.70 283.27 553.42 327.51 396.39 228.97 383.64 326.51



Appendix A 193

Table A.2: Summary of the simulation results for n = 60, t = 5 for overdispersed data
with different α values and without overdispersion. Using the HPN and HPNOD models.

α

sigma Parameter 0.25 1 25 α→∞
GLMM Comb GLMM Comb GLMM Comb GLMM Comb

0.1 β00 Bias -0.4282 2.7655 -0.1095 -0.1264 -0.0018 -7.0421 -0.0051 -8.3828

RelBias -0.2141 1.3828 -0.0548 -0.0632 -0.0009 -3.5210 -0.0026 -4.1914

var 0.1676 0.2627 0.0433 0.1049 0.0065 0.8522 0.1676 0.2044

MSE 0.3509 7.9109 0.0553 0.1209 0.0065 50.4428 0.1677 70.476

β01 Bias -0.5007 2.6017 -0.1355 -0.2365 -0.1083 -7.1592 - 0.1257 -8.3422

RelBias 0.2504 -1.3008 0.0677 0.1182 0.0542 3.5796 0.0629 4.1711

var 0.4108 0.4939 0.2519 0.3628 0.2243 0.8469 0.2033 0.3708

MSE 0.6615 7.2625 0.2703 0.4187 0.2360 52.1009 0.2191 69.9624

β10 Bias -0.0073 -0.0203 -0.0021 -0.0040 0.0005 0.0015 -0.0011 0.0044

RelBias -0.1466 -0.4062 -0.0413 0.0806 0.0109 0.0290 -0.0217 0.0881

var 0.0138 0.0131 0.0037 0.0041 0.0005 0.0005 0.0005 0.0005

MSE 0.0139 0.0135 0.0038 0.0041 0.0005 0.0005 0.0005 0.0005

β11 Bias -0.0138 0.0029 -0.0084 0.0029 0.0151 0.0119 0.0174 -0.0113

RelBias -0.0692 0.0145 -0.0421 0.0146 0.0755 0.0599 0.0871 -0.0565

var 0.0328 0.0343 0.0189 0.0232 0.0170 0.0155 0.0133 0.0131

MSE 0.0329 0.0343 0.0190 0.0232 0.0172 0.0157 0.0136 0.0132

σ Bias 0.9349 0.2685 0.3755 0.1378 0.0474 0.0316 0.0262 0.0238

RelBias 9.3487 2.6855 3.7546 1.3759 0.4736 0.3155 0.2617 0.2375

var 0.0205 0.0121 0.0067 0.0039 0.0009 0.0009 0.0006 0.0004

MSE 0.8945 0.0842 0.1477 0.0228 0.0032 0.0016 0.0012 0.0009

α Bias 0.0110 0.0809 14.4784

RelBias 0.0441 0.0809 0.5791

Var 0.0016 0.0186 268.041

MSE 0.0017 0.0251 477.666

DIC 2762.72 744.52 1717.38 936.04 984.15 861.48 943.18 909.84

0.5 β00 Bias -0.4856 2.7965 -0.1039 -0.0094 -0.0054 -6.7802 0.0193 -8.4345

RelBias -0.2428 1.3983 -0.0519 -0.0047 -0.0027 -3.3901 0.0097 -4.2173

var 0.2254 0.3543 0.0599 0.1645 0.0146 0.7198 0.0109 0.2139

MSE 0.4611 8.1749 0.0707 0.1646 0.0146 46.6907 0.0112 71.3555

β01 Bias -0.6725 2.5888 -0.1360 -0.0943 -0.0779 -6.8952 -0.0540 -8.5442

RelBias 0.3362 -1.2944 0.0680 0.0471 0.0389 3.4476 0.0270 4.2721

var 0.5513 0.6681 0.3302 0.3873 0.2232 0.8250 0.1311 0.5159

MSE 1.0036 7.3699 0.3487 0.3962 0.2293 48.3689 0.1339 73.5188

β10 Bias 0.0101 -0.0024 0.0047 0.0031 0.0008 -0.0055 -0.0024 -0.0012

RelBias 0.2029 -0.0478 0.0933 0.0618 0.0155 -0.1097 -0.0484 -0.0241

var 0.0208 0.0210 0.0046 0.0042 0.0005 0.0005 0.0004 0.0004

MSE 0.0209 0.0211 0.0046 0.0042 0.0005 0.0005 0.0004 0.0004

β11 Bias 0.0510 0.0333 -0.0120 0.0099 0.0108 0.0123 0.0079 0.0091

RelBias 0.2551 0.1667 -0.060 0.0495 0.0539 0.0615 0.0398 0.0455

var 0.0395 0.0372 0.0238 0.0175 0.0139 0.0129 0.0117 0.0167

MSE 0.0421 0.0383 0.0239 0.0176 0.0141 0.0131 0.0118 0.0168

σ Bias 0.6406 0.0318 0.1895 0.0209 0.0044 0.0017 0.0183 -0.0085

RelBias 1.2812 0.0635 0.3789 0.0419 0.0088 0.0034 0.0367 -0.0169

var 0.0231 0.0478 0.0064 0.0190 0.0060 0.0059 0.0043 0.0059

MSE 0.4335 0.0488 0.0423 0.0195 0.0060 0.0059 0.0047 0.0060

α Bias 0.0015 0.0174 12.5088

RelBias 0.0061 0.0174 0.5044

Var 0.0012 0.0199 335

MSE 0.0012 0.0202 492

DIC 3044.66 754.29 1793.72 935.08 1017.20 911.95 972.73 952.12
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Table A.3: Summary of the simulation results for n = 60, t = 10 for overdispersed data
with different α values and without overdispersion. Using the HPN and HPNOD models.

α

sigma Parameter 0.25 1 25 α→∞
GLMM Comb GLMM Comb GLMM Comb GLMM Comb

0.1 β00 Bias -0.1122 2.7297 -0.0249 -0.0034 0.0040 -6.5832 0.0061 -8.3828

RelBias -0.0561 1.3648 -0.0125 -0.0017 0.0020 -3.2916 0.0003 -4.1914

var 0.0348 0.0432 0.0089 0.0222 0.0012 0.1621 0.0010 0.2044

MSE 0.0474 7.4945 0.0095 0.0222 0.0012 43.5009 0.0010 70.476

β01 Bias -0.1811 2.7132 -0.0077 0.0056 0.0042 -6.6045 -0.0188 -8.3422

RelBias 0.0905 -1.3566 0.0389 -0.0028 -0.0021 3.3022 0.0094 4.1711

var 0.1235 0.0527 0.0278 0.0477 0.0146 0.1549 0.0109 0.3708

MSE 0.1563 7.4143 0.0338 0.0477 0.0146 43.7741 0.0112 69.9624

β10 Bias 0.0017 -0.0004 <0.0001 -0.0014 -0.0001 <-0.0001 <0.0001 0.0044

RelBias 0.0339 -0.0088 0.0068 0.0287 -0.0029 -0.0016 0.0017 0.0881

var 0.0003 0.0002 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 0.0005

MSE 0.0003 0.0002 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 0.0005

β11 Bias -0.0008 0.0016 0.0017 -0.0023 -0.0006 0.0012 0.0009 -0.0113

RelBias -0.0042 0.0080 0.0085 -0.0113 -0.0031 0.0059 0.0049 -0.0565

var 0.0006 0.0002 0.0001 0.0002 <0.0001 <0.0001 <0.0001 0.0131

MSE 0.0006 0.0002 0.0001 0.0002 <0.0001 <0.0001 <0.0001 0.0132

σ Bias 0.4647 0.0973 0.1895 0.0439 0.0183 0.0093 0.0048 0.0238

RelBias 4.6470 0.9728 1.8947 0.4390 0.1826 0.0934 0.0481 0.2375

var 0.0043 0.0017 0.0012 0.0008 0.0003 0.0003 0.0002 0.0004

MSE 0.2202 0.0112 0.0371 0.0027 0.0006 0.0004 0.0002 0.0009

α Bias 0.0032 0.0096 2.7236

RelBias 0.0127 0.0096 0.1089

Var 0.0002 0.0038 31.9599

MSE 0.0002 0.0039 39.3778

DIC 21868.83 3811.87 11407.18 4963.69 5232.89 5084.16 4912.73 1004.97

0.5 β00 Bias -0.0768 2.7787 -0.1039 -0.0023 0.0039 -6.5085 0.0071 -8.4345

RelBias -0.0384 1.3894 -0.0519 -0.0012 0.0019 -3.2543 0.0035 -4.2173

var 0.0452 0.0597 0.0599 0.0263 0.0104 0.1173 0.0071 0.2139

MSE 0.0511 7.7811 0.0707 0.0263 0.0104 42.4778 0.0071 71.3555

β01 Bias -0.2639 2.8117 -0.1360 0.0268 -0.0127 -6.5258 -0.0183 -8.5442

RelBias 0.1319 -1.4058 0.0680 -0.0134 0.0063 3.2629 0.0092 4.2721

var 0.1737 0.0839 0.3302 0.0460 0.0259 0.1239 0.0214 0.5159

MSE 0.2434 7.9894 0.3487 0.0468 0.0261 42.7102 0.0217 73.5188

β10 Bias -0.0032 -0.0012 0.0002 0.0005 -0.0002 0.0004 0.0004 -0.0012

RelBias -0.0638 -0.0217 0.0001 0.0104 -0.0036 0.0071 0.0074 -0.0241

var 0.0002 0.0003 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 0.0004

MSE 0.0003 0.0003 <0.0001 <0.0001 <0.0001 <0.0001 <0.0001 0.0004

β11 Bias 0.0051 -0.0011 -0.0120 -0.0012 0.0007 0.0010 0.0009 0.0091

RelBias 0.0253 -0.0053 -0.060 -0.0053 0.0036 0.0052 0.0046 0.0455

var 0.0007 0.0003 0.0238 0.0001 <0.0001 <0.0001 <0.0001 0.0167

MSE 0.0008 0.0003 0.0239 0.0001 <0.0001 <0.0001 <0.0001 0.0168

σ Bias 0.2566 -0.0082 0.1895 -0.0056 0.0034 -0.0006 0.0064 -0.0085

RelBias 0.5131 -0.0165 0.3789 -0.0112 0.0069 -0.0012 0.0128 -0.0169

var 0.0058 0.0086 0.0064 0.0032 0.0028 0.0030 0.0033 0.0059

MSE 0.0716 0.0086 0.0423 0.0032 0.0028 0.0030 0.0034 0.0060

α Bias 0.0005 0.0054 1.554

RelBias 0.0021 0.0054 0.0622

Var 0.0002 0.0031 20.2951

MSE 0.0002 0.0031 22.7091

DIC 24400.25 3842.13 12425.51 4966.35 5285.44 5111.81 4941.04 1025.82
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Figure A.1: Bias and MSE versus α plot for data generated with overdispersion and ap-
plying HPNOD for n= 30 subjects.
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Figure A.2: Bias and MSE versus α plot for data generated with overdispersion and ap-
plying the HPN model for n = 30 subjects.
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Table A.4: Summary of the simulation results for n = 120, t = 10 for overdispersed data
with different α values and without overdispersion. Using HPN and HPNOD models.

α

σ Parameter 0.25 1 25 α→∞
GLMM Comb GLMM Comb GLMM Comb GLMM Comb

0.1 β00 Bias -0.2088 2.7145 -0.0601 -0.0648 -0.0047 -6.8059 -0.0042 -8.8966

RelBias -0.1044 1.3573 -0.0301 -0.0324 -0.0024 -3.4029 -0.0021 -4.4483

var 0.0380 0.0517 0.0100 0.0252 0.0016 0.3400 0.0013 0.0359

MSE 0.0816 7.4204 0.0136 0.0294 0.0016 46.965 0.0013 79.1848

β01 Bias -0.2391 2.7037 -0.0985 -0.0826 -0.0198 -6.8268 - 0.044 -8.9186

RelBias 0.1196 -1.3519 0.0492 0.0413 0.0099 3.4134 0.022 4.4593

var 0.1135 0.0972 0.0331 0.0576 0.0288 0.3600 0.0289 0.0599

MSE 0.1706 7.4073 0.0428 0.0644 0.0292 46.9652 0.0309 79.6011

β10 Bias <0.0001 0.0036 0.0026 -0.0013 0.0003 0.0005 <0.0001 <0.0001

RelBias -0.0008 0.0727 0.0522 -0.0269 0.0069 0.0091 0.001 -0.0006

var 0.0009 0.0009 0.0002 0.0002 <0.0001 <0.0001 <0.0001 <0.0001

MSE 0.0009 0.0015 0.0002 0.0002 <0.0001 <0.0001 <0.0001 <0.0001

β11 Bias -0.0034 0.0059 0.0068 <0.0001 0.0007 0.0016 0.0043 0.0006

RelBias -0.0172 0.0296 0.0342 0.0004 0.0036 0.0079 0.0216 0.0028

var 0.0022 0.0015 0.0007 0.0007 0.0005 0.0005 0.0005 0.0005

MSE 0.0022 0.0015 0.0007 0.0007 0.0005 0.0005 0.0225 0.0005

σ Bias 0.6028 0.1270 0.2454 0.1015 0.0453 0.0383 0.0327 0.0325

RelBias 6.0283 1.2702 2.4538 1.0154 0.4525 0.3831 0.3272 0.3250

var 0.0033 0.0027 0.0011 0.0005 0.0002 0.0001 0.0001 <0.0001

MSE 0.3667 0.0188 0.0613 0.0108 0.0022 0.0016 0.0012 0.0011

α Bias 0.0073 0.0363 6.8264

RelBias 0.0293 0.0363 0.2731

Var 0.0004 0.0047 113.3673

MSE 0.0004 0.0059 159.967

DIC 14605.6 3281.63 8143.34 4124.18 4323.30 4221.68 4121.51 4112.14

0.5 β00 Bias -0.2289 2.8153 -0.0598 0.0103 -0.0153 -6.5896 -0.0045 -8.8754

RelBias -0.1145 1.4708 -0.0299 -0.0051 -0.0076 -3.2948 -0.0023 -4.4378

var 0.0413 0.1314 0.0167 0.0291 0.0049 0.2742 0.0019 0.0565

MSE 0.0937 8.0576 0.0202 0.0291 0.0051 43.6966 0.0049 78.829

β01 Bias -0.2586 2.7409 -0.0469 0.0055 -0.0299 -6.5674 -0.0052 -8.8811

RelBias 0.1293 -1.3705 0.0235 -0.0027 0.0149 3.2837 0.0026 4.4406

var 0.1053 0.2374 0.0368 0.0599 0.0346 0.2982 0.0283 0.0794

MSE 0.1722 7.7503 0.0390 0.0599 0.0355 43.4289 0.0283 78.953

β10 Bias -0.0008 -0.0040 -0.0006 0.0005 0.0007 0.0006 0.0002 -0.0001

RelBias -0.0154 -0.0805 -0.0126 0.0091 0.0131 0.0125 0.0046 -0.0026

var 0.0008 0.0018 0.0004 0.0003 <0.0001 <0.0001 <0.0001 <0.0001

MSE 0.0008 0.0018 0.0004 0.0003 <0.0001 <0.0001 <0.0001 <0.0001

β11 Bias 0.0012 0.0026 -0.0021 -0.0002 0.0003 -0.0018 -0.0009 <0.0001

RelBias 0.006 0.0128 0.0103 -0.0011 0.0014 -0.0089 -0.0046 0.0002

var 0.0017 0.0035 0.0007 0.0008 0.0005 0.0004 0.0004 0.0004

MSE 0.0017 0.0035 0.0007 0.0008 0.0005 0.0004 0.0004 0.0004

σ Bias 0.3737 -0.0265 0.0931 -0.0144 0.0122 -0.0007 -0.0021 0.0003

RelBias 0.7474 -0.0531 0.1861 -0.0287 0.0244 -0.0015 -0.0041 -0.0005

var 0.0042 0.0168 0.0029 0.0041 0.0018 0.0019 0.0018 0.0017

MSE 0.1438 0.0175 0.0116 0.0043 0.0019 0.0019 0.0018 0.0017

α Bias 0.0021 0.0031 3.297

RelBias 0.0085 0.0031 0.1318

Var 0.0006 0.0047 69.3844

MSE 0.0006 0.0047 80.2546

DIC 16068.48 3261.39 8918.06 4415.20 4304.82 2105.32 4187.54 4188.89
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Table A.5: Summary of simulation results for n = 30, t = 10 for overdispersed data with
different α values and without overdispersion. Using HPN and HPNOD models.

α

σ Parameter 0.25 1 25 α→∞
GLMM Comb GLMM Comb GLMM Comb GLMM Comb

0.1 β00 Bias -0.2142 2.6528 -0.0522 -0.0781 -0.0116 -7.0778 -0.0040 -8.3802

RelBias -0.1071 1.3264 -0.0261 -0.039 -0.0058 -3.5389 -0.0020 -0.3104

var 0.1303 0.2209 0.0418 0.0968 0.0037 0.625 0.0040 197.78

MSE 0.1762 7.2585 0.0445 0.1029 0.0038 50.701 0.0040 1161.13

β01 Bias -0.2878 2.4872 -0.0806 -0.1395 -0.0575 -7.1285 -0.0294 -8.4444

RelBias 0.1439 -1.2436 0.0403 0.0698 0.0287 3.5643 0.0147 4.2222

var 0.3307 0.3522 0.1326 0.02873 0.0152 0.747 0.1360 0.3172

MSE 0.4135 6.5384 0.1391 0.03067 0.0155 51.6 0.1369 71.6256

β10 Bias -0.0035 0.0049 0.0017 -0.0063 0.0013 -0.0015 <0.0001 0.0009

RelBias -0.0703 0.0995 0.0349 -0.1258 0.0256 -0.0307 -0.0013 0.0188

var 0.0029 0.0037 0.0011 0.0008 0.0001 0.0001 <0.0001 0.0001

MSE 0.0029 0.0037 0.0011 0.0008 0.0001 0.0001 <0.0001 0.0001

β11 Bias -0.0002 0.0251 0.0011 -0.0039 0.0018 -0.0031 -0.0011 0.0058

RelBias -0.0009 0.1257 0.0055 -0.0196 0.0091 -0.0015 -0.0056 0.0289

var 0.0064 0.0063 0.0025 0.0035 0.0028 0.0026 0.0024 0.0024

MSE 0.0064 0.0069 0.0025 0.0035 0.0028 0.0026 0.0024 0.0024

σ Bias 0.6090 0.2191 0.2719 0.0602 0.0849 0.0889 0.0289 0.0282

RelBias 6.0902 2.1906 2.7197 0.3009 0.8486 0.8886 0.2895 0.2820

var 0.0174 0.0067 0.0033 0.0009 0.0029 0.0003 0.0007 0.0004

MSE 0.3883 0.0546 0.0772 0.0045 0.0075 0.0082 0.0015 0.0012

α Bias 0.0119 0.0717 14.5119

RelBias 0.0475 0.0717 0.5805

Var 0.0011 0.0208 237.14

MSE 0.0013 0.0259 447.73

DIC 3572.80 815.30 2047.93 1028.06 1087.64 949.69 1034.84 1009.94

0.5 β00 Bias -0.1961 2.6919 -0.0223 -0.0373 -0.0177 -7.0451 -0.0096 -8.4094

RelBias -0.0981 1.3459 -0.0111 -0.0187 -0.0088 -3.5226 -0.0048 -4.2047

var 0.1993 0.2606 0.0384 0.1346 0.0241 0.701 0.0199 0.263

MSE 0.2378 7.5067 0.0389 0.136 0.0244 50.3 0.0200 71.0

β01 Bias -0.2149 2.6646 -0.0738 -0.1089 -0.0504 -6.9998 0.0128 -8.4445

RelBias 0.1074 -1.3323 0.0369 0.0544 0.0252 3.499 -0.0064 4.2223

var 0.3021 0.3386 0.2195 0.2894 0.1426 0.818 0.1116 0.346

MSE 0.3483 7.4388 0.2249 0.3013 0.1452 49.8 0.1118 71.7

β10 Bias -0.0073 0.0084 -0.0031 0.0041 0.0001 0.0009 -0.0003 -0.0002

RelBias -0.1468 0.1687 -0.0615 0.082 0.0019 0.0199 -0.0058 -0.0029

var 0.0047 0.0044 0.0008 0.0009 0.0001 0.0002 <0.0001 <0.0001

MSE 0.0048 0.0044 0.0008 0.0009 0.0001 0.0002 <0.0001 <0.0001

β11 Bias -0.0085 0.0112 0.0003 0.0105 0.0008 -0.0039 -0.0039 0.0043

RelBias -0.0425 0.0562 0.0016 0.0525 0.0041 -0.0193 -0.0195 0.0215

var 0.0064 0.0072 0.0032 0.0036 0.0026 0.0021 0.0016 0.0021

MSE 0.0065 0.0074 0.0032 0.0037 0.0026 0.0021 0.0016 0.0022

σ Bias 0.3899 0.0081 0.1152 -0.0211 0.0083 0.0083 0.0224 -0.0032

RelBias 0.7799 0.0162 0.2303 -0.0422 0.0166 0.0165 0.0447 -0.0065

var 0.0206 0.0368 0.0109 0.0135 0.0068 0.0068 0.0069 0.0056

MSE 0.1727 0.0368 0.0242 0.0139 0.0068 0.0069 0.0075 0.0057

α Bias 0.0047 0.0112 13.7942

RelBias 0.0187 0.0112 0.5518

Var 0.0010 0.0164 242

MSE 0.0011 0.0165 432

DIC 3902.08 826.87 2207.85 1033.59 1101.03 946.23 1050.33 1025.82
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Table A.6: Summary of simulation results for n = 60, t = 10 for overdispersed data
and with simulation parameter values : β00 = 2, β01 = −2,β10 = −0.2, β00 = 0.2 with
different α values and without overdispersion. Using HPN and HPNOD models.

α

sigma Parameter 0.25 1 25 α→∞
GLMM Comb GLMM Comb GLMM Comb GLMM Comb

0.1 β00 Bias -0.3040 2.6866 -0.0769 -0.1056 -0.0029 -7.2801 -0.0013 -8.4545

RelBias -0.1520 1.3433 -0.0384 -0.0528 -0.0014 -3.6401 -0.0006 -4.2272

var 0.0652 0.1254 0.0180 0.0853 0.0041 1.0078 0.0041 0.3395

MSE 0.1576 7.3433 0.0239 0.0964 0.0041 54.0083 0.0041 71.8172

β01 Bias -0.2531 2.5876 -0.0527 -0.1596 -0.0101 -7.2605 0.0049 -8.4689

RelBias 0.1266 -1.2938 0.0264 0.0798 0.0051 3.6026 -0.0025 4.2344

var 0.1130 0.2243 0.0750 0.1129 0.0607 1.0223 0.0489 0.4761

MSE 0.1771 6.9198 0.0778 0.1384 0.0608 53.7373 0.0489 72.1979

β10 Bias 0.0054 0.0007 0.0028 0.0003 -0.0001 0.0027 0.0002 0.0001

RelBias -0.0269 -0.0034 -0.0142 -0.0014 0.0006 -0.0135 -0.0008 -0.0006

var 0.0024 0.0025 0.0005 0.0005 0.0002 0.0002 0.0002 0.0002

MSE 0.0025 0.0025 0.0005 0.0005 0.0002 0.0002 0.0002 0.0002

β11 Bias 0.0010 0.0117 -0.0029 0.0048 -0.0024 -0.0017 -0.0023 -0.0007

RelBias 0.0052 0.0584 -0.0143 0.0242 -0.0118 -0.0085 -0.0116 -0.0033

var 0.0025 0.0034 0.0015 0.0018 0.0011 0.0009 0.0009 0.0013

MSE 0.0025 0.0036 0.0015 0.0019 0.0011 0.0009 0.0009 0.0013

σ Bias 0.6395 0.2094 0.2799 0.0967 0.0483 0.0364 0.0336 0.0296

RelBias 6.3949 2.094 2.7994 0.9673 0.4823 0.3638 0.3359 0.2959

var 0.0088 0.0016 0.0039 0.0029 0.0009 0.0005 0.0006 0.0005

MSE 0.4178 0.0455 0.08235 0.0123 0.0032 0.0018 0.0018 0.0014

α Bias 0.0111 0.0687 18.3953

RelBias 0.0443 0.0687 0.7358

Var 0.0008 0.0185 351.067

MSE 0.0009 0.0233 689.454

DIC 2860.11 1270.42 2109.52 1554.76 1641.56 1622.52 1616.12 1597.55

0.5 β00 Bias -0.2657 2.7399 -0.0579 -0.0413 -0.0123 -7.1691 -0.0217 -8.4092

RelBias -0.1329 1.3699 -0.0289 -0.0206 -0.0062 -3.5846 -0.0109 -4.2046

var 0.1079 0.1619 0.0349 0.1348 0.0126 1.1925 0.0112 0.3471

MSE 0.1786 7.6693 0.0382 0.1365 0.0128 52.5883 0.0117 71.0609

β01 Bias -0.2403 2.6956 -0.1005 -0.0384 -0.0319 -7.1976 -0.0483 -8.3899

RelBias 0.1201 -1.3478 0.0503 0.0192 0.0159 3.5988 0.0241 4.1949

var 0.1387 0.1898 0.0891 0.1870 0.0525 0.1926 0.0604 0.4897

MSE 0.1964 7.4559 0.0992 0.1885 0.0535 52.9987 0.0628 70.8801

β10 Bias 0.0025 0.0043 -0.0038 -0.0006 <0.0001 -0.0012 0.0022 0.0006

RelBias -0.0125 -0.0215 0.0189 0.0028 <0.0001 0.0054 -0.011 -0.0029

var 0.0026 0.0019 0.0009 0.0008 <0.0001 0.0002 0.0001 0.0002

MSE 0.0026 0.0019 0.0009 0.0008 <0.0001 0.0002 0.0001 0.0002

β11 Bias ¡0.0001 0.0026 0.0015 0.0010 0.0011 0.0003 0.0042 -0.0008

RelBias -0.0005 0.0129 0.0073 0.0052 0.0056 0.0016 0.0212 -0.0041

var 0.0024 0.0031 0.0017 0.0016 0.0007 0.0009 0.0008 0.0007

MSE 0.0024 0.0031 0.0017 0.0016 0.0007 0.0009 0.0008 0.0007

σ Bias 0.3948 -0.0374 0.1210 -0.0070 0.0106 -0.0039 0.0139 0.0063

RelBias 0.7896 -0.0748 0.2421 -0.0140 0.0213 -0.0079 0.0278 0.0127

var 0.0113 0.0124 0.0055 0.0102 0.0041 0.0039 0.0058 0.0047

MSE 0.1672 0.0138 0.0201 0.0103 0.0042 0.0039 0.0060 0.0048

α Bias 0.0065 0.0446 17.5729

RelBias 0.0261 0.0446 0.7029

Var 0.0009 0.0195 386.125

MSE 0.0009 0.0215 694.933

DIC 3126.82 1288.04 2229.50 1583.85 1673.16 2075.95 1659.38 1637.76
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Table A.7: Summary of simulation results for n = 60, t = 10 for overdispersed data in
which the true values are taken from the epilepsy data parameter estimates with different
α values and without over dispersion. Using HPN and HPNOD models.

α

σ Parameter 0.25 1 25 α→∞
GLMM Comb GLMM Comb GLMM Comb GLMM Comb

0.1 β00 Bias -0.2189 2.7106 -0.0273 -0.0412 -0.0109 -7.1826 0.0091 -8.5327

RelBias -0.3339 4.1352 -0.0417 -0.0629 -0.0167 -10.9575 0.0139 -13.0171

var 0.0824 0.1075 0.0270 0.0515 0.0100 1.0374 0.0174 0.2953

MSE 0.1303 7.4549 0.0277 0.0532 0.0102 52.6275 0.0175 73.1022

β01 Bias -0.2051 2.6885 -0.0576 -0.0691 -0.0024 -7.1706 0.0003 -8.5274

RelBias 0.2250 -1.355 0.00632 -0.0759 0.0026 -7.8694 0.0003 -9.3585

var 0.0711 0.1789 0.0244 0.0665 0.0073 1.0306 0.0155 0.3030

MSE 0.1131 7.5233 0.0278 0.0713 0.0074 52.4485 0.0155 73.0200

β10 Bias -0.0049 0.0048 -0.0047 -0.0039 0.0037 0.0014 0.0003 0.0002

RelBias 0.4143 0.0961 0.4003 0.3296 -0.0313 -0.1178 -0.0240 -0.0163

var 0.0020 0.0022 0.0007 0.0006 0.0002 0.0002 0.0002 0.0002

MSE 0.0021 0.0022 0.0007 0.0006 0.0002 0.0002 0.0002 0.0002

β11 Bias 0.0026 -0.0004 0.0028 0.0008 -0.0009 0.0011 0.0005 0.0004

RelBias -0.1031 0.0158 -0.1129 -0.0322 0.0391 -0.0428 -0.0206 -0.0152

var 0.0018 0.0024 0.0007 0.0007 0.0002 0.0002 0.0002 0.0002

MSE 0.0018 0.0024 0.0007 0.0007 0.0024 0.0002 0.0002 0.0002

σ Bias 0.5809 0.1557 0.2414 0.0747 0.0381 0.0348 0.4031 0.0289

RelBias 5.8093 1.5566 2.4137 0.7470 0.3815 0.3479 4.0307 0.2894

var 0.0052 0.0038 0.0016 0.0012 0.0008 0.0006 0.0033 0.0005

MSE 0.3427 0.0281 0.0599 0.0068 0.0022 0.0018 0.1658 0.0013

α Bias 0.0082 0.0353 16.774 -18.538

RelBias 0.0327 0.0353 0.6709 0.1854

Var 0.0005 0.0105 345.007 63.5

MSE 0.0005 0.0117 626.378 407

DIC 3541.82 1604.32 2657.67 1984.73 2092.51 2030.99 2060.98 2025.47

0.5 β00 Bias -0.2771 2.7771 -0.0411 0.0087 -0.0243 -7.0301 0.0091 -8.553

RelBias -0.4227 4.2366 -0.0627 0.0133 -0.0371 -10.7248 0.0139 -13.0481

var 0.1033 0.1566 0.0474 0.0833 0.0163 1.076 0.0174 0.0256

MSE 0.1801 7.8689 0.0491 0.0834 0.0169 50.4989 0.0175 73.4

β01 Bias -0.2269 2.7548 -0.0458 -0.0322 -0.0146 -7.0306 0.0003 -8.5515

RelBias 0.2489 3.0233 0.0502 -0.0354 0.04160 3.5236 0.0003 -9.3848

var 0.1012 0.1191 0.0352 0.0676 0.0116 0.821 0.0155 0.256

MSE 0.1527 7.7079 0.0373 0.0686 0.0118 50.5 0.0155 73.4

β10 Bias 0.0039 0.0037 -0.0029 -0.0035 0.0014 0.0013 0.0013 -0.0007

RelBias -0.3288 0.3174 0.2461 0.2941 -0.1199 -0.1096 -0.0240 0.0567

var 0.0024 0.0021 0.0008 0.0007 0.0002 0.0002 0.0002 0.0002

MSE 0.0024 0.0021 0.0009 0.0008 0.0002 0.0002 0.0002 0.0002

β11 Bias <0.0001 0.0019 0.0008 0.0010 0.0012 -0.0014 0.0005 -0.0009

RelBias -0.0036 -0.0797 -0.0315 -0.0417 -0.0475 0.0552 -0.0206 -0.0358

var 0.0022 0.0019 0.0007 0.0006 0.0002 0.0002 0.0002 0.0001

MSE 0.0022 0.0019 0.0007 0.0006 0.0002 0.0002 0.0002 0.0001

σ Bias 0.3677 -0.0243 0.1105 0.0019 0.0159 0.0138 0.0031 -0.0021

RelBias 0.7355 -0.0486 0.2210 0.0039 0.0319 0.0276 0.0061 -0.0043

var 0.0101 0.0170 0.0036 0.0063 0.0040 0.0029 0.0033 0.0033

MSE 0.1453 0.0176 0.0158 0.0063 0.0176 0.0031 0.0033 0.0033

α Bias 0.0031 0.0134 14.2775

RelBias 0.0123 0.0134 0.5711

Var 0.0007 0.0103 361

MSE 0.0007 0.0105 564

DIC 3805.40 1603.92 2766.37 2002.35 2121.77 2069.73 2099.59 2074.09
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Figure A.3: Gelman and Rubin plots for the HPN model.
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Figure A.4: Gelman and Rubin plots for the HPNOD model.





Appendix

B Supplementary Material for

Chapter 5

B.1 Simulation Study

B.1.1 Setup of the Simulation Study

The performance of the additive and multiplicative models was compared using

a simulation study. To investigate the effect of using opposite signs for

the slopes, in the second setting, the true values of the fixed effects were

(β00, β01, β10, β11) = (2,−2,−0.2, 0.2). In the third setting, we considered the

true values of (β00, β01, β10, β11) = (0.655, 0.9112,−0.0118,−0.0248), which are

obtained from the analysis of the epilepsy data set. In both settings, we used only

60 subjects with 10 time points. This led to 24 scenarios. For each of the scenarios,

100 data sets were simulated and fitted using additive and multiplicative models.

B.1.2 Simulation Results

Aregay et al. (2013a) studied the effect of the intra-cluster correlation by varying

the standard deviation of the random effect to be σ=0.1, 0.2, 0.3, and 0.5. Howe-

ver, the results were similar for σ=0.2, 0.3, and 0.5 and they decided to use only

σ=0.1 and 0.5. Similarly, in this study we used σ=0.1, and 0.5. The effects of

203
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Figure B.1: Bias of α (top figure) for data generated from multiplicative model and fitting
multiplicative model and Bias of σθ (bottom figure) for data generated from additive model
and fitting additive model. Cluster size=10.

the cluster size is shown in Tables B.1-B.3, indicating the bias and MSE of the

parameters decrease as the cluster size increases. We also found that the bias and

MSE decrease as the sample size increases (Figures B.2-B.3; Tables B.4 and B.5),

especially for data generated with low overdispersion, the bias of α decreases qui-

ckly as the sample size increases (Figure B.1). We studied also the effect of using

different true values of the regression coefficients; β = (β00, β01, β10, β11) and the

results are shown in Tables B.6 and B.7, indicating that the results do not depend

on the true values of the regression coefficients.
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Figure B.2: Bias of β11 (top figure) and MSE of β00 (bottom figure) for data generated
from multiplicative model and fitting the additive model (solid line) and multiplicative
model (dashed line). Cluster size=10.
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Figure B.3: Bias of β11 (top figure) and MSE of β00 (bottom figure) for data generated
from Additive model and fitting the additive model (solid line) and multiplicative model
(dashed line). Cluster size=10.
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Table B.1: Summary of the simulation result of n=60, t=2 for data generated and fitted
using the additive and multiplicative models, for different overdispersion levels.

α σθ

σb Parameter 0.25 1 25 2 0.8 0.2

additive Multip additive Multip additive Multip additive Multip additive Multip additive Multip

0.1 β00 Bias -2.061 -0.088 -0.489 -0.002 -0.058 -0.047 -0.116 1.150 0.015 0.196 0.006 0.021

RelBias -1.003 -0.044 -0.245 -0.001 -0.029 -0.024 -0.058 0.575 0.008 0.098 0.003 0.011

var 1.148 0.903 0.168 0.162 0.034 0.040 0.875 0.877 0.139 0.176 0.021 0.021

MSE 5.173 0.911 0.407 0.162 0.037 0.043 0.888 2.200 0.139 0.215 0.021 0.015

β01 Bias -2.455 -0.560 -0.994 -0.106 -1.436 -0.785 -0.131 1.219 -1.117 0.058 -2.834 -3.036

RelBias -1.228 0.280 0.497 0.053 0.718 0.393 0.065 -0.609 0.558 -0.027 1.417 1.518

var 578.471 2.782 2.322 34.26 182.57 11.42 1.664 1.824 77.017 1.359 540.49 642.002

MSE 584.498 3.096 3.309 34.27 184.63 12.03 1.682 3.311 78.26 1.362 548.53 651.22

β10 Bias 0.091 -0.033 -0.003 -0.022 0.019 0.021 0.051 0.085 -0.005 0.051 -0.010 -0.011

RelBias 1.811 0.652 -0.054 -0.442 0.389 0.425 1.019 1.699 -0.103 1.021 -0.209 -0.228

var 0.418 0.349 0.071 0.060 0.014 0.015 0.355 0.392 0.056 0.070 0.009 0.009

MSE 0.426 0.351 0.071 0.061 0.014 0.015 0.358 0.399 0.056 0.073 0.009 0.009

β11 Bias -0.748 0.132 0.083 -0.356 0.564 0.326 -0.032 -0.042 0.479 0.031 1.311 1.419

RelBias -3.738 0.658 0.417 -1.778 2.822 1.628 -0.161 -0.209 2.396 0.157 6.556 7.096

var 388.178 1.017 0.852 30.48 46.029 3.089 0.693 0.705 19.41 0.530 134.956 160.25

MSE 388.736 1.035 0.859 30.61 46.35 3.195 0.694 0.707 19.64 0.531 136.68 162.263

σb Bias 0.654 0.518 0.293 0.272 0.073 0.077 0.456 1.067 0.22 0.172 0.076 0.076

RelBias 6.540 5.184 2.932 2.717 0.725 0.767 4.559 10.67 2.24 1.723 0.759 0.759

var 0.107 0.062 0.013 0.015 0.001 0.001 0.047 0.111 0.007 0.015 0.001 0.001

MSE 0.535 0.330 0.099 0.089 0.008 0.007 0.255 1.249 0.057 0.045 0.007 0.007

α Bias - 0.402 - 0.339 - 28.61 - - - - - -

RelBias - 1.606 - 0.339 - 1.144 - - - - - -

Var - 12.92 - 0.192 - 121.31 - - - - -

MSE - 13.078 - 0.307 - 939.68 - - - - - -

σθ Bias - - - - - - 0.053 - -0.071 - - 0.037 -

RelBias - - - - - - 0.027 - -0.089 - - 0.185 -

Var - - - - - - 0.048 - 0.012 - 0.0009 -

MSE - - - - - - 0.051 - 0.017 - 0.002 -

0.5 β00 Bias -1.802 0.156 -0.435 0.039 -0.019 -0.009 0.027 1.226 0.0006 0.294 0.005 0.026

RelBias -0.901 0.078 -0.217 -0.019 -0.009 -0.004 0.013 0.613 0.0003 0.147 0.002 0.013

var 1.230 0.819 0.198 0.224 0.032 0.042 1.007 1.169 0.159 0.233 0.042 0.043

MSE 4.476 0.844 0.387 0.225 0.032 0.042 1.007 2.671 0.159 0.319 0.042 0.043

β01 Bias -0.777 0.302 -1.716 -0.346 -1.838 -0.312 -0.148 0.912 -0.123 0.254 -1.677 -1.601

RelBias 0.388 -0.151 0.858 0.173 0.919 0.156 0.074 -0.456 0.061 -0.127 0.839 0.800

var 244.172 62.471 85.737 1.745 112.42 2.285 1.652 1.715 1.042 1.164 138.85 126.81

MSE 244.776 62.561 88.682 1.865 115.79 2.382 1.674 2.546 1.057 1.229 141.66 129.37

β10 Bias -0.058 -0.197 -0.029 0.002 -0.004 0.016 -0.058 -0.091 -0.016 0.038 -0.009 -0.010

RelBias -1.156 -3.934 -0.587 0.044 -0.073 0.325 -1.168 -1.816 -0.313 0.765 -0.186 -0.205

var 0.483 0.330 0.080 0.101 0.009 0.009 0.441 0.497 0.057 0.084 0.011 0.011

MSE 0.487 0.369 0.081 0.101 0.009 0.010 0.445 0.505 0.057 0.086 0.011 0.011

β11 Bias -1.704 -0.667 0.475 0.064 0.810 0.022 -0.039 0.128 0.003 -0.016 0.738 0.709

RelBias -8.521 -3.332 2.374 0.319 4.051 0.109 -0.196 0.640 0.016 -0.079 3.691 3.55

var 234.646 59.642 22.02 0.691 28.21 0.849 0.629 0.636 0.392 0.424 34.41 31.41

MSE 237.55 60.086 22.24 0.695 28.86 0.850 0.630 0.654 0.392 0.424 34.95 31.91

σb Bias 0.269 0.212 0.044 0.045 0.029 0.006 0.139 0.759 -0.033 -0.137 0.015 0.015

RelBias 0.539 0.424 0.089 0.089 0.059 0.013 0.279 1.519 -0.067 -0.273 0.029 0.029

var 0.100 0.079 0.035 0.027 0.007 0.008 0.092 0.124 0.022 0.026 0.009 0.009

MSE 0.173 0.125 0.037 0.029 0.007 0.008 0.111 0.700 0.023 0.045 0.009 0.009

α Bias - 0.055 - 0.236 - 23.13 - - - - - -

RelBias - 0.221 - 0.236 - 0.925 - - - - - -

Var - 0.008 - 0.157 - 174.63 - - - - - -

MSE - 0.011 - 0.213 - 709.82 - - - - - -

σθ Bias - - - - - - 0.114 - -0.009 - -0.009 -

RelBias - - - - - - 0.057 - -0.011 - -0.049 -

Var - - - - - - 0.051 - 0.014 - 0.003 -

MSE - - - - - - 0.068 - 0.014 - 0.003 -
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Table B.2: Summary of the simulation result of n=60, t=5 for data generated and fitted
using the additive and multiplicative models, for different overdispersion levels.

α σθ

σb Parameter 0.25 1 25 2 0.8 0.2

additive Multip additive Multip additive Multip additive Multip additive Multip additive Multip

0.1 β00 Bias -1.803 -0.078 -0.512 -0.005 -0.013 -0.0005 -0.012 1.412 -0.007 0.321 -0.007 0.012

RelBias -0.902 -0.039 -0.256 -0.002 -0.007 -0.0003 -0.006 0.706 -0.004 0.161 -0.003 0.006

var 0.296 0.158 0.049 0.043 0.006 0.006 0.152 0.270 0.034 0.103 0.007 0.008

MSE 3.549 0.164 0.312 0.043 0.006 0.006 0.152 2.264 0.034 0.142 0.007 0.008

β01 Bias -2.041 -0.129 -0.531 -0.154 -0.043 0.149 -0.123 1.469 -0.132 0.229 -0.051 0.003

RelBias 1.021 0.065 0.266 0.077 0.022 0.075 0.062 -0.735 0.066 -0.114 0.025 -0.002

var 0.537 0.454 0.247 0.211 0.187 0.254 0.297 0.402 0.227 0.205 0.231 0.245

MSE 4.705 0.470 0.529 0.234 0.189 0.276 0.312 2.562 0.245 0.257 0.234 0.245

β10 Bias 0.002 0.008 0.008 -0.007 -0.002 -0.002 -0.003 0.022 -0.006 -0.005 0.0005 0.005

RelBias 0.048 0.168 0.151 -0.149 -0.031 -0.044 -0.049 0.448 -0.011 -0.089 0.010 0.106

var 0.023 0.013 0.005 0.004 0.0005 0.0005 0.0002 0.022 0.003 0.003 0.0004 0.002

MSE 0.023 0.013 0.005 0.004 0.0005 0.0005 0.0002 0.022 0.003 0.003 0.0004 0.002

β11 Bias 0.049 0.009 -0.008 0.025 -0.006 0.019 0.005 0.011 0.027 0.007 -0.006 -0.009

RelBias 0.244 0.045 -0.039 0.124 -0.029 0.099 0.023 0.057 0.134 0.037 -0.029 -0.046

var 0.036 0.035 0.020 0.014 0.014 0.018 0.004 0.041 0.017 0.016 0.018 0.016

MSE 0.038 0.035 0.021 0.015 0.014 0.019 0.004 0.041 0.018 0.016 0.018 0.016

σb Bias 0.305 0.2550 0.153 0.146 0.032 0.041 0.021 0.821 0.113 0.134 0.041 0.049

RelBias 3.055 2.549 1.527 1.465 0.323 0.408 0.212 8.8212 1.129 1.34 0.411 0.486

var 0.019 0.012 0.005 0.005 0.0006 0.0006 0.001 0.046 0.003 0.006 0.001 0.005

MSE 0.112 0.077 0.028 0.027 0.002 0.002 0.001 0.719 0.016 0.024 0.003 0.007

α Bias - 0.020 - 0.101 - 24.048 - - - - - -

RelBias - 0.080 - 0.101 - 0.962 - - - - - -

Var - 0.002 - 0.028 - 182.91 - - - - - -

MSE - 0.002 - 0.038 - 761.212 - - - - - -

σθ Bias - - - - - - 0.083 - -0.023 - 0.004 -

RelBias - - - - - - 0.042 - -0.029 - 0.019 -

Var - - - - - - 0.094 - 0.004 - 0.002 -

MSE - - - - - - 0.101 - 0.004 - 0.002 -

0.5 β00 Bias -1.787 0.019 -0.497 0.017 -0.045 -0.014 -0.005 1.385 0.0006 0.329 -0.0009 -0.002

RelBias -0.893 0.009 -0.249 0.008 -0.023 0.007 -0.003 0.693 0.0003 0.165 -0.0004 -0.0008

var 0.297 0.153 0.023 0.059 0.009 0.014 0.168 0.302 0.028 0.044 0.011 0.015

MSE 3.489 0.153 0.270 0.059 0.012 0.014 0.168 2.221 0.028 0.152 0.011 0.015

β01 Bias -1.936 -0.092 -0.559 -0.035 -0.116 -0.111 -0.128 1.505 -0.097 0.276 0.005 -0.036

RelBias 0.968 0.046 0.279 0.018 0.058 0.056 0.064 -0.752 0.049 -0.138 -0.003 0.018

var 0.555 0.519 0.096 0.319 0.255 0.212 0.332 0.374 0.196 0.268 0.179 0.281

MSE 4.301 0.528 0.409 0.321 0.268 0.224 0.348 2.640 0.206 0.344 0.179 0.283

β10 Bias -0.005 -0.0009 -0.002 0.003 0.001 -0.004 -0.009 0.026 0.0008 0.007 0.002 0.008

RelBias -0.092 -0.018 -0.030 0.064 0.025 -0.082 -0.181 0.522 0.017 0.143 0.032 0.167

var 0.028 0.013 0.0005 0.005 0.0004 0.0005 0.001 0.022 0.002 0.003 0.0005 0.002

MSE 0.028 0.013 0.0005 0.005 0.0004 0.001 0.0006 0.023 0.002 0.003 0.0005 0.002

β11 Bias 0.024 0.003 0.009 -0.008 0.004 0.019 0.004 0.0004 0.017 -0.003 -0.011 0.0004

RelBias 0.119 0.013 0.046 -0.042 0.019 0.094 0.019 0.002 0.083 -0.016 -0.053 0.002

var 0.042 0.038 0.002 0.022 0.019 0.016 0.007 0.027 0.015 0.019 0.014 0.019

MSE 0.043 0.038 0.002 0.022 0.019 0.016 0.007 0.027 0.016 0.019 0.015 0.019

σb Bias 0.034 -0.0004 -0.017 -0.021 0.011 0.016 0.008 0.545 -0.008 -0.0005 0.012 0.027

RelBias 0.067 -0.0007 -0.034 -0.042 0.022 0.033 0.017 1.090 -0.016 -0.001 0.023 0.054

var 0.044 0.033 0.008 0.017 0.007 0.006 0.002 0.034 0.012 0.014 0.005 0.005

MSE 0.045 0.033 0.008 0.017 0.007 0.007 0.002 0.331 0.012 0.014 0.005 0.006

α Bias - 0.003 - 0.038 - 18.589 - - - - - -

RelBias - 0.012 - 0.038 - 0.744 - - - - - -

Var - 0.001 - 0.022 - 222.14 - - - - - -

MSE - 0.001 - 0.024 - 567.687 - - - - - -

σθ Bias - - - - - - 0.016 - 0.003 - -0.008 -

RelBias - - - - - - 0.053 - 0.004 - -0.039 -

Var - - - - - - 0.057 - 0.004 - 0.001 -

MSE - - - - - - 0.069 - 0.004 - 0.001 -
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Table B.3: Summary of the simulation result of n=60, t=20 for data generated and fitted
using the additive and multiplicative models, for different overdispersion levels.

α σθ

σb Parameter 0.25 1 25 2 0.8 0.2

additive Multip additive Multip additive Multip additive Multip additive Multip additive Multip

0.1 β00 Bias -1.786 -0.025 -0.477 0.024 -0.022 -0.0009 -0.019 1.592 -0.010 0.303 0.031 0.023

RelBias -0.893 -0.013 -0.238 0.012 -0.011 0.0004 -0.009 0.796 -0.005 0.152 0.002 0.011

var 0.036 0.031 0.011 0.008 0.001 0.001 0.036 0.279 0.006 0.006 0.001 0.036

MSE 3.224 0.031 0.238 0.008 0.002 0.001 0.036 2.814 0.006 0.098 0.001 0.002

β01 Bias -1.882 -0.049 -0.522 -0.011 -0.030 0.011 0.0006 1.788 0.009 0.289 -0.014 0.006

RelBias 0.941 0.025 0.261 0.005 0.015 -0.006 -0.003 -0.894 -0.005 -0.145 0.007 -0.003

var 0.082 0.042 0.028 0.029 0.015 0.015 0.057 0.111 0.017 0.024 0.017 0.017

MSE 3.626 0.045 0.301 0.029 0.016 0.015 0.057 3.309 0.017 0.108 0.017 0.017

β10 Bias -0.006 0.0007 -0.0009 -0.002 0.0002 <0.0001 0.001 0.005 0.0009 0.0002 -0.0004 -0.0004

RelBias -0.126 0.014 -0.019 -0.037 0.004 0.0009 0.029 0.106 0.019 0.005 -0.008 -0.008

var 0.0003 0.0002 <0.0001 <0.0001 <0.0001 <0.0001 0.0003 0.0006 4.11E-05 <0.0001 5.55E-06 5.44E-06

MSE 0.0003 0.0002 <0.0001 <0.0001 <0.0001 <0.0001 0.0003 0.0006 4.2E-05 <0.0001 5.72E-06 5.6E-06

β11 Bias 0.009 0.003 0.002 0.0004 0.0004 -0.0006 -0.002 -0.003 -0.002 0.001 0.0004 0.0004

RelBias 0.043 0.013 0.010 0.002 0.0020 -0.003 -0.008 -0.013 -0.009 0.007 0.002 0.002

var 0.0004 0.0003 0.0001 0.0001 <0.0001 <0.0001 0.0003 0.0007 7.33E-05 0.0001 5.99E-05 6.02E-05

MSE 0.0005 0.0003 0.0001 0.0001 <0.0001 <0.0001 0.0003 0.0007 7.64E-05 0.0001 6.0E-05 6.03E-05

σb Bias 0.141 0.107 0.045 0.041 0.008 0.009 0.102 0.604 0.028 0.059 0.009 0.009

RelBias 1.406 1.076 0.453 0.414 0.081 0.087 1.022 6.044 0.283 0.587 0.091 0.095

var 0.004 0.012 0.0007 0.0007 0.0003 0.0003 0.005 0.057 0.0004 0.001 0.0003 0.0003

MSE 0.024 0.014 0.003 0.002 0.0004 0.0004 0.014 0.423 0.001 0.005 0.0003 0.0004

α Bias - 0.003 - 0.013 - 1.775 - - - - - -

RelBias - 0.013 - 0.013 - 0.071 - - - - - -

Var - 0.0002 - 0.003 - 23.35 - - - - - -

MSE - 0.0002 - 0.003 - 26.49 - - - - - -

σθ Bias - - - - - - 0.009 - 0.004 - -0.0006 -

RelBias - - - - - - 0.005 - 0.005 - -0.003 -

Var - - - - - - 0.003 - 0.0006 - 0.0003 -

MSE - - - - - - 0.003 - 0.0006 - 0.0003 -

0.5 β00 Bias -1.845 -0.033 -0.476 0.019 -0.020 -0.005 -0.027 1.522 -0.008 0.299 -0.010 0.011

RelBias -0.923 -0.016 -0.238 0.009 -0.010 -0.002 -0.013 0.761 -0.004 0.149 -0.005 0.006

var 0.043 0.081 0.016 0.016 0.011 0.009 0.044 0.441 0.013 0.012 0.012 0.011

MSE 3.448 0.0826 0.242 0.017 0.011 0.009 0.044 2.757 0.013 0.101 0.012 0.107

β01 Bias -1.881 0.001 -0.528 -0.001 -0.059 0.004 -0.048 1.712 -0.020 0.282 -0.018 0.003

RelBias 0.940 -0.0006 0.264 0.0005 0.029 -0.002 0.024 -0.856 0.010 -0.141 0.009 -0.001

var 0.112 0.1669 0.033 0.029 0.019 0.021 0.072 0.119 0.023 0.031 0.0003 0.027

MSE 3.649 0.1669 0.311 0.029 0.023 0.021 0.075 3.051 0.023 0.110 0.027 0.164

β10 Bias -0.004 0.008 -0.0005 -0.001 <0.0001 <0.0001 0.002 0.005 1.19E-05 0.0004 0.0003 0.0003

RelBias -0.076 0.153 -0.011 -0.021 0.0003 0.0003 0.032 0.097 0.0002 0.009 0.006 0.006

var 0.0003 0.002 <0.0001 <0.0001 <0.0001 <0.0001 0.0002 0.0006 3.04E-05 <0.0001 6.54E-06 6.46E-06

MSE 0.0003 0.002 <0.0001 <0.0001 <0.0001 <0.0001 0.0002 0.0006 3.04E-05 <0.0001 6.63E-06 6.55E-06

β11 Bias 0.006 -0.003 -0.003 0.0002 0.001 -0.0006 0.002 0.002 0.0004 0.002 0.0006 0.0006

RelBias 0.030 -0.014 0.013 0.0008 0.006 -0.003 0.011 0.011 0.002 0.011 0.003 0.003

var 0.0005 0.004 0.0001 0.0001 <0.0001 <0.0001 0.0004 0.0007 6.76E-05 <0.0001 5.43E-05 5.41E-05

MSE 0.0005 0.004 0.0001 0.0001 <0.0001 <0.0001 0.0004 0.0007 6.78E-05 <0.0001 5.48E-05 5.45E-05

σb Bias -0.031 -0.027 0.002 0.013 0.008 0.012 0.002 0.428 0.020 0.016 0.014 0.014

RelBias -0.063 -0.054 0.005 0.025 0.015 0.024 0.003 0.855 0.040 0.031 0.028 0.028

var 0.015 0.019 0.004 0.003 0.003 0.003 0.010 0.122 0.003 0.004 0.002 0.002

MSE 0.016 0.019 0.004 0.003 0.003 0.003 0.010 0.305 0.004 0.005 0.003 0.003

α Bias - 0.0007 - 0.008 - 3.168 - - - - - -

RelBias - 0.003 - 0.008 - 0.127 - - - - - -

Var - 0.0006 - 0.003 - 26.681 - - - - - -

MSE - 0.0006 - 0.003 - 36.721 - - - - - -

σθ Bias - - - - - - 0.016 - 0.005 - -0.001 -

RelBias - - - - - - 0.008 - 0.006 - -0.006 -

Var - - - - - - 0.003 - 0.0008 - 0.0003 -

MSE - - - - - - 0.004 - 0.0008 - 0.0003 -



Appendix B 209

Table B.4: Summary of the simulation result of n=30, t=10 for data generated and fitted
using the additive and multiplicative models, for different overdispersion levels.

α σθ

σb Parameter 0.25 1 25 2 0.8 0.2

additive Multip additive Multip additive Multip additive Multip additive Multip additive Multip

0.1 β00 Bias -1.803 -0.078 -0.512 -0.005 -0.013 -0.0005 -0.054 1.558 -0.007 0.321 -0.005 0.012

RelBias -0.902 -0.039 -0.256 -0.002 -0.007 -0.0003 -0.027 0.779 -0.004 0.161 -0.003 0.006

var 0.296 0.158 0.049 0.043 0.006 0.006 0.189 0.491 0.034 0.103 0.007 0.008

MSE 3.549 0.164 0.312 0.043 0.006 0.006 0.193 2.919 0.034 0.142 0.007 0.008

β01 Bias -2.041 -0.129 -0.531 -0.154 -0.043 0.149 -0.334 1.612 -0.132 0.229 -0.089 0.003

RelBias 1.021 0.065 0.266 0.077 0.022 0.075 0.167 -0.806 0.066 -0.114 0.045 -0.002

var 0.537 0.454 0.247 0.211 0.187 0.254 0.661 0.409 0.227 0.205 0.166 0.245

MSE 4.705 0.470 0.529 0.234 0.189 0.276 0.772 3.009 0.245 0.257 0.174 0.245

β10 Bias 0.002 0.008 0.008 -0.007 -0.002 -0.002 0.005 0.006 -0.006 -0.005 -0.0003 0.005

RelBias 0.048 0.168 0.151 -0.149 -0.031 -0.044 0.082 0.114 -0.011 -0.089 -0.005 0.106

var 0.023 0.013 0.005 0.004 0.0005 0.0005 0.004 0.009 0.003 0.003 8.23E-05 0.002

MSE 0.023 0.013 0.005 0.004 0.0005 0.0005 0.004 0.009 0.003 0.003 8.23E-05 0.002

β11 Bias 0.049 0.009 -0.008 0.025 -0.006 0.019 0.043 0.005 0.027 0.007 0.006 -0.009

RelBias 0.244 0.045 -0.039 0.124 -0.029 0.099 0.212 0.024 0.134 0.037 0.029 -0.046

var 0.036 0.035 0.020 0.014 0.014 0.018 0.103 0.009 0.017 0.016 0.003 0.016

MSE 0.038 0.035 0.021 0.015 0.014 0.019 0.105 0.009 0.018 0.016 0.003 0.016

σb Bias 0.305 0.2550 0.153 0.146 0.032 0.041 0.041 0.691 0.113 0.134 0.034 0.049

RelBias 3.055 2.549 1.527 1.465 0.323 0.408 0.406 6.914 1.129 1.34 0.343 0.486

var 0.019 0.012 0.005 0.005 0.0006 0.0006 0.002 0.071 0.003 0.006 0.001 0.005

MSE 0.112 0.077 0.028 0.027 0.002 0.002 0.003 0.548 0.016 0.024 0.002 0.0.007

α Bias - 0.020 - 0.101 - 24.048 - - - - - -

RelBias - 0.080 - 0.101 - 0.962 - - - - - -

Var - 0.002 - 0.028 - 182.91 - - - - - -

MSE - 0.002 - 0.038 - 761.212 - - - - - -

σθ Bias - - - - - - 0.109 - -0.023 - 0.031 -

RelBias - - - - - - 0.054 - -0.029 - 0.156 -

Var - - - - - - 0.107 - 0.004 - 0.035 -

MSE - - - - - - 0.119 - 0.004 - 0.036 -

0.5 β00 Bias -1.787 0.019 -0.529 0.017 -0.045 -0.014 0.004 1.624 0.0006 0.329 0.006 -0.002

RelBias -0.893 0.009 -0.264 0.008 -0.023 0.007 0.002 0.812 0.0003 0.165 0.003 -0.0008

var 0.297 0.153 0.052 0.059 0.009 0.014 0.204 0.361 0.028 0.044 0.014 0.015

MSE 3.489 0.153 0.331 0.059 0.012 0.014 0.204 2.551 0.028 0.152 0.014 0.015

β01 Bias -1.936 -0.092 -0.592 -0.035 -0.116 -0.111 -0.074 1.585 -0.097 0.276 -0.079 -0.036

RelBias 0.968 0.046 0.296 0.018 0.058 0.056 0.037 -0.793 0.049 -0.138 0.039 0.018

var 0.555 0.519 0.176 0.319 0.255 0.212 0.339 0.458 0.196 0.268 0.161 0.281

MSE 4.301 0.528 0.526 0.321 0.268 0.224 0.345 2.971 0.206 0.344 0.167 0.283

β10 Bias -0.005 -0.0009 0.001 0.003 0.001 -0.004 -0.003 -0.003 0.0008 0.007 -0.002 0.008

RelBias -0.092 -0.018 0.028 0.064 0.025 -0.082 -0.069 -0.059 0.017 0.143 -0.032 0.167

var 0.028 0.013 0.001 0.005 0.0004 0.0005 0.005 0.007 0.002 0.003 0.0003 0.002

MSE 0.028 0.013 0.001 0.005 0.0004 0.0006 0.005 0.007 0.002 0.003 0.0003 0.002

β11 Bias 0.024 0.003 0.007 -0.008 0.004 0.019 0.007 0.005 0.017 -0.003 0.006 0.0004

RelBias 0.119 0.013 0.034 -0.042 0.019 0.094 0.035 0.024 0.083 -0.016 0.032 0.002

var 0.042 0.038 0.003 0.022 0.019 0.016 0.006 0.009 0.015 0.019 0.003 0.019

MSE 0.043 0.038 0.003 0.022 0.019 0.016 0.006 0.009 0.016 0.019 0.003 0.019

σb Bias 0.034 -0.0004 -0.003 -0.021 0.011 0.016 -0.023 0.394 -0.008 -0.0005 -0.009 0.027

RelBias 0.067 -0.0007 -0.006 -0.042 0.022 0.033 -0.047 0.789 -0.016 -0.001 -0.019 0.054

var 0.044 0.033 0.021 0.017 0.007 0.006 0.028 0.049 0.012 0.014 0.004 0.005

MSE 0.045 0.033 0.021 0.017 0.007 0.007 0.028 0.329 0.012 0.014 0.004 0.006

α Bias - 0.003 - 0.038 - 18.589 - - - - - -

RelBias - 0.012 - 0.038 - 0.744 - - - - - -

Var - 0.001 - 0.022 - 222.14 - - - - - -

MSE - 0.001 - 0.024 - 567.687 - - - - - -

σθ Bias - - - - - - 0.029 - 0.003 - 0.028 -

RelBias - - - - - - 0.014 - 0.004 - 0.142 -

Var - - - - - - 0.017 - 0.004 - 0.042 -

MSE - - - - - - 0.018 - 0.004 - 0.043 -
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Table B.5: Summary of the simulation result of n=120, t=10 for data generated and fitted
using the additive and multiplicative models, for different overdispersion levels.

α σθ

σb Parameter 0.25 1 25 2 0.8 0.2

additive Multip additive Multip additive Multip additive Multip additive Multip additive Multip

0.1 β00 Bias -1.735 -0.006 -0.495 -0.006 -0.012 0.001 -0.004 1.616 0.001 0.312 0.0004 0.019

RelBias -0.868 -0.003 -0.247 -0.003 -0.006 0.0006 -0.002 0.808 0.0006 0.156 0.0002 0.009

var 0.051 0.009 0.012 0.009 0.001 0.001 0.035 0.067 0.009 0.009 0.001 0.001

MSE 3.063 0.009 0.256 0.009 0.001 0.001 0.035 2.678 0.009 0.107 0.001 0.002

β01 Bias -1.871 -0.023 -0.528 -0.023 -0.045 -0.005 -0.035 1.634 -0.026 0.287 -0.009 0.009

RelBias 0.936 0.012 0.264 0.012 0.023 0.003 0.018 -0.817 0.013 -0.143 0.004 -0.005

var 0.105 0.046 0.052 0.046 0.025 0.029 0.063 0.088 0.029 0.029 0.026 0.027

MSE 3.606 0.047 0.330 0.047 0.027 0.029 0.064 2.757 0.029 0.112 0.027 0.027

β10 Bias -0.009 -0.0004 0.001 -0.0004 -0.0005 -0.001 0.002 0.003 -0.0002 -0.0004 -0.0003 -0.0003

RelBias -0.193 -0.009 0.022 -0.009 -0.010 -0.020 0.044 0.059 -0.004 -0.008 -0.005 -0.005

var 0.001 0.0002 0.0003 0.0002 <0.0001 <0.0001 0.0008 0.002 0.0002 0.0002 3.01E-05 3.01E-05

MSE 0.001 0.0002 0.0003 0.0002 <0.0001 <0.0001 0.0008 0.002 0.0002 0.0002 3.04E-05 3.01E-05

β11 Bias 0.019 0.0007 0.001 0.0007 0.002 0.0002 0.002 -0.003 0.002 0.002 0.0007 0.0009

RelBias 0.096 0.004 0.007 0.004 0.009 0.0009 0.008 -0.014 0.011 0.009 0.004 0.004

var 0.002 0.0009 0.0009 0.0009 0.0005 0.0005 0.002 0.002 0.0005 0.0006 0.0005 0.0005

MSE 0.002 0.0009 0.0009 0.0009 0.0005 0.00005 0.002 0.002 0.0005 0.0006 0.0005 0.0005

σb Bias 0.157 0.053 0.057 0.053 0.010 0.009 0.137 0.693 0.043 0.088 0.011 0.012

RelBias 1.567 0.530 0.571 0.530 0.103 0.086 1.364 6.929 0.432 0.883 0.108 0.116

var 0.005 0.0008 0.0007 0.0008 0.0001 0.0003 0.004 0.010 0.0008 0.002 0.0003 0.0003

MSE 0.029 0.004 0.004 0.004 0.0004 0.0003 0.022 0.490 0.0008 0.009 0.0004 0.004

α Bias - 0.003 - 0.023 - 5.227 - - - - - -

RelBias - 0.013 - 0.023 - 0.209 - - - - - -

Var - 0.0003 - 0.004 - 65.471 - - - - - -

MSE - 0.0003 - 0.004 - 92.797 - - - - - -

σθ Bias - - - - - - 0.002 - -0.001 - -0.005 -

RelBias - - - - - - 0.0008 - -0.001 - -0.027 -

Var - - - - - - 0.004 - 0.0008 - 0.0005 -

MSE - - - - - - 0.004 - 0.0008 - 0.0005 -

0.5 β00 Bias -1.778 0.012 -0.489 0.025 -0.029 0.008 0.034 1.584 -0.004 0.301 0.002 0.022

RelBias -0.889 0.006 -0.245 0.012 -0.015 0.004 0.018 0.792 -0.002 0.150 0.001 0.011

var 0.057 0.035 0.012 0.016 0.005 0.005 0.037 0.289 0.011 0.012 0.006 0.006

MSE 3.218 0.035 0.251 0.017 0.006 0.005 0.038 2.798 0.011 0.103 0.006 0.006

β01 Bias -1.859 0.010 -0.572 -0.011 -0.028 -0.022 -0.026 1.651 0.003 0.290 -0.023 -0.003

RelBias 0.929 -0.005 0.286 0.005 0.014 0.005 0.013 -0.825 -0.011 -0.145 0.011 0.001

var 0.141 0.052 0.052 0.047 0.0008 0.034 0.084 0.072 0.039 0.039 0.027 0.027

MSE 3.597 0.052 0.379 0.047 0.031 0.034 0.085 2.798 0.039 0.123 0.027 0.027

β10 Bias -0.001 -0.0002 -0.001 -0.004 0.0004 0.0004 -0.006 0.003 0.001 0.002 -2.72E-05 -4.08E-05

RelBias -0.02 -0.005 -0.022 -0.069 0.008 0.007 -0.113 0.051 0.020 0.011 -0.0005 -0.0008

var 0.001 0.0009 0.0002 0.0003 <0.0001 <0.0001 0.0009 0.003 0.0001 0.0001 2.01E-05 2.02E-05

MSE 0.001 0.0009 0.0002 0.0003 <0.0001 <0.0001 0.0009 0.003 0.0001 0.0001 2.01E-05 2.02E-05

β11 Bias 0.016 <0.0001 0.007 9.40E-5 -0.0001 0.0002 -0.002 -0.006 0.003 0.002 0.002 0.002

RelBias 0.079 -0.0003 0.037 0.0005 -0.0006 0.001 -0.011 -0.029 0.014 0.011 0.008 0.008

var 0.003 0.001 0.0008 0.0008 0.0004 0.0005 0.002 0.002 0.0005 0.0006 0.0004 0.0004

MSE 0.003 0.001 0.0009 0.0008 0.0004 0.0005 0.002 0.002 0.0005 0.0006 0.0004 0.0004

σb Bias -0.079 0.0035 0.004 -0.004 -0.002 0.003 -0.006 0.441 0.005 0.027 0.005 0.005

RelBias -0.158 0.007 -0.006 -0.004 0.027 0.006 -0.012 0.882 0.011 0.054 0.010 0.011

var 0.019 0.007 0.004 0.004 0.002 0.002 0.013 0.035 0.003 0.003 0.002 0.002

MSE 0.025 0.007 0.004 0.004 0.002 0.002 0.013 0.229 0.003 0.003 0.002 0.002

α Bias - 0.0002 - 0.008 - 5.15 - - - - - -

RelBias - 0.0009 - 0.008 - 0.206 - - - - - -

Var - 0.0002 - 0.004 - 52.09 - - - - - -

MSE - 0.0002 - 0.004 - 78.61 - - - - - -

σθ Bias - - - - - - 0.022 - 0.0007 - -0.002 -

RelBias - - - - - - 0.011 - 0.0009 - -0.009 -

Var - - - - - - 0.004 - 0.0009 - 0.0004 -

MSE - - - - - - 0.004 - 0.001 - 0.0004 -
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Table B.6: Summary of the simulation result of n=60, t=10 for data generated with true
values from the analysis of Epilepsy data set and fitted using the additive and multiplica-
tive models, for different overdispersion levels.

α σθ

σb Parameter 0.25 1 25 2 0.8 0.2

additive Multip additive Multip additive Multip additive Multip additive Multip additive Multip

0.1 β00 Bias -1.531 -0.022 -0.409 -0.002 -0.022 0.022 -0.046 1.636 0.018 0.307 -0.021 0.008

RelBias -2.335 -0.033 -0.624 -0.003 -0.012 0.033 -0.070 2.495 0.028 0.469 -0.033 0.012

var 0.115 0.0005 0.023 0.031 0.004 0.006 0.153 0.156 0.017 0.023 0.009 0.013

MSE 2.457 0.084 0.190 0.031 0.004 0.007 0.155 2.831 0.017 0.117 0.009 0.013

β01 Bias -1.538 -0.079 -0.442 -0.020 -0.051 0.012 -0.031 1.725 -0.002 0.294 -0.012 0.023

RelBias -1.687 -0.086 0.485 -0.022 0.025 0.014 -0.033 1.893 -0.003 0.323 -0.013 0.026

var 0.141 0.074 0.026 0.025 0.079 0.007 0.176 0.134 0.015 0.018 0.010 0.035

MSE 2.505 0.080 0.221 0.026 0.082 0.007 0.177 3.111 0.015 0.105 0.010 0.036

β10 Bias 0.002 -0.003 -0.002 0.0009 -0.0005 -0.005 -0.0002 0.0002 -0.002 -0.0006 0.001 0.002

RelBias -0.169 0.269 -0.179 -0.084 -0.010 0.431 0.021 -0.013 0.164 0.049 -0.112 -0.205

var 0.002 0.002 0.0006 0.0007 <0.0001 4.74E-05 0.0002 0.004 0.0005 0.0006 0.0002 0.003

MSE 0.002 0.002 0.0006 0.0007 <0.0001 4.75E-05 0.0002 0.004 0.0005 0.0006 0.0002 0.0003

β11 Bias -0.0001 0.006 0.003 0.0009 0.004 -0.003 -0.0007 -0.008 -0.002 0.0006 0.0006 0.0009

RelBias 0.004 -0.231 -0.134 - 0.039 0.020 0.118 0.028 0.323 0.090 -0.026 -0.024 -0.039

var 0.003 0.002 0.007 0.0006 0.001 0.0002 5.91E-05 0.003 0.0004 0.0005 0.0002 0.0002

MSE 0.003 0.002 0.007 0.0006 0.001 0.0002 5.96E-05 0.003 0.0004 0.0005 0.0002 0.0002

σb Bias 0.178 0.168 0.083 0.082 0.015 0.039 0.020 0.666 0.064 0.090 0.053 0.039

RelBias 1.780 1.680 0.832 0.818 0.154 0.394 0.204 6.666 0.638 0.903 0.528 0.397

var 0.005 0.005 0.002 0.001 0.0005 0.0006 0.002 0.024 0.0009 0.002 0.002 0.002

MSE 0.036 0.033 0.002 0.008 0.0007 0.002 0.002 0.467 0.005 0.009 0.0005 0.003

α Bias - 0.007 - 0.041 - 26.006 - - - - - -

RelBias - 0.029 - 0.041 - 1.042 - - - - - -

Var - 0.0005 - 0.015 - 129.562 - - - - - -

MSE - 0.0005 - 0.017 - 805.879 - - - - -

σθ Bias - - - - - - 0.073 - -0.005 - 0.021 -

RelBias - - - - - - 0.036 - -0.006 - 0.107 -

Var - - - - - - 0.042 - 0.002 - 0.033 -

MSE - - - - - - 0.047 - 0.002 - 0.034 -

0.5 β00 Bias -1.571 -0.028 -0.453 0.004 -0.031 -0.005 0.017 1.692 -0.008 0.281 -0.013 0.011

RelBias -2.397 -0.043 -0.690 0.006 -0.047 -0.008 0.026 2.581 -0.012 0.428 -0.021 0.017

var 0.094 0.086 0.038 0.037 0.022 0.016 0.079 0.153 0.027 0.025 0.016 0.022

MSE 2.563 0.087 0.243 0.037 0.023 0.016 0.079 3.016 0.027 0.104 0.016 0.022

β01 Bias -1.589 -0.045 -0.444 0.002 -0.012 -0.007 0.013 1.729 0.006 0.298 -0.018 0.013

RelBias -1.745 -0.049 0.487 0.002 -0.013 -0.008 0.015 1.897 0.006 0.327 -0.019 0.015

var 0.129 0.094 0.028 0.31 0.016 0.019 0.079 0.171 0.026 0.026 0.013 0.043

MSE 2.656 0.096 0.226 0.031 0.016 0.019 0.079 3.159 0.027 0.115 0.013 0.043

β10 Bias 0.002 0.006 0.001 -0.002 -0.0009 -0.0008 -0.008 -0.011 -0.0003 0.004 0.0003 0.003

RelBias -0.147 0.512 -0.095 0.153 -0.072 0.068 0.667 0.942 0.024 -0.338 -0.023 -0.170

var 0.003 0.002 0.0007 0.0007 0.0002 0.0002 0.002 0.003 0.0005 0.0004 0.0004 0.0003

MSE 0.003 0.002 0.0007 0.0007 0.0002 0.0002 0.002 0.003 0.0005 0.0004 0.0004 0.0003

β11 Bias -0.004 0.010 0.001 0.0002 <0.0001 0.001 -0.005 -0.011 -0.002 0.0005 0.003 0.002

RelBias 0.179 -0.404 -0.056 -0.008 0.002 -0.046 0.191 0.441 0.083 -0.022 -0.115 -0.078

var 0.003 0.002 0.0006 0.0007 0.0002 0.0002 0.002 0.004 0.0005 0.006 0.0003 0.0002

MSE 0.003 0.002 0.0006 0.0007 0.0002 0.0002 0.002 0.004 0.0005 0.0006 0.0003 0.0002

σb Bias -0.063 -0.021 -0.011 0.005 0.005 0.003 -0.025 0.414 0.021 0.009 -0.002 0.015

RelBias -0.126 -0.041 -0.021 0.009 0.011 0.006 -0.052 0.828 0.041 0.019 -0.003 0.031

var 0.018 0.019 0.007 0.009 0.005 0.004 0.025 0.026 0.005 0.005 0.002 0.003

MSE 0.022 0.019 0.007 0.009 0.005 0.004 0.025 0.198 0.005 0.005 0.002 0.004

α Bias - -0.0002 - 0.015 - 24.436 - - - - - -

RelBias - -0.0007 - 0.015 - 0.977 - - - - - -

Var - 0.0006 - 0.010 - 166.818 - - - - - -

MSE - 0.0006 - 0.010 - 763.951 - - - - - -

σθ Bias - - - - - - 0.031 - -0.003 - 0.026 -

RelBias - - - - - - 0.016 - -0.004 - 0.132 -

Var - - - - - - 0.007 - 0.002 - 0.034 -

MSE - - - - - - 0.008 - 0.002 - 0.034 -
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Table B.7: Summary of the simulation result of n=60, t=10 for data generated with true
values (β00, β01, β10, β11) = (2,−2,−0.2, 0.2) and fitted using the additive and multiplica-
tive models, for different overdispersion levels.

α σθ

σb Parameter 0.25 1 25 2 0.8 0.2

additive Multip additive Multip additive Multip additive Multip additive Multip additive Multip

0.1 β00 Bias -1.625 0.009 -0.424 -0.026 -0.022 0.0001 -0.059 1.633 0.015 0.305 -0.015 0.005

RelBias -0.813 0.005 -0.212 -0.013 -0.012 <0.0001 -0.029 0.817 0.008 0.152 -0.007 0.003

var 0.095 0.074 0.026 0.021 0.004 0.003 0.162 0.155 0.012 0.012 0.005 0.004

MSE 2.736 0.074 0.206 0.021 0.004 0.003 0.166 2.823 0.012 0.104 0.006 0.004

β01 Bias -1.583 -0.086 -0.439 -0.013 -0.051 -0.014 -0.038 1.669 -0.016 0.301 -0.022 -0.001

RelBias 0.791 0.043 0.268 0.006 0.025 0.007 0.019 -0.835 0.008 -0.151 0.011 0.0007

var 0.186 0.160 0.073 0.072 0.079 0.077 0.219 0.178 0.080 0.049 0.077 0.074

MSE 2.690 0.167 0.265 0.072 0.082 0.077 0.220 2.964 0.0801 0.140 0.077 0.074

β10 Bias 0.014 -0.005 -0.002 0.0005 -0.0005 -0.001 0.001 -0.005 0.0007 <0.0001 0.0005 0.0004

RelBias -0.068 0.025 0.011 -0.003 -0.010 -0.002 -0.006 0.022 -0.017 <0.0001 -0.002 -0.002

var 0.002 0.002 0.0008 0.0006 <0.0001 <0.0001 6.06E-05 0.003 0.0003 0.0003 0.0002 0.0002

MSE 0.003 0.002 0.0008 0.0006 <0.0001 <0.0001 6.22E-05 0.003 0.0003 0.0003 0.0002 0.00002

β11 Bias 0.008 0.004 -0.001 -0.004 0.004 0.0004 0.0006 -0.003 0.001 -0.0007 0.0006 0.0009

RelBias 0.039 0.018 -0.005 -0.019 0.020 0.002 0.003 -0.014 0.005 -0.004 0.0103 0.004

var 0.003 0.004 0.002 0.001 0.001 0.001 0.0002 0.003 0.001 0.001 0.001 0.001

MSE 0.003 0.004 0.002 0.001 0.001 0.0001 0.0002 0.003 0.001 0.001 0.001 0.001

σb Bias 0.213 0.172 0.106 0.092 0.015 0.021 0.023 0.658 0.061 0.093 0.050 0.043

RelBias 2.127 1.72 1.056 0.923 0.154 0.2085 0.229 6.576 0.606 0.929 0.503 0.429

var 0.008 0.004 0.002 0.002 0.0005 0.0005 0.002 0.022 0.001 0.003 0.002 0.0008

MSE 0.053 0.033 0.013 0.010 0.0007 0.0009 0.002 0.455 0.001 0.012 0.005 0.003

α Bias - 0.010 - 0.048 - 12.539 - - - - - -

RelBias - 0.040 - 0.048 - 0.502 - - - - - -

Var - 0.0007 - 0.014 - 168.656 - - - - - -

MSE - 0.0008 - 0.017 - 325.899 - - - - - -

σθ Bias - - - - - - 0.080 - -0.008 - 0.027 -

RelBias - - - - - - 0.040 - -0.010 - 0.134 -

Var - - - - - - 0.047 - 0.002 - 0.038 -

MSE - - - - - - 0.053 - 0.002 - 0.039 -

0.5 β00 Bias -1.638 -0.033 -0.4965 -0.015 -0.007 0.011 -0.032 1.625 -0.002 0.313 -0.012 -0.002

RelBias -0.819 -0.016 -0.232 -0.008 -0.003 0.0059 -0.016 0.813 -0.0001 0.156 -0.006 -0.0009

var 0.124 0.089 0.029 0.029 0.009 0.009 0.078 0.204 0.018 0.019 0.010 0.015

MSE 2.806 0.0906 0.245 0.029 0.009 0.009 0.079 2.845 0.018 0.117 0.010 0.015

β01 Bias -1.606 -0.123 -0.487 0.022 -0.0367 -0.045 0.035 1.715 0.003 0.287 -0.020 -0.008

RelBias 0.803 0.061 0.244 0.0116 0.018 0.0236 -0.018 -0.858 -0.001 -0.144 0.010 0.004

var 0.192 0.187 0.081 0.080 0.064 0.058 0.129 0.185 0.061 0.066 0.071 0.070

MSE 2.773 0.202 0.318 0.081 0.065 0.060 0.131 3.127 0.061 0.148 0.071 0.070

β10 Bias 0.011 0.005 0.004 0.003 -0.001 -0.001 0.002 0.004 -0.001 -0.001 -0.0001 0.002

RelBias -0.053 -0.025 -0.022 -0.014 -0.022 -0.012 -0.008 -0.019 -0.020 -0.021 0.0006 -0.008

var 0.003 0.002 0.0007 0.0006 <0.0001 <0.0001 0.002 0.004 0.0003 0.0003 0.0003 0.0002

MSE 0.003 0.002 0.0007 0.0006 <0.0001 <0.0001 0.002 0.004 0.0003 0.0003 0.0003 0.0002

β11 Bias 0.005 0.015 0.004 -0.001 0.001 0.004 -0.007 -0.013 -0.002 -0.0003 0.003 0.002

RelBias 0.026 0.074 0.018 -0.007 0.006 0.019 -0.035 -0.065 -0.008 -0.001 0.013 0.009

var 0.004 0.003 0.001 0.001 0.001 0.001 0.003 0.004 0.001 0.001 0.001 0.001

MSE 0.004 0.003 0.001 0.001 0.001 0.001 0.003 0.004 0.001 0.001 0.001 0.001

σb Bias -0.059 -0.031 0.009 -0.005 -0.0006 0.015 -0.048 0.392 0.0004 0.028 -0.009 0.019

RelBias -0.118 -0.062 0.018 -0.011 -0.001 0.029 -0.096 0.784 0.001 0.056 -0.019 0.039

var 0.018 0.022 0.008 0.011 0.003 0.004 0.021 0.026 0.006 0.006 0.003 0.004

MSE 0.022 0.023 0.008 0.012 0.003 0.004 0.024 0.162 0.006 0.007 0.003 0.004

α Bias - 0.010 - 0.042 - 11.438 - - - - - -

RelBias - 0.042 - 0.042 - 0.457 - - - - - -

Var - 0.009 - 0.020 - 156.328 - - - - - -

MSE - 0.009 - 0.022 - 287.16 - - - - - -

σθ Bias - - - - - - 0.032 - 0.002 - -0.012 -

RelBias - - - - - - 0.016 - 0.002 - -0.006 -

Var - - - - - - 0.009 - 0.001 - 0.010 -

MSE - - - - - - 0.011 - 0.001 - 0.010 -
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C.1 Functional Selection Procedure

The Functional Selection Procedure (FSP), which was discussed by Royston and

Sauerbrei (2008), was applied to select the most suitable predictor function for

the data. Results are shown in Table C.1. First, the FP2 was tested against the

null model, and found to be significant. Then it was compared to the linear mixed

model, leading to significance as well. Finally, FP2 was tested against FP1 and

the former was non-significant for both HPV-16 and HPV-18. Hence, the selected

model was FP1.

C.2 Cross-validation and Bootstrapping

We applied cross-validation to evaluate the performance of the prediction. The

result for [M75–. . . ] months is shown in Figure C.1. Besides, to obtain a confidence

interval of the proportion estimate, a cluster bootstrap method was implemented

and the results are shown in Table C.2.
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Table C.1: Application of the Functional Selection Procedure to HPV-16 and HPV-18.
The selected model is FP1.

Model Deviance Power Comparison Dev. diff. p-value

HPV-16

FP2 243.3 -1.25;-1.25 FP2 vs null 3217.0 <0.001

FP1 246.9 -1.25 FP2 vs linear 1931.7 <0.001

Linear 2175.1 1 FP2 vs FP1 3.6 0.1653

Null 3460.3 -

HPV-18

FP2 -214.0 -1.25;-1.25 FP2 vs null 3685.7 <0.001

FP1 -213.9 -1.25 FP2 vs linear 1920.0 <0.001

Linear 1706.0 1 FP2 vs FP1 0.1 0.9512

Null 3471.7 -

C.3 SAS Implementation

A SAS program, using the procedure MIXED with local exponential serial corre-

lation for the fractional polynomial (FP1) of HPV-16 is as follows:

* Local, exp(time) covariance structure;

%macro fp1(p1);

data fracpol; set hpv16; hx1=time**&p1;

if &p1=0 then hx1=log(time);

varfp1=hx1; pbmthcls=time; run;

proc mixed data=fracpol method=ml covtest update info

scoring=5 noclprint maxiter=200;* empirical;

id pid log_val timing time;

class pid pbmthcls;

model log_val = varfp1 / s outp=p112a outpm=pm112a;

random int varfp1/s sub=pid type=un;

ods output SolutionR=Ebh16;

repeated pbmthcls/ sub=pid type=sp(exp)(time) local=exp(time);

run;
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Figure C.1: The densities of observed values (dashed line) and model-based predictions
(solid line) using FP1 at [M75–. . . ] month for HPV-16 (left panel) and HPV-18 (right
panel), using cross-validation.

The Gaussian serial correlation was the best covariance structure for HPV-18

and it was fitted as follows:

* Gaussian covariance structure;

%macro fp1(p1);

data fracpol; set hpv18; hx1=time**&p1;

if &p1=0 then hx1=log(time);

varfp1=hx1;

pbmthcls=time; run;

proc mixed data=fracpol method=ml covtest update info

scoring=5 noclprint maxiter=200;

id pid log_val timing time;

class pid pbmthcls;

model log_val = varfp1 / s outp=p112a outpm=pm112a;

random int varfp1/s sub=pid type=un;

ods output SolutionR=Ebh18;

repeated pbmthcls/ sub=pid type=sp(gau)(time) local ;

PARMS (0.1081) (-0.00232) (0.006719) (0.03579)

(8.4780) (0.01957)/HOLD=0.006719,8.4780 NOBOUND ;run;
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Table C.2: Proportion of subjects for FP1 model with anti HPV-16 and anti HPV-18 res-
ponses greater than the thresholds within the estimation period using bootstrap estimation;
P indicates the proportion.

response > 2.621 response > 2.446

HPV-16 HPV-18

Month P 95% CI P 95% CI

7 0.984 (0.967, 0.997) 0.995 (0.986, 1.00)

12 0.854 (0.816, 0.893) 0.934 (0.908, 0.957)

18 0.713 (0.664, 0.759) 0.789 (0.744, 0.829)

[M25–M32] 0.663 (0.560, 0.759) 0.759 (0.654, 0.849)

[M33–M38] 0.567 (0.505, 0.624) 0.593 (0.528, 0.652)

[M39–M44] 0.604 (0.529, 0.679) 0.651 (0.576, 0.723)

[M45–M50] 0.496 (0.436, 0.558) 0.514 (0.450, 0.573)

[M51–M56] 0.661 (0.571, 0.744) 0.687 (0.605, 0.765)

[M57–M62] 0.493 (0.431, 0.557) 0.534 (0.468, 0.595)

[M63–M68] 0.564 (0.479, 0.648) 0.598 (0.504, 0.680)

[M69–M74] 0.499 (0.437, 0.563) 0.521 (0.458, 0.586)

[M75–. . . ] 0.443 (0.317, 0.563) 0.473 (0.352, 0.589)
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D.1 Probability of protection for anti-HPV-18 anti-

bodies

In this appendix, we discuss the results for the analysis of the anti-HPV-18 anti-

bodies and we present also model diagnostics to the fitted models for both anti-

HPV-16 antibodies and anti-HPV-18 antibodies.

Figure D.1 shows the histogram of the posterior probability above a threshold

value for anti-HPV-18 antibodies. There are 118 subjects who have π̂ij=1 above

a threshold τ=2.446 while 86 subjects have a π̂ij=0 over 50 years. Moreover,

there are 186 subjects whose posterior probability above the threshold is between

0 and 1; 0 < π̂ij < 1. If we use the threshold τ=1.355, all of the subjects except

two subjects have a posterior probability above a threshold more than 0.5 over 50

years. The left panel of Figure D.2 shows the sorted posterior probabilities above

a threshold τ=2.446 while the right panel shows the posterior probabilities above

the threshold τ=2.446 for subjects who had above/below threshold value for 10

years. Clearly, among 212 (54.4%) subjects who had above the threshold value,

133 subjects have π̂ij = 1 while 79 subjects have 0.48 < π̂ij < 1. On the other

hand, among 178 (45.6%) subjects who had below the threshold value, 83 subjects
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have π̂ij = 0 while 95 subjects have 0 < π̂ij < 0.5 for 10 years.

Figure D.3 shows the long term prediction for some selected subjects while Fi-

gure D.4 indicates their posterior distribution of the probability above the thre-

shold τ=1.355 for these subjects. We can clearly see that the first two subjects

have a log antibody level below the threshold τ=1.355, whereas the other two

subjects have a log antibody level above the threshold τ=1.355 for 50 years.
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Figure D.1: The posterior probability above a threshold=2.446 at 10,20, 30 and 50 years
for anti-HPV-18 antibodies.
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Figure D.2: anti-HPV-18 antibodies; Subject-specific sorted posterior probability above a
threshold 2.446 (Left Panel) and posterior probability above a threshold 2.446 for 10 years
for subjects who had above/below a threshold value (Right Panel). Index represents the
number of subjects.
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Figure D.3: Long term (50 Years) prediction with posterior predictive interval of some
selected subjects for anti-HPV-18 antibodies.

D.2 Model Diagnostic

For both anti-HPV-16 antibodies and anti-HPV-18 antibodies, convergence diag-

nostic was carried out using trace plots, Brooks-Gelman-Ruubin (BGR) plots and

potential scale reduction factor (R̂; Brooks and Gelman, 1998). Table D.1 shows

the result of R̂. We can clearly see that all the model diagnostic methods show

good convergence. As a practical rule of thumb, a 97.5% quantile of R̂ ≤ 1.2 is suf-

ficient to claim convergence (Smith, 2007). Hence, the estimates of R̂ in Table D.1

show rapid convergence and efficient mixing of the chains for all the parameters.
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Figure D.4: The posterior distribution of the probability above the threshold τ=1.355 for
some selected subject for anti-HPV-18 antibodies.

Table D.1: Estimate of the potential scale reduction factor (R̂).

anti-HPV-16 antibodies anti-HPV-18 antibodies

Parameter Point est. 97.5% quantile Point est. 97.5% quantile

β0 1.01 1.02 1.01 1.03

β1 1.01 1.02 1.02 1.06

σ 1.00 1.00 1.00 1.00

σb0 1.00 1.00 1.00 1.00

σb1 1.00 1.01 1.01 1.04

ρ12 1.00 1.00 1.00 1.00

p 1.01 1.02 1.03 1.07

deviance 1.00 1.00 1.00 1.00
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