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Chapter 1

Introduction

At first sight some research areas in medicine, engineering, insurance, social

sciences, . . . do not have anything in common. However, in each of these

areas, researchers are interested in positive variables, which in most cases are

expressed as a time until a certain event. In medicine, for example, the time

until survival of a patient or the progression of a disease is recorded while in

engineering, this is the time until breakdown of a machine. In social sciences

this variable can be the duration of unemployment and in insurance, this is

usually the amount paid by the insurer in case of damage.

For various reasons, the collected data in these situations may be incomplete.

One of the sources of incompleteness is censoring. This happens, for example,

when a researcher does not have the time to wait until all the observations

show the event of interest. In engineering, it is not always possible to wait

until all the machines have broken down and in medicine, it is unethical for a

doctor to wait until all the patients under study have died. We call this type

of censoring, right censoring. Such a data set consists of two parts: on one

hand, we have observations which have shown the event of interest at a certain

time (uncensored observations) and on the other hand, there are observations

which have not yet shown this event (censored observations). For the latter

group we only know a lower bound for the time until the event of interest.

In a medical study where we are looking for the time until the progression of

a type of cancer, some of the patients in this data set are censored because

1



2 Chapter 1

the study was stopped before their cancer progressed. A more mathematical

introduction of right censoring will be given in Section 1.2.

In most trials or studies there will be only one mechanism which censors an

observation independently of its time under study. However we can deviate

from this situation in more than one way. When we do not restrict ourselves

to one mechanism, we are in a competing risk setting. Although we observe

now a number of reasons why a individual is leaving the study, we are only

interested in one of these reasons and all the others will be considered as

censoring. The competing risk setting is nicely explained in Crowder (2001).

An other deviation from the independent censoring mechanism is to allow that

the censoring mechanism does depend on the time until the event of interest.

In this case we are in a dependent censoring setting. A survey on this topic

was given by Moeschberger and Klein (1995).

A further feature which is often encountered in practical data analysis, is

the availability of other measured variables (covariates), which influence the

distribution of the time until the event of interest. This distribution changes

for different values of the covariates. For example, the distribution of time

until survival in a medical study may depend on the blood pressure and sex

of the patient.

In this thesis we investigate two different censoring models and each time find

an estimator for the distribution function of the time until the event of interest

in the presence of covariates. In the first model we consider two different

censoring variables. One of the censoring variables gives extra information

about the distribution of the survival time of interest, the other does not.

Both censoring variables are independent of the time until the event. We call

this model the partially informative censoring model or partial Koziol-Green

model. In the second model we consider only one censoring variable but we

assume that it depends on the time until the event of interest. The dependence

will be modelled via a copula and we call this model the copula-graphic model.

In the various chapters of this thesis we look at different aspects of these

models. Mostly we will work in a non-parametric setting, except for the last

chapter where we use a semi-parametric model.
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In the remaining part of this chapter, we introduce the different data sets

which will be used in this thesis. Next we give a small overview of techniques

commonly used in survival analysis and finally we show where we generalize

or extend these models to get the ones of this thesis.

1.1 Some examples

Throughout this thesis, we use three practical data sets to clarify and illustrate

the different statistical methods that we will develop. These data sets are the

well known Melanoma data set of Andersen, Borgan, Gill and Keiding (1993),

the Bone marrow transplantation data set given by Klein and Moeschberger

(1997) and a less known data set about survival of Atlantic halibut, studied

by Smith, Waiwood and Neilson (1994). The first and second data set will

be used to illustrate the partially informative censoring model while the third

data set is only used to clarify the copula-graphic model.

The Melanoma data set is a clinical study on malignant melanoma (skin can-

cer). This study took place in the period 1962-77 at the Department of Plastic

Surgery, University Hospital of Odense, Denmark and looked at the survival

of 225 patients after their tumor was completely removed. Along with the

survival time, the researchers recorded several covariates like sex, age, etc.

Twenty patients were left out of the study due to missing values in their co-

variates. For each of the remaining 205 patients, they registered the cause of

death or whether the patient was alive at the end of the study. In the fol-

lowing, we will first focus on the relation between survival time of malignant

melanoma and age of the patient. Afterwards we will look whether this sur-

vival time depends on the sex of the patient. Hereby we treat death of other

causes and alive at the end of the study as two different types of censoring.

We note that the total percentage of censored observations in this data set is

high (75%). Figure 1.1 shows a scatter plot of the survival time versus age

of the patient where we also give the value of the censoring indicator for each

patient: + for patients who die from melanoma, O for patients who die from

other causes and ∗ for patients who are still alive at the end of the study.
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Figure 1.1 : Melanoma data set: Survival times (in days) versus age of the patient (in years).

Patient died of malignant melanoma: +, patient died of other causes: O and patient is alive

at end of study: ∗.
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Figure 1.2 : Bone Marrow Transplantation data set: Disease free survival times (in days)

versus age of patient (in years). Patient relapsed: +, patient died without relapse: O and

patient is alive at end of study: ∗.
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As second real data set we take the Bone marrow transplantation data given

by Klein and Moeschberger (1997). This data set was introduced by Copelan

et al. (1991) and describes a multicenter trial conducted from March 1, 1984

to June 30, 1989 in 4 different hospitals in U.S. and Australia. In this data set,

137 patients with acute leukemia were followed after their leukemia was treated

by a bone marrow transplantation. For each patient the disease free survival

time, the reason why the patient left the study and several characteristics

were recorded. As an example, we want to know how the age of the patient

influences the distribution of the disease free survival time. In this data set

several patients died without a relapse or were still alive at the end of the

study. We consider them in our analysis as two different groups of censored

observations and will treat each group in a different way. A scatter plot of the

data is shown in Figure 1.2.

Our third data set shows that our techniques can also be applied to non-

medical problems. The Atlantic halibut data set was obtained in a study on

size regulation of Atlantic halibut. Commercial fishing on this fish had reduced

the population and a number of conservation measures had been suggested for

the trawl and longline fishery. One of these measures was a minimum length

for the retained fish. This means that small fishes have to be released again

into the water to allow them to grow and reproduce. However this philosophy

only works when we know that an acceptable proportion of the fish returned

to the water, survives the capture, handling and release. In this study, the

researchers looked at the survival time of the fish after it was caught and

handled as in the commercial fishery. For this purpose they had installed

special holding tanks on the research vessel in which they placed the fishes.

Each fish was followed until it died. However some fishes, mainly large fish,

were removed after 48 hours to make space for other experimental animals. So

the time until death was censored by the time that the animal had spent in the

holding tank. Also the fishes that were alive at the end of the experiment, were

treated as censored observations. The researchers recorded for each animal the

covariates fork length of the fish, handling time, total catch weight and depth

trawled, which they believed to have an influence on the survival time of the

fish. In this thesis, we will focus on how the survival time is related to the

fork length of the fish. In Figure 1.3 we show a scatter plot of the survival
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Figure 1.3 : Atlantic halibut data set: Survival times (in hours) versus fork length (in cm.).

Fish died in the holding tanks: +, fish was removed from the holding tanks or is alive at the

end of the study: O.

time versus the fork length of each animal, where we use + for uncensored

observations and O for censored observations.

In survival analysis and other research areas with censored data, we see three

different approaches. The first approach is to use a parametric model where we

assume a full parametric density function for the data and where we determine

the unknown parameters by maximum likelihood techniques. In this setting

it is also possible to allow for covariates. In most cases the likelihood function

has the following form

L(θ, data) =
n∏

i=1

f(yi | θ,xi)
δiS(yi | θ,xi)

1−δi (1.1)

where f is a density function and S its survival function, depending on a

parameter vector θ and on covariates x. For an uncensored observation, δi is

equal to 1 while it is zero for an censored observation. We assume here that the

survival time and the censoring time are independent and that the distribution

function of the censoring time does not depend on the parameter(s) of the

survival time. In this thesis, we will not consider this approach.
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A second approach in survival analysis, is to use a semi-parametric model

for the data. The most well known is the proportional hazards model of Cox

(1972). It assumes that the conditional hazard function λ(t | x) of the response

is given by

λ(t | x) = λ0(t)e
β′
0
x (1.2)

where λ0(t) is an unknown baseline hazard function, β0 is an unknown pa-

rameter vector and x is a covariate vector. Large sample properties for this

model have been investigated by a.o. Tsiatis (1981) and Andersen and Gill

(1982). A nice survey of this approach can be found in Andersen, Borgan, Gill

and Keiding (1993). This model forms the starting point for Chapter 6 of this

thesis and will be discussed in more detail in Section 1.6.

In the analysis of a data set, it is sometimes not clear which functional form

we can assume for the distribution of the survival time or how the relationship

between the response variable and the covariate has to be defined. Unlike the

previous approaches, we do not have to specify these functional forms when

we work with a non-parametric model. Kaplan and Meier (1958) developed

an estimator for the distribution function of the survival time in which they

took the censored observations into account. In the presence of covariates, this

concept has been generalized by Beran (1981). Given the covariate value, he

introduced a non-parametric estimator for the conditional distribution of the

response variable. Both methods are discussed in more detail in Sections 1.2

and 1.3. In this thesis we will first extend the estimator of Beran to fit into

a model with partial informative censoring and call it the partial informative

censoring model or the partial Koziol-Green model. We introduce this model

in Section 1.4 and various aspects of it are investigated in the different chapters

of this thesis. In Chapter 2, we prove a strong consistency and a weak con-

vergence result. Chapter 3 is used to develop a goodness-of-fit test procedure

for the partial Koziol-Green model. This will allow us to determine whether

we can use this model on a specific real data set. In Chapter 4 we establish

a bootstrap procedure which leads to alternatives for the weak convergence

approximation in Chapter 2. Next we generalize the estimator of Beran to

fit into a model with dependent censoring. We will call it the copula-graphic

model since we will describe the dependence between the survival time and

the censoring time by a known copula function. After introducing this model
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in Section 1.5, we prove in Chapter 5 an asymptotic representation and a weak

convergence result. Furthermore we give some results about the bias in this

model when the copula function is misspecified. In this same chapter we will

show how the Beran estimator can be even further generalized to fit into a

model with partially informative and dependent censoring.

1.2 Non-parametric estimation with censored data

Consider a sample Y1, Y2, . . . , Yn of independent, identically distributed (i.i.d.)

non-negative random variables with distribution function F (t) = P (Y1 ≤ t).

In some clinical or industrial trials, these responses are subject to random

right censoring. For each i, we have a random variable Ci which obscures the

response Yi such that we only observe the pair (Zi, δi) where the variable Zi =

min(Yi, Ci) and the indicator δi = I(Yi ≤ Ci). Let us denote the distribution

function of the i.i.d. sample C1, . . . , Cn by G(t) = P (C1 ≤ t). If we assume

that for each i, Yi is independent of Ci, we can write the distribution function

H(t) = P (Z1 ≤ t) as,

1 − H(t) = (1 − F (t))(1 − G(t)).

Kaplan and Meier (1958) developed in this situation an estimator for the

distribution function F . It is given by

Fn(t) = 1 −




∏

Z(i)≤t

(
1 − 1

n − i + 1

)δ(i)



 I(t < Z(n)) (1.3)

where Z(1), . . . , Z(n) are the ordered Zi and δ(1), . . . , δ(n) are the correspond-

ing indicators. This estimator is a step function which jumps only at the

uncensored observations. When we do not have any censored observations

(Zi = Yi for each i), this estimator reduces to the empirical distribution func-

tion 1
n

n∑
i=1

I(Yi ≤ t). Several authors proved properties for this Kaplan-Meier

estimator: Földes and Rejtő (1981) showed the strong consistency, Schäfer

(1986) found a modulus of continuity result and Lo and Singh (1986) derived

an asymptotic representation.
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A sub-model was given by Koziol and Green (1976). They added the extra

assumption that the survival function of the censoring time is some power of

the survival function of the survival time: for t ≥ 0,

1 − G(t) = (1 − F (t))β

with β > 0. This assumption, which is equivalent with λG(t) = βλF (t), is

often called the simple proportional hazards assumption and simplifies the

estimation in this model considerably. As discussed by Csörgő (1998), this

sub-model first looked too good to be true and there were not many data

sets available which satisfied this extra assumption. This situation is recently

changing by the data sets developed in the work of De Uña-Álvarez, González-

Manteiga and Cadarso-Suárez (1997) and Han (1998).

When Koziol and Green introduced this extra assumption, they opened an

research area within the survival analysis in which also the censored observa-

tions contribute to the estimation of the distribution function F of the survival

time. This area is often called informative censoring.

1.3 Non-parametric regression with censored data

Suppose that Y1, . . . , Yn are independent random variables, observed at fixed

design points 0 ≤ x1 ≤ . . . ≤ xn ≤ 1. Assume that the responses are subject

to random right censoring: at each design point xi, there is a random variable

Ci such that we only observe the pair (Zi, δi) where Zi = min(Yi, Ci) and

δi = I(Yi ≤ Ci). Furthermore the distribution function of Yi (resp. Ci)

is denoted by Fxi(t) = P (Yi ≤ t) (resp. Gxi(t) = P (Ci ≤ t)). We will

assume independence of Yi and Ci for each i. Consequently we have that the

distribution function Hxi(t) = P (Zi ≤ t) satisfies the relation

1 − Hxi(t) = (1 − Fxi(t))(1 − Gxi(t)). (1.4)

At a given fixed design point x ∈ ]0, 1[, we write Fx, Gx and Hx for the

distribution function of the response Yx at x, the censoring time Cx at x and

Zx = min(Yx, Cx). We also define the indicator δx as δx = I(Yx ≤ Cx).
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To estimate non-parametrically the conditional distribution function Fx at de-

sign point x, we use the idea that observations (Zi, δi) with xi close to x are

more informative than observations at design points far away from x. There-

fore observations at a design point close to x should give a bigger contribution

or weight to the estimator. In our present case of fixed design points it is

customary to take the Gasser-Müller type weights, given by

wni(x, hn) =
1

cn(x, hn)

xi∫

xi−1

1

hn
K

(
x − z

hn

)
dz (i = 1, . . . , n) (1.5)

cn(x, hn) =

xn∫

0

1

hn
K

(
x − z

hn

)
dz.

Here x0 = 0, K is a known probability density function (kernel) and {hn}
is a positive bandwidth sequence, tending to zero as n→∞. An extension

of the Kaplan-Meier estimator to the regression situation, was first given by

Beran (1981). His estimator is often also called the conditional Kaplan-Meier

estimator and is defined as:

Fxh(t) = 1 −





∏

Z(i)≤t


1 −

wn(i)(x, hn)

1 −
i−1∑
j=1

wn(j)(x, hn)




δ(i)




I(t < Z(n)) (1.6)

where Z(1) ≤ . . . ≤ Z(n) are the ordered Z1, . . . , Zn and δ(i) and wn(i)(x, hn) are

the indicator and weight corresponding to Z(i). This non-parametric estimator

has been studied by, for instance, Dabrowska (1987), González-Manteiga and

Cadarso-Suárez (1994), Van Keilegom and Veraverbeke (1996, 1997a, 1997b).

As in the situation without covariates, we can also define in this model a

Koziol-Green type sub-model by assuming that for a given design point x, the

conditional survival function of Cx is some power of the conditional survival

function of Yx: for t ≥ 0,

1 − Gx(t) = (1 − Fx(t))βx

where βx > 0 and is allowed to depend on the covariate x. We note that here

P (δx = 1) =

∞∫

0

(1 − Gx(y))dFx(y) =

∞∫

0

(1 − Fx(y))βxdFx(y)
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P (δx = 0) =

∞∫

0

(1 − Fx(y))dGx(y) = βx

∞∫

0

(1 − Fx(y))βxdFx(y)

and hence βx =
P (δx = 0)

P (δx = 1)
.

By this extra assumption the estimator in this sub-model has a simpler form

than in the general model and is given by

F̂xh(t) = 1 − (1 − Hxh(t))γxh (1.7)

where

Hxh(t) =
n∑

i=1

wni(x, hn)I(Zi ≤ t) and γxh =
n∑

i=1

wni(x, hn)δi

are Stone type estimators for Hx(t) = P (Zx ≤ t) and γx =
1

1 + βx
= P (δx = 1)

(Stone (1977)). This estimator has been studied more extensively by Veraver-

beke and Cadarso-Suárez (2000).

1.4 Regression under partially informative censor-

ing

As in the previous section, we consider again a regression model with indepen-

dent and non-negative responses Y1, . . . , Yn at fixed design points 0 ≤ x1 ≤
. . . ≤ xn ≤ 1. These responses are now subject to random right censoring in

the following way: each Yi can be censored by the minimum of two indepen-

dent and non-negative variables Ci and Di. The Ci are informative censoring

times, satisfying a simple proportional hazards condition (described below),

while the Di are arbitrary non-informative censoring times. The observed

random variables at design point xi are (Zi, δi) where Zi = min(Yi, Ci, Di)

and

δi =





1 if Yi ≤ min(Ci, Di)

0 if Ci ≤ min(Yi, Di)

−1 if Di ≤ min(Yi, Ci)

.

For a given design value x ∈ ]0, 1[, we write Fx, G1x, G2x, Hx for the distribu-

tion function of respectively, the response Yx at x, the informative censoring
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variable Cx, the non-informative censoring variable Dx and Zx = min(Yx, Cx,

Dx). Also we will write δx for the indicator variable that takes the values

1, 0,−1 according as Zx = Yx, Cx, Dx. (Note that for the design values xi

we write Yi, Ci, Di, Zi, δi instead of Yxi , Cxi , Dxi , Zxi , δxi). We will assume

independence of the Yi, the Ci and the Di, and also between Yi, Ci and Di

for every i. Furthermore the simple proportional hazards assumption on the

censoring variable Cx can be expressed as follows: for t ≥ 0,

1 − G1x(t) = (1 − Fx(t))βx (1.8)

for some βx > 0. In the absence of regression, this model for censoring has

been introduced by Gather and Pawlitschko (1998) under the name of partial

Koziol-Green model. However we will mainly refer to the model described

here, as the partially informative censoring model.

In all our results, we will assume that the distribution functions Fx and G2x are

continuous. It then follows by (1.8) that G1x is continuous. We also assume

that the probabilities

pxk = P (δx = k) (k = −1, 0, 1)

are strictly between 0 and 1 for all x. An easy calculation shows that

px1 =

∞∫

0

(1 − G1x(y))(1 − G2x(y))dFx(y)

=

∞∫

0

(1 − Fx(y))βx(1 − G2x(y))dFx(y)

px0 =

∞∫

0

(1 − Fx(y))(1 − G2x(y))dG1x(y)

= βx

∞∫

0

(1 − Fx(y))βx(1 − G2x(y))dFx(y)

and hence βx =
px0

px1
.

This result allows us to propose a new estimator for Fx(t) in this setting in

the following way. Introducing the auxiliary variables Ux = min(Yx, Cx), we



Introduction 13

have that the distribution function Lx of Ux satisfies the relation

1 − Lx(t) = (1 − Fx(t))(1 − G1x(t)) = (1 − Fx(t))1+βx

and hence

1 − Fx(t) = (1 − Lx(t))γx (1.9)

where

γx =
1

1 + βx
=

px1

px0 + px1
. (1.10)

Our proposed estimator F̂xh(t) for Fx(t) is now suggested by relation (1.9):

1 − F̂xh(t) = (1 − Lxh(t))γxh (1.11)

where Lxh(t) and γxh are non-parametric estimators for Lx(t) and γx, which

are defined in the following paragraphs.

For the estimation of Lx(t) = P (Ux ≤ t), we note that we cannot observe the

Ui but only the minima Zi = min(Ui, Di) and the indicators εi = I(Ui ≤ Di) =

I(δi 6= −1). Looking back at the model described in the previous section, it is

therefore natural to use here the non-parametric estimator that was introduced

by Beran (1981). This estimator involves a sequence of smoothing weights

{wni(x, hn)}, depending on a positive bandwidth sequence {hn}, tending to

zero as n→∞. In our present case of fixed design points we take the Gasser-

Müller type weights, given in (1.5). The Beran estimator Lxh(t) for Lx(t) is

then given by

Lxh(t) = 1 −





∏

Z(i)≤t


1 −

wn(i)(x, hn)

1 −
i−1∑
j=1

wn(j)(x, hn)




ε(i)




I(t < Z(n)). (1.12)

Here Z(1) ≤ . . . ≤ Z(n) are the ordered Z1, . . . , Zn and the ε(i) and wn(i)(x, hn)

are the corresponding εi and wni(x, hn) of the ordered Zi.

For the estimation of γx, we note from (1.10) that it involves non-parametric

estimation of the probabilities pxk = P (δx = k). For these probabilities we

propose to use the non-parametric kernel estimators of Stone (1977) type,

given by

pxkh =
n∑

i=1

wni(x, hn)I(δi = k). (k = −1, 0, 1) (1.13)
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The estimator for γx is then given by

γxh =
px1h

px0h + px1h
. (1.14)

Hence the estimator for the regression model with partially informative cen-

soring is F̂xh(t) given by (1.11) with Lxh(t) and γxh given by (1.12) and (1.14)

respectively. Note that if we think the weights wni(x, hn) all equal to n−1, we

obtain the estimator of Gather and Pawlitschko (1998). On the other hand, if

G2x(t) = 0, then our estimator reduces to that in Veraverbeke and Cadarso-

Suárez (2000). We will study this estimator in more detail in Chapter 2. First

we obtain results on uniform strong consistency and afterwards we establish

an almost sure asymptotic representation which will be used to prove weak

convergence of the process related to this estimator. See also Braekers and

Veraverbeke (2001a).

Let us note that this proposed estimator depends strongly on the relation

(1.8). This raises the question whether we could check for a real data set if

this relation is satisfied. We will therefore develop goodness-of-fit tests for

the present regression model under partially informative censoring. Hereby

we exploit the following characterization of this model: given a fixed covariate

value x ∈ [0, 1], we see that (1.8) holds for some βx > 0 if and only if

Zx and δx are independent, conditionally on the event {δx 6= −1}. (1.15)

This property can easily be proved exactly in the same way as in Sethuraman

(1965) for the case of the Koziol-Green model without covariates and is an

extension of the characterizing property that was used by Csörgő (1998) to

develop goodness-of-fit statistics for the partially informative censoring model

without covariates, as described by Gather and Pawlitschko (1998).

In Chapter 3 we first rewrite (1.15) into a more suitable form that can be

used in a technical result needed in the proof of the asymptotic distribution

of the goodness-of-fit statistics. Next these statistics will be introduced and

their asymptotic distributions will be derived. We adapt in this chapter, the

methods used in Csörgő (1998) to the case of fixed design regression as we also

did in Braekers and Veraverbeke (2003a). We finished Chapter 3 by a prac-

tical data analysis of the Melanoma data set in which we want to estimate
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non-parametrically the conditional distribution of the survival time till death

from malignant melanoma on the covariate age of the patient. We will use

here the partial Koziol-Green estimator (1.11) where we treat patients who

died from other causes as informatively censored observations and patients

who are still alive at the end of the study as non-informatively censored obser-

vations. The reason for this coding is that we believe that death from other

causes is indirectly related to death from malignant melanoma and that there-

fore the conditional distribution of this censoring variable has a similar form

as the conditional distribution of time till death from malignant melanoma.

Furthermore we believe that the conditional distribution of time until the end

of the study has a different form since it depends on the design of the study

and not on the illness due to malignant melanoma. Before we apply the partial

Koziol-Green estimator on this data set, we verify whether the simple propor-

tional hazards assumption is satisfied. This will be done by the goodness-of-fit

statistics developed in Chapter 3.

When we prove in Chapter 2 the weak convergence for the process (nhn)1/2 ×
(F̂xh(t) − Fx(t)) where F̂xh(t) is the estimator derived in (1.11), we will note

that this normal approximation has complicated expressions for the asymp-

totic mean and variance, which cannot be calculated in a real data analysis.

Therefore we propose a bootstrap method to approximate the distribution

function of this process. This will provide an alternative for the normal ap-

proximation. Our procedure is an extension of the bootstrap method for the

Beran estimator, as it was developed by Van Keilegom and Veraverbeke (1996)

and can also be found in Braekers and Veraverbeke (2002a). In Chapter 4 we

propose a resampling procedure and obtain an almost sure asymptotic repre-

sentation and weak convergence of the bootstrapped process. We also show

strong consistency for the bootstrap estimator and derive confidence bands

for the conditional distribution estimator F̂xh(t). Furthermore the normal

approximation and the bootstrap approximation will be compared on a sim-

ulated example. In the last section of Chapter 4 we will perform a practical

data analysis on the Bone marrow transplantation data set and give confi-

dence bands for the partial Koziol-Green estimator based on the bootstrap

procedure.
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1.5 Non-parametric regression under dependent cen-

soring

In the previous section, we extended the censored regression model to accom-

modate for partially informative censored data. In this section we generalize

this model in an other way: that of dependent censoring. Consider the sit-

uation of Section 1.3: a fixed design regression model with responses Yi and

censoring variable Ci.

In order to estimate uniquely the conditional distribution function Fx, we made

the assumption that the variables Yx and Cx are independent for each x. Under

this assumption it is well known that the observable data (Zi, δi) provides

sufficient information to uniquely determine the distribution of Yx (Tsiatis

(1975)). However we note that in some practical situations this assumption

clearly does not hold. For example in medicine when the event of interest is

death due to a given disease and the censoring event is death due to other

diseases. In industrial testing, it may occur that some piece of equipment is

taken away (is censored) because it shows some sign of future failure. Therefore

we need to use a dependence model in which the dependence structure is given

by specifying a copula for the joint distribution of Yx and Cx. Assume that

the joint survival function of the response Yx and the censoring variable Cx at

x can be written as

Sx(t1, t2) = P (Yx > t1, Cx > t2) = Cx(F̄x(t1), Ḡx(t2))

where Cx is a known copula function depending in a general way on x and

F̄x(t) (resp. Ḡx(t)) is the survival function of Yx (resp. Cx) at x. Without

covariates, this idea was introduced by Zheng and Klein (1995, 1996) where

they used a graphical method to find an estimator in this model and called

it a copula-graphic estimator. Their estimator, however, had no closed form

expression. Rivest and Wells (2001) got around this problem by focusing on

the mathematically attractive class of Archimedean copulas. In this work, we

will extend their ideas to the fixed design regression case.

We assume that at a fixed design value x ∈ ]0, 1[, the joint survival function
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is given by

Sx(t1, t2) = ϕ[−1]
x (ϕx(F̄x(t1)) + ϕx(Ḡx(t2))) (1.16)

where, for each x, ϕx : [0, 1] → [0, +∞] is a known continuous, convex, strictly

decreasing function with ϕx(1) = 0. ϕ
[−1]
x is the pseudo-inverse of ϕx, as

defined in Nelsen (1999) and given by

ϕ[−1]
x (s) =

{
ϕ−1

x (s) 0 ≤ s ≤ ϕx(0)

0 ϕx(0) ≤ s ≤ +∞
.

From (1.16), we note that,

1 − Hx(t) = H̄x(t) = Sx(t, t) = ϕ[−1]
x (ϕx(F̄x(t)) + ϕx(Ḡx(t))).

This relation will be used to find a conditional distribution estimator Fxh

for Fx where x ∈ ]0, 1[ is a fixed design value. It is an extension of the

Beran estimator in (1.6), as it was studied by Van Keilegom and Veraverbeke

(1996, 1997a and 1997b). Since we only have observations at the design points

x1, . . . , xn, we use smoothing weights to give observations at a design point

close to x a larger contribution in the estimator than observations at design

points far away from x. In a fixed design regression it is natural to work with

Gasser-Müller weights, as given in (1.5).

Let us assume that there are no ties in the observations. To find an estimator

for F̄x(t) (resp. Ḡx(t)) at the design point x, we work as Rivest and Wells

(2001) and look for the right continuous step function F̄xh(t) (resp. Ḡxh(t))

with F̄xh(0) = 1 (resp. Ḡxh(0) = 1), which has jumps at the points Zi with

δi = 1 (resp. δi = 0) satisfying

ϕ[−1]
x (ϕx(F̄xh(Zi)) + ϕx(Ḡxh(Zi))) = H̄xh(Zi)

where H̄xh(t) =
n∑

i=1
wni(x, hn)I(Zi > t).

To get a closed form expression for F̄xh, we take a point Zi with δi = 1. The

function Ḡxh has not jump in this point i.e. Ḡxh(Z−
i ) = Ḡxh(Zi), and the

jump of F̄xh at Zi satisfies

ϕx(F̄xh(Z−
i )) − ϕx(F̄xh(Zi)) = ϕx(H̄xh(Z−

i )) − ϕx(H̄xh(Zi))

= ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn)).
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Hence we get

ϕx(F̄xh(t)) = −
∑

Zi≤t,δi=1

ϕx(F̄xh(Z−
i )) − ϕx(F̄xh(Zi))

= −
∑

Zi≤t,δi=1

ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn))

and

F̄xh(t) = ϕ[−1]
x (−

∑

Zi≤t,δi=1

ϕx(H̄xh(Z−
i ))−ϕx(H̄xh(Z−

i )−wni(x, hn))). (1.17)

Since the argument of ϕ
[−1]
x is never larger then ϕx(0), we can replace without

any complications in (1.17) the pseudo inverse ϕ
[−1]
x by the inverse ϕ−1

x . Fur-

thermore we note that this estimator in general does not tend to 0 as t → +∞.

In order to have a proper distribution estimator, we use the modification

F̄xh(t) = ϕ−1
x


−

∑

Zi≤t,δi=1

ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn))


×

I(t < Z(n)) (1.18)

where Z(n) is the largest order statistic in the sample Z1, . . . , Zn. When we

take the independent copula (ϕx(t) = − log(t)), we note that this estimator

becomes equal to the Beran estimator given in (1.6).

For this copula-graphic estimator we find in Chapter 5 an asymptotic repre-

sentation which will be used to prove weak convergence to a Gaussian limit.

Furthermore we show some results about the bias of this estimator when the

copula function is misspecified. The estimation method will be illustrated

on the practical data set of survival in Atlantic halibut which is described

in Section 1.1. In the data analysis we take different choices for the gen-

erator function ϕx to establish whether the copula-graphic estimate for the

conditional distribution of the survival time on the covariate fork length, is

influenced by this choice. All these results are also given in Braekers and Ver-

averbeke (2003b). In the last section of Chapter 5 we combine the dependent

censoring model with the partially informative censoring model and develop

an estimator for the conditional distribution Fx(t) in this partially informative

and dependent censoring model.
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1.6 Cox’s model for partially informative censoring

Unlike the previous sections where we worked with non-parametric models,

we introduce in this section a semi-parametric model for partially informative

censored data. In this aspect we will extend Cox’s classical regression model to

accommodate for this type of data. We consider again the partially informative

censorship pattern: each lifetime Yi may be censored by the minimum of

two non-negative variables Ci and Di and the observed random variables are

(Zi, δi) (i = 1, . . . , n), where

Zi = min(Yi, Ci, Di)

and

δi =





1 if Yi ≤ min(Ci, Di)

0 if Ci ≤ min(Yi, Di)

−1 if Di ≤ min(Yi, Ci)

.

For each i we also have a covariate variable Xi. We assume that the Ci

are informative censoring times, while the Di are arbitrary non-informative

censoring times. Furthermore we consider the observed data (Xi, Zi, δi) (i =

1, . . . , n) as an i.i.d. sample from (X, Z, δ), where Z = min(Y, C, D) and

δ = 1, 0 or −1 according to Z = Y , C or D. If we use the following notations

for the conditional distribution functions F (t | x) = P (Y ≤ t | X = x),

G1(t | x) = P (C ≤ t | X = x), G2(t | x) = P (D ≤ t | X = x) and denote

their corresponding conditional densities by f(t | x), g1(t | x), g2(t | x),

we can distinguish between these censoring times in the following way. The

conditional distribution function of the informative censoring time C, given

X = x, satisfies

1 − G1(t | x) = (1 − F (t | x))βx (1.19)

for some constant βx > 0, depending on the covariate value x, while the

conditional distribution function of the non-informative censoring time D,

given X = x, does not involve the parameters of interest. Throughout, we

also assume that the covariate random variable X has density function f(x)

and that Y , C and D are conditionally independent given X.

As in the original regression model of Cox (1972), the relationship between

lifetime Y and covariate X is modelled via the conditional hazard rate function
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of Y given X = x, defined as

λ(t | x) = lim
h→

>
0

1

h
P (Y < t + h | Y ≥ t; X = x).

We assume that this conditional hazard function has the form

λ(t | x) = λ0(t)e
β0x

where λ0(t) is an unspecified baseline hazard rate function and β0 is an un-

known regression parameter. For simplicity we assume here that the covariate

X is one-dimensional, but generalization to vector valued X and β0 is possible.

Furthermore we take for the parameter βx in (1.19) a model

βx = ϕ(x,β(0)) (1.20)

with ϕ some known function and β(0) = (β1, . . . , βp) a vector of p unknown

parameters. By direct calculation it is easily seen that this parameter βx has

the following interpretation:

βx =
P (δ = 0 | X = x)

P (δ = 1 | X = x)
.

An important example in (1.20) is the loglinear model log βx = β1 +β2x since

it will allow us to rewrite the Cox’s regression model for partially informative

data as a Cox’s regression model from competing risks (Andersen, Borgan,

Gill and Keiding (1993) and Lunn and McNeil (1995)). However it is clear

that other modelling could also be proposed.

In Chapter 6 we introduce an estimator for the cumulative baseline hazard

function of this model and develop maximum likelihood techniques for joint

estimation of the p + 1 parameters of this model. There are the p parameters

β1, . . . , βp for the modelling of the exponent βx and the one regression para-

meter β0. The main results are strong consistency and asymptotic normality

of these estimators. Hereby we will use the general theory of Murphy and van

der Vaart (2000) on profile likelihoods. For the estimator of the cumulative

baseline hazard function we show that it is an uniform consistent estimator.

In a simulation study we show that the parameter estimate for the regression

parameter β0 can deviate substantially when the function ϕ is misspecified in
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the model. Furthermore we apply the method to real data examples on survival

with malignant melanoma and survival after bone marrow transplantation.

For the Melanoma data set, we assume as in Section 1.4 that the time until

death from other causes is the informative censoring time and the time till

the end of the study is the non-informative censoring time. First we examen

in this data analysis the relation between time until death from malignant

melanoma and sex of the patient, afterwards we look at the relation with the

age of the patient. In the Bone marrow transplantation data set, we study the

relation between the time until relapse and the age of the patient. We treat

here the time until death as the informative censoring time and the time till

the end of the study as the non-informative censoring time.
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Chapter 2

Non-parametric regression

under partially informative

censoring

We will focus in this chapter on the nonparametric estimation of the condi-

tional distribution function in a regression model with partially informative

censored data. An estimator for this conditional distribution of the lifetime in

this model has been introduced in Braekers and Veraverbeke (2001a) and is

given by (1.11) in Section 1.4. It generalizes in a fixed design regression model

the estimator of Gather and Pawlitschko (1998), who studied this situation

without covariate information. In Section 2.1 the assumptions under which the

main results are valid, will be stated. An uniform strong consistency result for

the estimator is obtained in Section 2.2 via an exponential probability bound

result. In this same section, we also get uniform strong consistency results for

the estimators pxkh, γxh and Lxh(t) which are needed in the proof of the result

for the estimator F̂xh(t). The uniform strong consistency result for the Beran

estimator Lxh(t) will be based on the result of Van Keilegom and Veraverbeke

(1996). Section 2.3 contains an almost sure asymptotic representation result

for the conditional distribution estimator under partially informative censor-

ing while weak convergence of the process related to this estimator is proved in

Section 2.4. This result looks slightly different from the result in Braekers and

23
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Veraverbeke (2001a), but it will also be clear that both results are equivalent

in this setting.

2.1 Regularity conditions

In Section 1.4 we have already introduced some notations and definitions which

we will use in the Chapters 2 till 4. We will also need the following additional

notation. For the design points x1, . . . , xn we denote ∆n = min
1≤i≤n

(xi−xi−1) and

∆n = max
1≤i≤n

(xi − xi−1). For the kernel K we use ‖K‖ = sup
u∈IR

K(u) , ‖K‖2
2 =

+∞∫
−∞

K2(u)du, µK
1 =

+∞∫
−∞

uK(u)du and µK
2 =

+∞∫
−∞

u2K(u)du. We will make the

following assumptions on the design points and on the kernel:

(A1) xn → 1 , ∆n = O(n−1) , ∆n − ∆n = o(n−1).

(A2) K is a probability density function with support [−M, M ] for some M >

0, µK
1 = 0 and K is Lipschitz of order 1.

The assumption (A1) expresses that the chosen design points are asymptoti-

cally equidistant points, selected uniformly over the whole interval [0, 1]. This

implies that in (1.5) cn(x, hn) = 1 for n sufficiently large (depending on x)

since xn → 1 and K has finite support. Therefore we may take cn(x, hn) = 1

in all proofs of asymptotic results.

For any distribution function L̃, we denote by TL̃ = inf{t : L̃(t) = 1} the right

endpoint of its support. Note that TFx = TG1x and THx = min(TFx , TG2x). Fur-

ther we will need typical smoothness conditions on functions like Fx(t), G2x(t)

(as functions of x and t) and βx and pxk (as functions of x).

(A3) The second order partial derivatives F̈x(t) =
∂2

∂x2
Fx(t), G̈2x(t) =

∂2

∂x2
G2x(t), F ′′

x (t) =
∂2

∂t2
Fx(t), G′′

2x(t) =
∂2

∂t2
G2x(t), Ḟ ′

x(t) =
∂2

∂x∂t
Fx(t),

Ġ′
2x(t) =

∂2

∂x∂t
G2x(t) exist and are continuous for 0 ≤ x ≤ 1 and 0 ≤

t ≤ T with T < min(TFx , TG2x).
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(A4) The second order partial derivatives p̈xk =
∂2

∂x2
pxk (k = −1, 0, 1) exist

and are continuous for 0 ≤ x ≤ 1.

The first order partial derivatives will be denoted by Ḟx(t), F ′
x(t), Ġ2x(t),

G′
2x(t), β̇x, ṗxk. Further notations are ‖ṗxk‖ = sup

0≤x≤1
|ṗxk| , ‖p̈xk‖ = sup

0≤x≤1
|p̈xk|.

2.2 Strong consistency results

The main result in this section is on the uniform strong consistency of the

distribution function estimator F̂xh(t). We also obtain the rate of this conver-

gence via a general exponential inequality result. The proof of Theorem 2.1

relies on a series of three lemmas of a similar nature. They deal with con-

sistency of the estimators pxkh in (1.13), the estimator γxh in (1.14) and the

Beran estimator Lxh(t) in (1.12). First we give the lemmas and afterwards we

show how these will be used in the proof of Theorem 2.1.

Lemma 2.1. Assume (A1), (A2) and (A4), hn → 0.

(a) For ε > 0 and n sufficiently large such that

ε ≥ 2‖ṗxk‖∆n + 2µK
2 ‖p̈xk‖h2

n

we have

P (|pxkh − pxk| > ε) ≤ 2 exp

(
−dnhn

ε2

1 + 1
6ε

)
(2.1)

where d is some absolute constant.

(b) If
log n

nhn
→ 0, then pxkh − pxk → 0 a.s.

(c) If
nh5

n

log n
= O(1), then pxkh − pxk = O((nhn)−1/2(log n)1/2) a.s.

Proof. We have, with Xin = wni(x, hn)[I(δi = k) − pxik],

pxkh − pxk =
n∑

i=1

Xin + [E(pxkh) − pxk]. (2.2)
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It is standard to show that (A4) implies that the absolute value of the bias

term in (2.2) is bounded above by ‖ṗxk‖∆n + ‖p̈xk‖µK
2 h2

n for n sufficiently

large. The rest of the proof is an application of Bernstein’s inequality (see e.g.

Serfling (1980)) to the first term in the right hand side of (2.2). For (b) and

(c), we use the lemma of Borel-Cantelli.

Lemma 2.2. Assume (A1), (A2) and (A4), hn → 0.

(a) For ε > 0 and n sufficiently large such that

ε

1 + ε
≥ 4

px1 + px0
{max(‖ṗx1‖, ‖ṗx0‖)∆n + µK

2 max(‖p̈x1‖, ‖p̈x0‖)h2
n}

we have

P (|γxh − γx| > ε) ≤ 8 exp

{
−dnhnε2 (px1 + px0)

2

(1 + ε)2[1 + ε
12(1+ε)(px1 + px0)]

}

where d is some absolute constant.

(b) If
log n

nhn
→ 0, then γxh − γx → 0 a.s.

(c) If
nh5

n

log n
= O(1), then γxh − γx = O((nhn)−1/2(log n)1/2) a.s.

Proof. Application of the bivariate mean value theorem gives, with p∗x0 be-

tween px0h and px0 and p∗x1 between px1h and px1,

|γxh − γx| ≤
1

p∗x0 + p∗x1

{|px1h − px1| + |px0h − px0|}.

The rest of the proof is an application of Lemma 2.1.

For convenience we also mention here an exponential bound result for the

Beran estimator Lxh(t) in (1.12). It is taken over from Theorem 1 in Van

Keilegom and Veraverbeke (1996). The condition (2.3) below is slightly too

strong. It is written in this form for simplicity and suffices for our asymptotic

results. The weaker conditions involve several inequalities for ε as in Lemmas

2.1 and 2.2.



Non-parametric regression under partially informative censoring 27

Lemma 2.3. Assume (A1) - (A4), T < THx , 1 − Hx(T ) > δ > 0, hn → 0.

(a) For ε > 0 and n sufficiently large such that

ε

∆n + h2
n

→∞ (2.3)

we have

P ( sup
0≤t≤T

|Lxh(t) − Lx(t)| > ε) ≤ C1

εδ2
exp{−C2nhnε2δ4}

where C1 and C2 are absolute constants.

(b) If
log n

nhn
→ 0, then sup

0≤t≤T
|Lxh(t) − Lx(t)|→ 0 a.s.

(c) If
nh5

n

log n
= O(1), then sup

0≤t≤T
|Lxh(t)−Lx(t)| = O((nhn)−1/2(log n)1/2) a.s.

Proof. The required conditions (C3) - (C5) in Van Keilegom and Veraverbeke

(1996) on the functions Hx(t) = P (Zx ≤ t) and on H0,1
x (t) = P (Zx ≤ t, δx 6=

−1) are satisfied because of our condition (A3) and the following relations

1 − Hx(t) = (1 − Fx(t))1+βx(1 − G2x(t)) (2.4)

H0,1
x (t) = (1 + βx)

t∫

0

(1 − G2x(s))(1 − Fx(s))βxdFx(s). (2.5)

Theorem 2.1. Assume (A1) - (A4), T < THx , 1 − Hx(T ) > δ > 0, hn → 0.

(a) For ε > 0 and n sufficiently large such that

ε

∆n + h2
n

→∞ (2.6)

we have

P ( sup
0≤t≤T

|F̂xh(t) − Fx(t)| > ε)
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≤ (ε + 2)C1

(1 − Lx(T ))εδ2
exp

{
−C2nhnδ4(1 − Lx(T ))2

ε2

(ε + 2)2

}
(2.7)

+ 16 exp




−dnhn

ε2

(ε + 2)2
γ2

x

(px1 + px0)
2

(
1 +

γxε

ε + 2

)2×


1 +

γx
ε

ε + 2

12

(
1 +

γxε

ε + 2

)(px1 + px0)




−1


where d, C1 and C2 are absolute constants.

(b) If
log n

nhn
→ 0, then sup

0≤t≤T
|F̂xh(t) − Fx(t)|→ 0 a.s.

(c) If
nh5

n

log n
= O(1), then sup

0≤t≤T
|F̂xh(t)−Fx(t)| = O((nhn)−1/2(log n)1/2) a.s.

Proof. We apply the bivariate mean value theorem to obtain

F̂xh(t) − Fx(t) = γ∗
x(1 − L∗

x(t))γ∗
x−1(Lxh(t) − Lx(t))

−(1 − L∗
x(t))γ∗

x log(1 − L∗
x(t))(γxh − γx)

with L∗
x(t) between Lx(t) and Lxh(t) and γ∗

x between γx and γxh. Using the

inequality xa| log x|b ≤ (ba−1)be−b for 0 < x ≤ 1 and a, b > 0, we obtain

|F̂xh(t) − Fx(t)| ≤ 1

1 − L∗
x(t)

|Lxh(t) − Lx(t)| +
1

γ∗
x

|γxh − γx|. It follows by

elementary calculations that for all ε > 0, η1 = (1 − Lx(T ))
ε

ε + 2
and η2 =

γx
ε

ε + 2
, we have :

P

(
sup

0≤t≤T
|F̂xh(t) − Fx(t)| > ε

)
≤ 2P

(
sup

0≤t≤T
|Lxh(t) − Lx(t)| > η1

)

+ 2P (|γxh − γx| > η2).

The two terms on the right hand side of this expression can now be bounded by

application of Lemma 2.3 and Lemma 2.2 respectively. The required conditions

on η1 and on η2 are satisfied because of (2.6). The (b) and (c) parts follow as

in Lemma 2.1.
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2.3 Almost sure asymptotic representation

Parallel to the result of Lo and Singh (1986) for the Kaplan-Meier estimator

and that of Van Keilegom and Veraverbeke (1997a) for the Beran estimator,

we now derive in Theorem 2.2 an almost sure asymptotic representation for the

distribution function estimator F̂xh(t) in this partially informative censoring

model with covariates. It represents F̂xh(t) as a weighted sum plus a remainder

term with a nice almost sure behaviour. Such a result will be the key tool for

establishing further asymptotic properties in the next sections.

Theorem 2.2. Assume (A1) - (A4), hn → 0,
log n

nhn
→ 0,

nh5
n

log n
= O(1).

Then, for t < THx ,

F̂xh(t) − Fx(t) =
n∑

i=1

wni(x, hn)gtx(Zi, δi) + Rn(x, t)

where

gtx(Zi, δi) = γx(1 − Fx(t))





t∫

0

I(Zi ≤ s) − Hx(s)

(1 − Hx(s))2
dH0,1

x (s)

+
I(Zi ≤ t, δi 6= −1) − H0,1

x (t)

1 − Hx(t)
−

t∫

0

I(Zi ≤ s, δi 6= −1) − H0,1
x (s)

(1 − Hx(s))2
dHx(s)

− 1

p2
x1

log(1 − Fx(t))[px0I(δi = 1) − px1I(δi = 0)]

}

and where, for T < THx , sup
0≤t≤T

|Rn(x, t)| = O((nhn)−3/4(log n)3/4) a.s.

Proof. Application of a one term Taylor expansion gives

F̂xh(t) − Fx(t) = γx(1 − Lx(t))γx−1[Lxh(t) − Lx(t)]

−(1 − Lx(t))γx log(1 − Lx(t))[γxh − γx] + Rn1(x, t) (2.8)

where

|Rn1(x, t)| ≤ (1 − L∗
x(t))−2(Lxh(t) − Lx(t))2 + γ∗−2

x (γxh − γx)2

+ 2(1 − L∗
x(t))−1|Lxh(t) − Lx(t)||γxh − γx|

with L∗
x(t) between Lx(t) and Lxh(t) and γ∗

x between γx and γxh.
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The factors Lxh(t) − Lx(t) and γxh − γx in (2.8) will now be replaced by a.s.

asymptotic representations. If hn → 0,
log n

nhn
→ 0 and

nh5
n

log n
= O(1), we have

the following asymptotic representation for the Beran estimator Lxh(t): for

t < THx we have

Lxh(t) − Lx(t) =
n∑

i=1

wni(x, hn)ktx(Zi, δi) + rn(x, t)

where

ktx(Zi, δi) = (1 − Lx(t))





t∫

0

I(Zi ≤ s) − Hx(s)

(1 − Hx(s))2
dH0,1

x (s)

+
I(Zi ≤ t, δi 6= −1) − H0,1

x (t)

1 − Hx(t)
−

t∫

0

I(Zi ≤ s, δi 6= −1) − H0,1
x (s)

(1 − Hx(s))2
dHx(s)





and where, for T < THx , sup
0≤t≤T

|rn(x, t)| = O((nhn)−3/4(log n)3/4) a.s. This

result is proved in Theorem 2.1 of Van Keilegom and Veraverbeke (1997a).

The required conditions (C5)-(C7) in this paper are satisfied on the functions

Hx(t) and H0,1
x (t) because of the present condition (A3) and the relations (2.4)

and (2.5).

To obtain an asymptotic representation for γxh − γx we apply a one term

Taylor expansion and obtain

γxh − γx =
px1h

px1h + px0h
− px1

px1 + px0

=
px0

(px1 + px0)2
[px1h − px1] −

px1

(px1 + px0)2
[px0h − px0] + Rn2(x) (2.9)

where

|Rn2(x)| ≤ 2

(p∗x1 + p∗x0)
2
[(px1h − px1)

2 + (px0h − px0)
2]

with p∗x0 between px0h and px0 and p∗x1 between px1h and px1.

We now deal with the remainder terms Rn1(x, t) in (2.8) and Rn2(x) in (2.9).

For Rn1(x, t) we have for all ε > 0 with
√

ε ≤ min

(
1 − Lx(T )

2
,
γx

2

)
,

P

(
sup

0≤t≤T
|Rn1(x, t)| > ε

)
≤ 2P

(
sup

0≤t≤T
|Lxh(t) − Lx(t)| >

√
ε

)
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+ 2P

(
sup

0≤t≤T
|Lxh(t) − Lx(t)| >

√
ε

24
(1 − Lx(T ))2

)

+ P

(
|γxh − γx| >

√
ε

12
γx

)
+ P (|γxh − γx| >

√
ε)

+ P

(
|γxh − γx| >

√
ε

24
(1 − Lx(T ))2

)
.

To each of the five probabilities on the right hand side of this expression we

can use the exponential bound results of Lemmas 2.2 and 2.3 in which we take

ε = εn = c(nhn)−1 log n for some appropriate constant c > 0. This gives that

sup
0≤t≤T

|Rn1(x, t)| = O((nhn)−1 log n) a.s.

For Rn2(x) we use similar arguments as for Rn1(x, t) above together with

Lemma 2.1, to obtain that |Rn2(x)| = O((nhn)−1 log n) a.s. This proves the

theorem.

2.4 Weak convergence

We establish weak convergence to a Gaussian process of the process

(nhn)1/2(F̂xh(·)−Fx(·)) in the space l∞[0, T ] of uniformly bounded, real func-

tions, endowed with the uniform topology. Let us first introduce the notation

Wx(·) for a Gaussian process with mean function 0 and covariance function

σst given by

σst = ‖K‖2
2γ

2
x(1 − Fx(t))(1 − Fx(s))





s∧t∫

0

dH0,1
x (y)

(1 − Hx(y))2

+ log(1 − Fx(s)) log(1 − Fx(t))
px0(px0 + px1)

p3
x1

}
(2.10)

and the notation W̃x(·) for a Gaussian process with mean function βx(t) and

covariance function σst, where

βx(t) =
1

2
µK

2 γx(1 − Fx(t))





t∫

0

[
Ḧx(s)dH0,1

x (s)

(1 − Hx(s))2
+

dḦ0,1
x (s)

1 − Hx(s)

]

− 1

p2
x1

log(1 − Fx(t))[px0p̈x1 − px1p̈x0]

}
C5/2 (2.11)
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with C > 0 is some constant.

Theorem 2.3. Assume (A1) - (A4), hn → 0.

Then, for T < THx ,

(a) if nh5
n → 0 and

(log n)3

nhn
→ 0, then, as n→∞,

(nhn)1/2(F̂xh(·) − Fx(·))→Wx(·) in l∞[0, T ].

(b) if hn = Cn−1/5 for some C > 0, then, as n→∞,

(nhn)1/2(F̂xh(·) − Fx(·))→ W̃x(·) in l∞[0, T ].

Proof. First we obtain asymptotic expressions for the mean and variance of

the main term in the asymptotic representation for F̂xh(t)−Fx(t) in Theorem

2.2. Writing ξtx(Zi, δi) = gtx(Zi, δi)−Egtx(Zi, δi) then this main term becomes

n∑

i=1

wni(x, hn)gtx(Zi, δi) =
n∑

i=1

wni(x, hn)ξtx(Zi, δi)

+ γx(1 − Fx(t))





t∫

0

[
EHxh(s) − Hx(s)

(1 − Hx(s))2
dH0,1

x (s) +
d(EH0,1

xh (s) − H0,1
x (s))

1 − Hx(s)

]

− 1

p2
x1

log(1 − Fx(t))[px0(E(px1h) − px1) − px1(E(px0h) − px0)]

}
(2.12)

where H0,1
xh (t) =

n∑
i=1

wni(x, hn)I(Zi ≤ t, δi 6= −1) and Hxh(t) =
n∑

i=1
wni(x, hn)×

I(Zi ≤ t).

Conditions (A3) and (A4) allow to derive asymptotic expressions for EHxh −
Hx, EH0,1

xh −H0,1
x , E(px1h)−px1 and E(px0h)−px0 by classical Taylor expansion

methods. All this gives that the second term in (2.12) equals

1

2
µK

2 h2
nγx(1 − Fx(t))





t∫

0

[
Ḧx(s)dH0,1

x (s)

(1 − Hx(s))2
+

dḦ0,1
x (s)

1 − Hx(s)

]

− 1

p2
x1

log(1 − Fx(t))[px0p̈x1 − px1p̈x0]

}
+ o(h2

n) + O(n−1) (2.13)
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We now calculate

n∑

i=1

w2
ni(x, hn)Var(gtx(Zi, δi)) = γ2

x(1 − Fx(t))2
n∑

i=1

w2
ni(x, hn)[Var(g(1))

+
1

p4
x1

log2(1 − Fx(t))Var(g(2)) − 2

p2
x1

log(1 − Fx(t))Cov(g(1), g(2))]

where we have rewritten gtx(Zi, δi) as

gtx(Zi, δi) = γx(1 − Fx(t))[g(1) − 1

p2
x1

log(1 − Fx(t))g(2)]

with

g(1) = −
∫ Zi∧t

0

dH0,1
x (s)

(1 − Hx(s))2
+

I(Zi ≤ t, δi 6= −1)

1 − Hx(Zi)

g(2) = px0I(δi = 1) − px1I(δi = 0).

A straightforward calculation gives

Var(g(1)) = 2

t∫

0

1

(1 − Hx(s))2

t∫

s

Hx(y) − Hxi(y)

(1 − Hx(y))2
dH0,1

x (y)dH0,1
x (s)

+ 2

t∫

0

1

(1 − Hx(s))2

t∫

s

d(H0,1
x (y) − H0,1

xi
(y))

1 − Hx(y)
dH0,1

x (s)

+

t∫

0

dH0,1
x (y)

(1 − Hx(y))2

−

−

t∫

0

Hx(s) − Hxi(s)

(1 − Hx(s))2
dH0,1

x (s) +

t∫

0

d(H0,1
xi

(s) − H0,1
x (s))

1 − Hx(s)




2

Var(g(2)) = p2
x0P (δi = 1)(1 − P (δi = 1)) + p2

x1P (δi = 0)(1 − P (δi = 0))

+ 2px0px1P (δi = 1)P (δi = 0).

For the covariance of g(1) and g(2), we have

Cov(g(1), g(2)) = px0

t∫

0

P (Zi ≤ s, δi = 1) − P (δi = 1)Hx(s)

(1 − Hx(s))2
dH0,1

x (s)

+ px0
P (Zi ≤ t, δi = 1) − P (δi = 1)H0,1

x (t)

1 − Hx(t)
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− px0

t∫

0

P (Zi ≤ s, δi = 1) − P (δi = 1)H0,1
x (s)

(1 − Hx(s))2
dHx(s)

− px1

t∫

0

P (Zi ≤ s, δi = 0) − P (δi = 0)Hx(s)

(1 − Hx(s))2
dH0,1

x (s)

− px1
P (Zi ≤ t, δi = 0) − P (δi = 0)H0,1

x (t)

1 − Hx(t)

+ px1

t∫

0

P (Zi ≤ s, δi = 0) − P (δi = 0)H0,1
x (s)

(1 − Hx(s))2
dHx(s)

− [px0P (δi = 1) − px1P (δi = 0)]




t∫

0

Hxi(s) − Hx(s)

(1 − Hx(s))2
dH0,1

x (s)

+
H0,1

xi
(t) − H0,1

x (t)

1 − Hx(t)
−

t∫

0

H0,1
xi

(s) − H0,1
x (s)

(1 − Hx(s))2
dHx(s)


 .

Now we use property (1.8) which characterizes the partially informative cen-

soring model. As we saw in Section 1.4, this property is equivalent with

expression (1.15). We can rewrite this latter expression as

P (Zx ≤ t, δx = k)P (δx 6= −1) = P (Zx ≤ t, δx 6= −1)P (δx = k) (2.14)

for k = 0, 1. Using (2.14), this gives that

Cov(g(1), g(2)) =
px0P (δi = 1) − px1P (δi = 0)

P (δi 6= −1)





t∫

0

H0,1
xi

(s)

(1 − Hx(s))2
dH0,1

x (s)

+ P (δi = −1)
H0,1

xi
(t)

1 − Hx(t)
− P (δi = −1)

t∫

0

H0,1
xi

(s)

(1 − Hx(s))2
dHx(s)

− P (δi 6= −1)

t∫

0

Hxi(s)

(1 − Hx(s))2
dH0,1

x (s)



 .

Application of Lemma 3.1 in Van Keilegom and Veraverbeke (1997a) then

leads to

Var

(
n∑

i=1

wni(x, hn)gtx(Zi, δi)

)
=

1

nhn
‖K‖2

2γ
2
x(1 − Fx(t))2 ×





t∫

0

dH0,1
x (s)

(1 − Hx(s))2
+ log2(1 − Fx(t))

px0(px0 + px1)

p3
x1



+ o((nhn)−1). (2.15)
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From the asymptotic representation in Theorem 2.2 we now have that

F̂xh(t) − Fx(t) =
n∑

i=1

wni(x, hn)ξtx(Zi, δi) + bn(x, t) + rn(x, t)

where bn(x, t) is the second term on the right hand side of (2.12) and

sup
0≤t≤T

|rn(x, t)| = O((nhn)−3/4(log n)3/4) a.s.. From (2.13) it follows that

(nhn)1/2bn(x, t) =

{
o(1) if nh5

n → 0

βx(t) + o(1) if hn = Cn−1/5

where βx(t) is given by (2.11). Hence, by Theorem 4.1 in Billingsley (1968) it

suffices to prove weak convergence of Wxh(·) = (nhn)1/2
n∑

i=1
wni(x, hn)ξ·x(Zi, δi)

to Wx(·).

For the convergence of the finite dimensional distributions we have to show

that (Wxh(t1), . . . , Wxh(tq)) converges in distribution to N(0, (σtitj )) for any

q = 1, 2, . . . and any 0 ≤ t1 ≤ . . . ≤ tq ≤ T . This is done by checking

the following two conditions (see Araujo and Giné (1980)) on the summands

Wnki = (nhn)1/2wnk(x, hn)ξtix(Zk, δk):

lim
n→∞

n∑

k=1

E(WnkiWnkj) = σtitj (1 ≤ i, j ≤ q) (2.16)

lim
n→∞

n∑

k=1

∫

{|Wnk|>ε}

|Wnk|2dP = 0 (2.17)

for every ε > 0, where |Wnk|2 =
q∑

i=1
W 2

nki.

For (2.16) we have:

n∑

k=1

E(WnkiWnkj) = nhn

n∑

k=1

w2
nk(x; hn)Cov(ξtix(Zk, δk), ξtjx(Zk, δk))

= σtitj + o(1) as n→∞. (2.18)

This follows from a standard argument (see e.g. Lemma 3.1 in Van Keilegom

and Veraverbeke (1997a)) together with an explicit calculation of

Cov(ξtix(Zk, δk), ξtjx(Zk, δk)), similar to the variance calculation above.
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For (2.17) we first note that sup
0≤t≤T

|ξtx(Zk, δk)| ≤ 2γx[(1−Hx(T ))−2 + p−2
x1 ], so

that max
1≤k≤n

|Wnk| = O((nhn)−1/2),
n∑

k=1
|Wnk|2 = O(1) and hence

n∑

k=1

∫

{|Wnk|>ε}

|Wnk|2dP ≤
∫

{ max
1≤k≤n

|Wnk|>ε}

n∑

k=1

|Wnk|2dP

≤ O(1)P ( max
1≤k≤n

|Wnk| > ε) = o(1).

We finish this proof by showing that the process Wxh(·) is asymptotically tight

in l∞[0, T ]. This will be done by verifying the conditions of Theorem 2.11.9

(Bracketing central limit theorem) of van der Vaart and Wellner (1996). Let

us rewrite the process Wxh(·) as Wxh(·) =
n∑

i=1
[Zni(·) − EZni(·)] where, for

i = 1, . . . , n,

Zni(t) = (nhn)1/2wni(x, hn)gtx(Zi, δi).

Furthermore we denote the index-set F = [0, T ] and endow it with a semimet-

ric ρ, given by, for every t, t′ ∈ F ,

ρ(t, t′) = max

{
sup

x′∈[0,1]
|Hx′(t) − Hx′(t′)|, sup

x′∈[0,1]

√
|H0,1

x′ (t) − H0,1
x′ (t′)|,

sup
x′∈[0,1]

| log(1 − Fx′(t)) − log(1 − Fx′(t′))|
}

.

To check the third condition of the Bracketing central limit theorem, we need

to find for every n, the bracketing number N[ ](ε,F , Ln
2 ). This is the minimal

number of sets in a partition F =
⋃
j
Fεj of the index-set F such that, for every

partitioning set Fεj ,

n∑

i=1

E

[
sup

t,t′∈Fεj

|Zni(t) − Zni(t
′)|2
]
≤ ε2. (2.19)

We divide the index-set F = [0, T ] into subintervals [tj−1, tj ], j = 1, . . . , m

with 0 = t0 < t1 < . . . < tm = T , such that for all t, t′ ∈ [tj−1, tj ],

ρ(t, t′) ≤ C ′.ε

with C ′ a constant. We define now the partition Fεj as Fεj = [tj−1, tj [,

j = 1, . . . , m − 1 and Fεm = [tm−1, tm]. Furthermore the constant C ′ will be
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determined such that (2.19) holds. After some calculations, we find that

|Zni(t) − Zni(t
′)| ≤ (nhn)1/2wni(x, hn)γx

{
2|H0,1

x (t) − H0,1
x (t′)|

(1 − Hx(T ))2

+
2|Hx(t) − Hx(t′)|

(1 − Hx(T ))2
+

|I(Zi ≤ t, δi 6= −1) − I(Zi ≤ t′, δi 6= −1)|
1 − Hx(T )

+
px0 + px1

p2
x1

| log(1 − Fx(t)) − log(1 − Fx(t′))| + |Fx(t) − Fx(t′)| ×
(

3

(1 − Hx(T ))2
− px0 + px1

p2
x1

log(1 − Fx(T ))

)}
.

Using the Cauchy-Schwartz inequality, we get

|Zni(t) − Zni(t
′)|2 ≤ 5(nhn)w2

ni(x, hn)γ2
x

{
4|H0,1

x (t) − H0,1
x (t′)|2

(1 − Hx(T ))4

+
4|Hx(t) − Hx(t′)|2

(1 − Hx(T ))4
+

|I(Zi ≤ t, δi 6= −1) − I(Zi ≤ t′, δi 6= −1)|2
(1 − Hx(T ))2

+
(px0 + px1)

2

p4
x1

| log(1 − Fx(t)) − log(1 − Fx(t′))|2 + |Fx(t) − Fx(t′)|2 ×
(

3

(1 − Hx(T ))2
− px0 + px1

p2
x1

log(1 − Fx(T ))

)2
}

and hence,

sup
t,t′∈Fεj

|Zni(t) − Zni(t
′)|2 ≤ 5(nhn)w2

ni(x, hn)γ2
xC ′2ε2

{
8

(1 − Hx(T ))4

+
(px0 + px1)

2

p4
x1

+

(
3

(1 − Hx(T ))2
− px0 + px1

p2
x1

log(1 − Fx(T ))

)2
}

+
5(nhn)w2

ni(x, hn)γ2
x

(1 − Hx(T ))2
(I(Zi ≤ tj , δi 6= −1) − I(Zi ≤ tj−1, δi 6= −1)).

So we find that

n∑

i=1

E

[
sup

t,t′∈Fεj

|Zni(t) − Zni(t
′)|2
]

≤ 5(nhn)γ2
xC ′2ε2

{
8

(1 − Hx(T ))4
+

(px0 + px1)
2

p4
x1

+
1

(1 − Hx(T )2

+

(
3

(1 − Hx(T ))2
− px0 + px1

p2
x1

log(1 − Fx(T ))

)2
}

n∑

i=1

w2
ni(x, hn)
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≤ 5‖K‖2
2Dγ2

xC ′2ε2

{
8

(1 − Hx(T ))4
+

(px0 + px1)
2

p4
x1

+
1

(1 − Hx(T )2
(2.20)

+

(
3

(1 − Hx(T ))2
− px0 + px1

p2
x1

log(1 − Fx(T ))

)2
}

with D a constant. If we take C ′ as

C ′ =

(
5‖K‖2

2Dγ2
x

{
8

(1 − Hx(T ))4
+

(px0 + px1)
2

p4
x1

+
1

(1 − Hx(T )2

+

(
3

(1 − Hx(T ))2
− px0 + px1

p2
x1

log(1 − Fx(T ))

)2
})−1/2

(2.21)

we see that the right hand side of (2.20) is equal to ε2. A partition Fεj

for F = [0, T ] which is constructed as described above, with C ′ given by

(2.21) satisfies (2.19). We see that, for every n, the bracketing number of this

partition can be written as

N[ ](ε,F , Ln
2 ) = O

(
1

ε

)
.

We will now use this relation to verify the third condition of Theorem 2.11.9

of van der Vaart and Wellner (1996). This gives that

δn∫

0

√
log N[ ](ε,F , Ln

2 )dε ≤
δn∫

0

√
log

(
D1

ε

)
dε

= D1

+∞∫

log(D1/δn)

e−uu1/2du → 0 if δn → 0

where D1 is a constant. Since our partition Fεj of the index-set F is con-

structed independently of n, we do not have to check the second condition of

this theorem because it is automatically satisfied. Before we verify the first

condition of Theorem 2.11.9 of van der Vaart and Wellner (1996), we note

that the function gtx(Zi, δi) is bounded uniformly by

sup
t∈F

|gtx(Zi, δi)| ≤ γx

(
3

(1 − Hx(T ))2
+

1

p2
x1

)
.

From this it follows that for all η > 0, I(sup
t∈F

|Zni(t)| > η) = 0 if n is sufficiently

large. Indeed,

sup
t∈F

|Zni(t)| ≤ (nhn)1/2‖K‖∞ O((nhn)−1)γx

(
3

(1 − Hx(T ))2
+

1

p2
x1

)
< η
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for n sufficiently large. Hence, for all η > 0,

n∑

i=1

E

[
sup
t∈F

|Zni(t)|I(sup
t∈F

|Zni(t)| > η)

]
→ 0 as n → ∞.

We have now verified all the conditions of Theorem 2.11.9 of van der Vaart

and Wellner (1996) and found that the process Wxh(·) is asymptotically tight

in l∞[0, T ]. This, together with the convergence of the finite dimensional

distributions, proves the weak convergence of Wxh(·) to a Gaussian process

and finishes the proof of the theorem.

Remark

We note that the paths of the process (nhn)1/2(F̂xh(·) − Fx(·)) lie in the sub-

space D[0, T ] ⊂ l∞[0, T ] of right continuous functions with left hand limits.

For this process we can easily prove that it also converges weakly in D[0, T ], en-

dowed with the Skorokhod topology. This follows from an equivalence between

weak convergence in D[0, T ] with Skorokhod topology and weak convergence

in l∞[0, T ] with uniform topology when the sample paths of the process lie

in the subspace D[0, T ] and the limiting process has continuous sample paths

(van der Vaart (1998) and Billingsley (1968)). This shows that the weak

convergence result given here is equivalent to the one given in Braekers and

Veraverbeke (2001a).
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Chapter 3

Testing in the regression

model under partially

informative censoring

In the previous chapter we studied some asymptotic results of a non-parametric

estimator for the conditional distribution function in a fixed design regression

model under partially informative censoring. This estimator was introduced in

Section 1.4 and, as we saw there, depends strongly on the simple proportional

hazards assumption (1.8). Consequently it is important to know whether this

relationship is valid in a real data set before we apply this estimator in the

analysis of this data set. If we neglect this issue, the partially informative

censoring estimator will give a biased estimate for the conditional distribution

of the survival time. In this chapter we will derive appropriate non-parametric

goodness-of-fit statistics to test in a practical data set whether the partially

informative censoring regression model of Section 1.4 is a valid model . These

results were already shown in Braekers and Veraverbeke (2003a) and extend

the work of Csörgő (1998) on the partially informative censoring model without

covariates as described by Gather and Pawlitschko (1998).

Before we can introduce the goodness-of-fit statistics, we recall that, as we saw

in Section 1.4, the simple proportional hazards assumption (1.8) is equivalent

41
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with the expression (1.15) that Zx and δx are independent, conditionally on the

event {δx 6= −1}. This characterizing property for the partially informative

censoring regression model can be further rewritten as: for all t ≥ 0,

P (Zx ≤ t, δx = 1) =
P (δx = 1)

P (δx 6= −1)
P (Zx ≤ t, δx 6= −1)

= γxP (Zx ≤ t, δx 6= −1) (3.1)

at a fixed covariate value x ∈ ]0, 1[.

When we introduce some extra notation: H1
x(t) = P (Zx ≤ t, δx = 1), we see

that (3.1) is equal to

H1
x(t) = γxH0,1

x (t), for all t ≥ 0. (3.2)

This equation will form the basis for the null hypothesis of the goodness-of-fit

tests in the partially informative censoring regression model since it depends

only on variables that are directly estimable from the observations, which is

not the case for (1.8). We take as null hypothesis the following expression: for

a given x ∈ ]0, 1[,

H0 : H1
x(t) − γxH0,1

x (t) = 0, for all t ≥ 0. (3.3)

In the alternative hypothesis we allow any deviation from the partially infor-

mative censoring regression model.

Before we introduce the goodness-of-fit statistics, we first obtain in Section

3.1 an asymptotic representation for the basic quantity H1
xh(t) − γxhH0,1

xh (t)

where H1
xh(t) and H0,1

xh (t) are Stone type estimators (Stone (1977)), given by

H1
xh(t) =

n∑
i=1

wni(x, hn)I(Zi ≤ t, δi = 1) and H0,1
xh (t) =

n∑
i=1

wni(x, hn)I(Zi ≤
t, δi 6= −1), and where γxh is given by (1.14). Next we prove a weak conver-

gence result for a normalized version of this quantity in Section 3.2. This will

then be used to establish the asymptotic distribution of the goodness-of-fit

statistics which will be defined in Section 3.3 as functions of this normalized

process. In Section 3.4 we illustrate the method on a real data example on

Malignant Melanoma.
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3.1 Asymptotic representation

The notation used in this chapter was introduced in Sections 1.4 and Chap-

ter 2. All the results that we will derive, are valid for the assumptions made

there. As a first result we give an asymptotic representation for the basic

quantity H1
xh(t) − γxhH0,1

xh (t).

Theorem 3.1. Assume the null hypothesis (3.3). Assume (A1)-(A4), hn → 0,
nh5

n

log n
= O(1). Then, for t ≥ 0,

H1
xh(t) − γxhH0,1

xh (t) =
n∑

i=1

wni(x, hn)ktx(Zi, δi) + h2
nb(x, t) + Rn(x, t)

where

ktx(Zi, δi) = [I(Zi ≤ t, δi = 1) − H1
xi

(t)] − γx[I(Zi ≤ t, δi 6= −1) − H0,1
xi

(t)]

− H0,1
x (t)

(px0 + px1)2
{px0[I(δi = 1) − pxi1] − px1[I(δi = 0) − pxi0]}

b(x, t) =
1

2
µK

2

{
[Ḧ1

x(t) − γxḦ0,1
x (t)] − H0,1

x (t)

px0 + px1
[px0p̈x1 − px1p̈x0]

}
(3.4)

and where

sup
t∈[0,∞]

|Rn(x, t)| = O((nhn)−1 log n) + o(h2
n) a.s.

Proof. Under the null hypothesis (3.3), we can write

H1
xh(t) − γxhH0,1

xh (t) = H1
xh(t) − γxhH0,1

xh (t) − H1
x(t) + γxH0,1

x (t)

= [H1
xh(t) − H1

x(t)] − γx[H0,1
xh (t) − H0,1

x (t)]

− H0,1
x (t)[γxh − γx] − [γxh − γx][H0,1

xh (t) − H0,1
x (t)]. (3.5)

For the third term in (3.5) we have by one-term Taylor expansion and the

argument in the proof of Theorem 2.2 that

γxh − γx =
px0

(px0 + px1)2
(px1h − px1) −

px1

(px0 + px1)2
(px0h − px0)

+ O((nhn)−1 log n) a.s.
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In Lemma 2.2, it has also been shown that, under the same conditions,

γxh − γx = O((nhn)−1/2(log n)1/2) a.s. Since also H0,1
xh (t) − H0,1

x (t) =

O((nhn)−1/2(log n)1/2) a.s. (See Lemma A.4. in Van Keilegom and Veraver-

beke (1997)), we have that the fourth term in (3.5) is O((nhn)−1 log n) a.s.

The form of the representation follows from the definitions of the quantities

H1
xh(t), H0,1

xh (t), px1h, px0h, after recentering them around their expectation.

This leads to the following expression for the bias

n∑

i=1

wni(x, hn)[H1
xi

(t) − H1
x(t)] − γx

n∑

i=1

wni(x, hn)[H0,1
xi

(t) − H0,1
x (t)]

−H0,1
x (t)

px0

(px0 + px1)2

n∑

i=1

wni(x, hn)[pxi1 − px1]

+H0,1
x (t)

px1

(px0 + px1)2

n∑

i=1

wni(x, hn)[pxi0 − px0].

These four bias terms can be dealt with in a standard way (see e.g. Lemma

A.1. in Van Keilegom and Veraverbeke (1997)) :

n∑

i=1

wni(x, hn)[H1
xi

(t) − H1
x(t)] − 1

2
µK

2 Ḧ1
x(t)h2

n = o(h2
n) + O(n−1).

Similarly, we have that

n∑

i=1

wni(x, hn)[pxi0 − px0] −
1

2
µK

2 p̈x0h
2
n = o(h2

n) + O(n−1).

The same order bound also holds for the two other terms in the bias expression.

3.2 Weak convergence of the empirical process

When we want to obtain a valid test for the null hypothesis (3.3), it is clear

that this test should be based on the empirical quantity H1
xh(t) − γxhH0,1

xh (t).

However we will not work with this original quantity but with the following

normalized version: for all t ≥ 0,

Gxh(t) = Cxh(nhn)1/2(H1
xh(t) − γxhH0,1

xh (t)) (3.6)
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where Cxh is a normalizing factor, given by

Cxh = (‖K‖2
2γxh(1 − γxh)(px0h + px1h))−1/2

and ‖K‖2
2 =

+∞∫
−∞

K2(u)du.

The limit of this normalized process has a simple form and is a time-transformed

Brownian bridge process as will be shown in Theorem 3.2. A Brownian bridge

B(t) (0 ≤ t ≤ 1) is defined as a special case of a Gaussian process, character-

ized by E(B(t)) = 0 (0 ≤ t ≤ 1) and E(B(s)B(t)) = s(1−t) (0 ≤ s ≤ t ≤ 1).

We note that Gxh(+∞) = lim
t→+∞

Gxh(t) = 0. This allows us to extend the

domain of Gxh to +∞ by putting Gxh(+∞) = 0. The stochastic process

Gxh(.) is now a process in the space D[0,∞] of all real valued functions that are

right continuous and have left hand limits, which we equip with the Skorokhod

topology (see Billingsley (1968)). The space D[0,∞] has, modulo an isometric

transformation, the same properties as D[0, 1]. Furthermore we note that

this space is a subspace of the space l∞[0,∞] of all uniformly bounded real

functions, endowed with the uniform topology. Using the same method as

at the end of the previous chapter, we can show that weak convergence of

the process Gxh(·) in l∞[0,∞] with uniform topology is equivalent to weak

convergence in D[0,∞] under Skorokhod topology since the sample paths of

this process lie in the subspace D[0,∞] and the limiting process has continuous

paths (van der Vaart (1998) and Billingsley (1968)).

In the following theorem we prove weak convergence of Gxh(t) in l∞[0,∞],

endowed with the uniform topology. By the relation above, we note that this

result is equivalent with the result given in Braekers and Veraverbeke (2003a).

Theorem 3.2. Assume (A1)-(A4), hn → 0. Let B(t) (0 ≤ t ≤ 1) be a

Brownian bridge process, then under the null hypothesis (3.3), we get,

(a) If nh5
n → 0 and (log n)2/(nhn) → 0, then, as n → ∞,

Gxh(·) → B

(
H0,1

x (·)
px0 + px1

)
in l∞[0,∞].
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(b) If hn = Cn−1/5 for some C > 0, then, as n → ∞

Gxh(·) → B

(
H0,1

x (·)
px0 + px1

)
+ b(x, t) in l∞[0,∞]

where b(x, t) = b(x, t)(‖K‖2
2γx(1 − γx)(px0 + px1))

−1/2C5/2 with b(x, t)

given by (3.4).

Proof. We use the asymptotic representation in Theorem 3.1. For the bias

term we have

Cxh(nhn)1/2b(x, t) =

{
o(1) if nh5

n → 0

b(x, t) if hn = Cn−1/5.

Using Slutky’s theorem, it suffices to prove weak convergence of the process

Wxh(t) = (‖K‖2
2γx(1 − γx)(px0 + px1))

−1/2(nhn)1/2
n∑

i=1

wni(x, hn)ktx(Zi, δi)

to the Gaussian process Wx(t) = B

(
H0,1

x (t)
px0+px1

)
. We have immediately that

E[ktx(Zi, δi)] = 0. Furthermore, a straightforward calculation shows that

Γ(s, t | xi) = Cov(ksx(Zi, δi), ktx(Zi, δi))

= H1
xi

(s ∧ t)(1 − 2γx) +
(−1 + γx)

(px0 + px1)2
px0[H

0,1
x (s)H1

xi
(t) + H0,1

x (t)H1
xi

(s)]

− γx

(px0 + px1)2
px1{H0,1

x (s)[H0,1
xi

(t) − H1
xi

(t)] + H0,1
x (t)[H0,1

xi
(s) − H1

xi
(s)]}

+ γ2
xH0,1

xi
(s ∧ t) +

H0,1
x (s)H0,1

x (t)

(px0 + px1)4
[p2

x0pxi1 + p2
x1pxi0]

−
{

H1
xi

(t) − γxH0,1
xi

(t) − H0,1
x (t)

(px0 + px1)2
[px0pxi1 − px1pxi0]

}

×
{

H1
xi

(s) − γxH0,1
xi

(s) − H0,1
x (s)

(px0 + px1)2
[px0pxi1 − px1pxi0]

}
.

Using the model assumption (3.3), we find by direct calculation that

Γ(s, t | x) = γx(1 − γx)

[
H0,1

x (s ∧ t) − H0,1
x (s)H0,1

x (t)

px0 + px1

]
.
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Applying Lemma 3.1 in Van Keilegom and Veraverbeke (1997) leads to

Var(Wxh(t)) =
Γ(t, t | x)

γx(1 − γx)(px0 + px1)
+ o(1)

=
H0,1

x (t)

px0 + px1
−
(

H0,1
x (t)

px0 + px1

)2

+ o(1).

To prove weak convergence of the process Wxh(t), we first show convergence of

the finite dimensional distributions. For any q = 1, 2... and 0 ≤ t1 ≤ ... ≤ tq,

we have

(Wxh(t1), . . . , Wxh(tq))
d→ N

(
0,

(
H0,1

x (tk ∧ tj)

px0 + px1
− H0,1

x (tk)H
0,1
x (tj)

(px0 + px1)2

))
.

This is done by checking two sufficient conditions on the summands of Wxh(t)

(see Araujo and Giné (1980)), in the same way as (2.18) and (2.19) in the proof

of Theorem 2.3. Since the limit process is equal in law to B
(
H0,1

x (·)/(px0 + px1)
)

it follows that it has continuous sample paths, with probability one.

To establish the tightness, we verify the three conditions of Theorem 2.11.9 in

van der Vaart and Wellner (1996) on the process Wxh(t). Therefore we need

to define a semimetric

ρ(t, t′) = max

{
sup

x′∈[0,1]

√
|H1

x′(t) − H1
x′(t′)|, sup

x′∈[0,1]

√
|H0,1

x′ (t) − H0,1
x′ (t′)|

}
.

on the index-set F = [0 + ∞] to make it a totally bounded semimetric space

(F , ρ). Furthermore we rewrite the process Wxh(t) as

Wxh(t) =
n∑

i=1

Zni(t | x)

where

Zni(t | x) = (‖K‖2
2γx(1 − γx)(px0 + px1))

−1/2(nhn)1/2wni(x, hn)ktx(Zi, δi)

with ktx(Zi, δi) the expression given in the representation result of Theo-

rem 3.1.

Since H1
x(t) and H0,1

x (t) are bounded uniformly in t, we can partition F in

Nε = O(ε−1) subintervals Fεj , 1, . . . , Nε such that ρ(t, t′) ≤ Cε for all t, t′ ∈
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Fεj and C > 0 some constant which will be determined in the course of the

proof. For this partition, we obtain after a straightforward calculation that,

for some constants D1 and D2,

sup
t,t′∈Fεj

n∑

i=1

E[(Zni(t | x) − Zni(t
′ | x))2] ≤ D1Cε2

and

sup
f>0

n∑

i=1

f2P

(
sup

t,t′∈Fεj

|Zni(t | x) − Zni(t
′ | x)| > f

)
≤ D2Cε2.

Choosing C = 1/ max(D1, D2) makes that these right hand sides are ≤ ε2.

For the third condition in Theorem 2.11.9 we find that

δn∫

0

√
log Nεdε =

δn∫

0

√
log O(ε−1) = O(δ1/2

n ) ,

which tends to zero for every δn ↓ 0. Note that we are allowed to check this

condition with Nε instead of the bracketing number, because of the remark

following Theorem 2.11.9 in van der Vaart and Wellner (1996). Since our

partition is chosen independently of n, the second condition is automatically

satisfied. The first condition holds since supt∈[0,+∞] |Zni(t)| = O((nhn)−1/2)

a.s. and this gets smaller than any η > 0 for n sufficiently large.

3.3 Goodness-of-fit statistics

In this section we want to consider a number of classical goodness-of-fit statis-

tics based on the empirical process Gxh(t) and determine their limiting distri-

bution under the null hypothesis (3.3). The statistics are of the same type as

in Csörgő (1998). They are of the Kolmogorov type, the Cramér-von Mises

type and the Anderson-Darling type and are given by, respectively

Knx = sup
t∈[0,+∞]

|Gxh(t)| (3.7)

W 2
nx =

∫ +∞

0
G2

xh(t)d

(
H0,1

xh (t)

px0h + px1h

)
(3.8)
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D2
nx =

∫ +∞

0

G2
xh(t)

H0,1
xh (t)

px0h + px1h

(
1 − H0,1

xh (t)

px0h + px1h

)d

(
H0,1

xh (t)

px0h + px1h

)
. (3.9)

We note that for the Cramér-von Mises type and the Anderson-Darling type

goodness-of-fit statistics we use a weight function H0,1
xh (t)/(px0h + px1h) in

the calculation of the integral. This weight function is needed to find an

asymptotic distribution for the goodness-of-fit statistics that does not de-

pend on unknown quantities as will be shown in Theorem 3.4. The weak

convergence result in Theorem 3.2(a) and the fact that the limiting process

B
(
H0,1

x (·)/(px0 + px1)
)

belongs to the space C[0,∞] with probability one, al-

lows application of the “Skorokhod construction” theorem, see e.g. Theorem 4

of Chapter 2 in Shorack and Wellner (1986) or Theorem 1.10.3. in van der

Vaart and Wellner (1996). This leads to equivalent processes, defined on some

probability space, for which the uniform distance converges to zero almost

surely as n → ∞. We formulate this property in the next theorem.

Theorem 3.3. Assume the null hypotheses (3.3). Assume (A1)-(A4), hn → 0,

nh5
n → 0 and (log n)2/(nhn) → 0.

Then, on an appropriate probability space, we have that, as n → ∞,

sup
t∈[0,∞]

∣∣∣∣∣Gxh(t) − B

(
H0,1

x (t)

px0 + px1

)∣∣∣∣∣→ 0 a.s.

As a consequence we have the following result for the convergence in distri-

bution for the three test statistics. The limiting variables are well known

functionals of the Brownian bridge B and their distributions are tabulated

(see e.g. p.147-148 of Shorack and Wellner (1986), Martynov (1978)).

Theorem 3.4. Assume the null hypothesis (3.3). Assume (A1)-(A4), hn → 0,

nh5
n → 0 and (log n)2/(nhn) → 0. Then, as n → ∞,

Knx
d→ sup

0≤s≤1
|B(s)| (3.10)

W 2
nx

d→
∫ 1

0
B2(s)ds (3.11)

D2
nx

d→
∫ 1

0

B2(s)

s(1 − s)
ds. (3.12)
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Proof. It is convenient to introduce the proper distribution functions H̃x and

H̃xh by H̃x(t) = H0,1
x (t)/(px0 + px1) and H̃xh(t) = H0,1

xh (t)/(px0h + px1h).

Assertion (3.10) follows immediately from Theorem 3.3 and the inequality
∣∣∣∣∣ sup
t∈[0,∞]

|Gxh(t)| − sup
t∈[0,∞]

|B(H̃x(t))|
∣∣∣∣∣ ≤ sup

t∈[0,∞]
|Gxh(t) − B(H̃x(t))|.

For (3.11) we use
∣∣∣∣W

2
nx −

∫ ∞

0
B2(H̃x(t))dH̃x(t)

∣∣∣∣ ≤ sup
t∈[0,∞]

|G2
xh(t) − B2(Hx(t))|

+

∣∣∣∣
∫ ∞

0
B2((H̃x(t))dH̃xh(t) −

∫ ∞

0
B2(H̃x(t))dH̃x(t)

∣∣∣∣ .

To the first term in the right hand side we can apply Theorem 3.3. The

second term tends to zero in probability since B2(H̃x(t)) is continuous with

B2(H̃x(0)) = B2(H̃x(+∞)) = 0 and H̃xh(t)
P→ H̃x(t) for all t. This follows by

application of a Helly-Bray type result which, for convenience, is formulated

below as Lemma 3.1.

For (3.12) we use similar arguments on the inequality
∣∣∣∣∣D

2
nx −

∫ 1

0

B2(s)

s(1 − s)
ds

∣∣∣∣∣ ≤ π sup
t∈[0,∞]

|Y 2
n (t | x) − Y 2(t | x)| (3.13)

+

∣∣∣∣∣

∫ ∞

0
Y 2(t | x)

dH̃xh(t)

[H̃xh(t)(1 − H̃xh(t))]1/2
−
∫ ∞

0
Y 2(t | x)

dH̃x(t)

[H̃x(t)(1 − H̃x(t))]1/2

∣∣∣∣∣

where

Yn(t | x) =
Gxh(t)

[H̃xh(t)(1 − H̃xh(t))]1/2
, Y (t | x) =

B(H̃x(t))

[H̃x(t)(1 − H̃x(t))]1/2

and also Yn(0 | x) = Yn(+∞ | x) = Y (0 | x) = Y (+∞ | x) = 0. It follows from

Theorem 3.2 that Yn(· | x) → Y (· | x) in D[0,∞] and, similarly as before, we

have on an appropriate probability space that sup
t∈[0,∞]

|Yn(t|x) − Y (t|x)| → 0

a.s. as n → ∞. This implies that the first term on the right hand side of (3.13)

tends to zero a.s. To the second term in (3.13) we again apply Lemma 3.1

below. Indeed, since H̃xh(t)
P→ H̃x(t), for all t, we have that

Fn(t) =

∫ H̃xh(t)

0

ds

(s(1 − s))1/2

P→ F (t) =

∫ H̃x(t)

0

ds

(s(1 − s))1/2
.
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Also Y (t | x) has continuous sample paths since Y (t | x) → 0 as t → 0 or

t → +∞. The latter follows from the following property of the Brownian

bridge process (see Csörgő (1983), p.41): sup
0<y<1

|B(y)|/[y(1 − y) log 1
y(1−y) ]

1/2

is finite with probability one.

Lemma 3.1. Let Fn(t), F (t) and G(t) be processes. Assume that Fn(t)

and F (t) are subdistribution functions and that F (t) is continuous. Assume

that G(t) is continuous and that G(+∞) = lim
t→+∞

G(t) = 0 and G(−∞) =

lim
t→−∞

G(t) = 0. If for each t, Fn(t)
P→ F (t), then

∞∫

−∞

G(t)dFn(t)
P→

∞∫

−∞

G(t)dF (t).

The proof of this lemma is omitted since it follows the same steps as that of a

parallel result in e.g. Rao (1973), p.117. This result is also valid for functions

Fn(t) and F (t) that are non-decreasing, bounded and continuous from the left,

but that are not necessary distribution functions.

Note. For practical calculations of the goodness-of-fit statistics Knx, W 2
nx

and D2
nx, we can rewrite the formulas (3.7) - (3.9) in a similar form as was

done by Csörgő (1998) for the situation without covariates information.

Let Z(1) ≤ ... ≤ Z(n) be the order statistics of the sample Z1, ..., Zn and

denote by δ(i) and wn(i)(x, hn) the indicator and the weight corresponding to

Z(i). Furthermore, set for k = 1, ..., n

N1
n,k =

k∑

i=1

wn(i)(x, hn)I(δ(i) = 1)

N0,1
n,k =

k∑

i=1

wn(i)(x, hn)I(δ(i) 6= −1).

Then the three test statistics can be expressed as

Knx =

(
nhn

‖K‖2
2γxh(1 − γxh)N0,1

n,n

)1/2

max
1≤k≤n−1

∣∣∣N1
n,k − γxhN0,1

n,k

∣∣∣
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W 2
nx =

nhn

‖K‖2
2γxh(1 − γxh)(N0,1

n,n)2
×

n−1∑

k=1

(N1
n,k − γxhN0,1

n,k)
2wn(k)(x, hn)I(δ(k) 6= −1)

D2
nx =

nhn

‖K‖2
2γxh(1 − γxh)

n−1∑

k=1

(N1
n,k − γxhN0,1

n,k)
2

N0,1
n,k(N

0,1
n,n − N0,1

n,k)
wn(k)(x, hn)I(δ(k) 6= −1).

3.4 Example: survival with malignant melanoma

We illustrate the goodness-of-fit statistics in a data analysis of the Melanoma

data set. This clinical trial took place in the period 1962-77 at the Department

of Plastic Surgery, University Hospital of Odense, Denmark and looked at

the survival of patients after their tumor was completely removed. A more

elaborate description of this data set was given in Section 1.1.

In the following, we focus on estimating non-parametrically the conditional

distribution function of the survival time till death from malignant melanoma

on the covariate age of the patient. We will use here the partial Koziol-

Green estimator that was introduced in Section 1.4 and for which we proved

several asymptotic results in the previous chapter. In this data set we take as

informative censoring variable the survival time till death from other causes.

For this variable we know that the patient has died within the study period and

we believe that the death from other causes is possibly an indirect consequence

of the patients fight against melanoma. Although we do not have in this

data set the exact cause of death for patients who died from other causes, we

nevertheless assume that time until death from melanoma and time until death

from other causes have a similar looking conditional distribution. As non-

informative censoring variable we take the survival time of the patient when

alive at the end of the study since we suspect that its conditional distribution

has a totally different shape.

As to the appropriateness of the partial Koziol-Green model, we mention that

Csörgő (1998) applied several tests to this data set (without considering covari-

ate information). These showed that the partial Koziol-Green model without
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covariate information holds. In our case we also take the covariate informa-

tion into account. Looking back at the goodness-of-fit statistics in Section

3.3, it is now clear that we first need to select a value for the covariate x. In

most clinical trials this value will be described by the protocol. However in

this illustrating example we rely on a more intuitive way to select this value.

Gather and Pawlitschko (1998) believed that the partial Koziol-Green model

without covariates holds if there is a ’good mixing’ of the indicator values one

and zero that are associated with the ordered observations with δ 6= −1. Here

we apply the same idea for the observations in a window around a certain

covariate value. We observe from Figure 1.1 that we have a reasonable ’good

mixing’ of the uncensored and the informatively censored observations in the

ordered survival times with δ 6= −1 in a window around a high value of the

covariate age. We do not see this ’good mixing’ for a low covariate value. This

means that we will probably be able to use the conditional estimator of the

partial Koziol-Green model for high covariate values, but not for low covariate

values.

In a formal check of the null hypothesis (3.3), we will therefore use the

goodness-of-fit statistics for the covariate values x = 40 and x = 70 where

we believe that the partially informative censoring regression model will prob-

ably only hold for an age equal to 70. We will consider the covariate ’age’

here as fixed since it is measured crudely in whole years and we assume that

the design interval of this variable is equal to [0, 100]. For a general covariate

interval [a, b], we note that the goodness-of-fit statistics have to be slightly

changed. The bandwidth in the first factor of each statistic needs to be di-

vided by b−a. In this example we use the Gasser-Müller weights with bisquare

kernel K(z) = 15
16(1 − z2)2I(|z| ≤ 1) where µ1 = 0, µ2 = 1

7 , ‖K‖∞ = 15
16 and

‖K‖2
2 = 5

7 . Our intuitive choice for the bandwidth is hn = 100n−1/4 which

satisfies the asymptotic assumptions in the theorem (hn → 0, nh5
n → 0 and

(log n)2/(nhn) → 0). We applied the goodness-of-fit statistics first to the

whole data set (n = 205) and next to the female subgroup (n = 126). The

reason is that the latter subgroup has also been considered by Gather and

Pawlitschko (1998) and Csörgő (1998) in a model without covariate informa-

tion. The results are summarized in Tables 3.1 and 3.2. The p-values for

the Cramér-von Mises and the Anderson-Darling statistics are taken from the
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Group whole group

n = 205 ⇒ hn = 26.4278

Age 40 years 70 years

Kolmogorov 1.078412 0.841428

p-value 0.195157 0.478451

Cramér-von Mises 0.296132 0.169548

p-value 0.135170 0.334000

Anderson-Darling 2.283608 1.228715

p-value 0.064770 0.260050

Table 3.1 : The goodness-of-fit statistics together with the p-values for the whole melanoma

data set.

tables in the book by Martynov (1978). For the Kolmogorov statistic, the

p-values were calculated from the exact limiting distribution which we were

able to program in Maple.

In Table 3.1 we see that we clearly cannot reject the null hypothesis for age

equal to 70 at significance level 5 %. This means that the partial Koziol-Green

model is a valid model at this age for the whole melanoma data set. At the

lower age equal to 40, the null hypothesis can also not be rejected at 5 %

significance level but at significance level 10 % we note that the Anderson-

Darling statistics rejects the null hypothesis. This suggests that the partially

informative censoring regression model holds at this age only borderline. In

Table 3.2 we get a different result for the female subgroup. The null hypothesis

clearly cannot be rejected at 5% level at the age of 40 while at the age of 70,

we see that 2 out of 3 test statistics cannot reject the null hypothesis at 5 %

significance level, but all the tests reject the null hypothesis at 10 % significance

level. This indicates that the partially informative censoring model holds at

age equal to 40 and does not hold at age equal to 70, but the rejection is only

borderline. Until now we tested whether the partial Koziol-Green model holds

at each of the ages separately. We are also interested to know if the partial

Koziol-Green model holds jointly for age equal to 40 and age equal to 70. We

can find a conservative test procedure for this problem if we use a Bonferroni

correction on the goodness-of-fit statistics that were calculated for each age
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Group female subgroup

n = 126 ⇒ hn = 29.8475

Age 40 years 70 years

Kolmogorov 0.481883 1.245264

p-value 0.974366 0.089967

Cramér-von Mises 0.061880 0.509431

p-value 0.999990 0.037570

Anderson-Darling 0.655469 2.229411

p-value 0.59317 0.069750

Table 3.2 : The goodness-of-fit statistics together with the p-values for the female sub-group

of the melanoma data set.

separately. We note from Table 3.1 that for the whole melanoma data set,

we cannot reject the null hypothesis at 5 % significance level, jointly for both

ages. This means that the partial Koziol-green model holds for age equal 40

and for age equal 70 together. Also in the female subgroup, we cannot reject

the null hypothesis, jointly for both ages, at 5% significance level.

Based on the previous test results, we can now use the partially informative

censoring model in an analysis of the whole melanoma data set and of the

female subgroup. In Figure 3.1 we plot the partial Koziol-Green estimator

at age equal 40 and age equal 70. At each age, we show this estimator for

bandwidths h = 26 and h = 45. The first choice of bandwidth is inspired by

the choice used in the test procedure above, while the second choice is selected

to investigate how this estimator performs with a large bandwidth. In Fig-

ure 3.1 we also plotted for each situation the more general Beran estimator

(Beran 1981, Van Keilegom and Veraverbeke 1996, 1997a, 1997b). This esti-

mator does not distinguish between the informatively and non-informatively

censored observations and, in this way, does not make use of the extra infor-

mation of the informative censoring time in the partial Koziol-Green model.

We note that in each of the 4 plots the curves are very close to each other.

This can be explained when we have a close look at the data set as it is given

in Figure 1.1. We note that there are only a few informatively censored ob-

servations in this data set. Therefore we do not have much information about
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Figure 3.1 : Partial Koziol-Green estimator (dashed line) and Beran estimator (solid line) for

the conditional distribution function Fx(t) at different ages and bandwidths in the melanoma

data set .

the informative censoring time and the partial Koziol-Green estimate will not

differ much from the Beran estimate. However we note that this difference is

larger for age equal to 70 than for age equal to 40 because the informatively

censored observations have a covariate value that is closer to 70 than to 40

and therefore have a larger influence on the partial Koziol-Green estimate at

70 than at 40. Figure 3.2 is constructed in a similar fashion as Figure 3.1 for

the female subgroup of the melanoma data set. Instead of a bandwidth choice

h = 26, we use here a bandwidth h = 29 as was also inspired by the test pro-

cedure above. The other bandwidth choice is kept the same as for the whole

melanoma data set. From the plots we see that we can draw in this subgroup

similar conclusions as given above for the whole data set. We note that for

age equal to 70, the difference between the partial Koziol-Green estimate and

the Beran estimate is larger in this subgroup than in the whole data set.
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Figure 3.2 : Partial Koziol-Green estimator (dashed line) and Beran estimator (solid line)

for the conditional distribution function Fx(t) at different ages and bandwidths in the female

subgroup of the melanoma data set.
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Chapter 4

Bootstrapping the conditional

survival function estimator

under partially informative

censoring

In Chapter 2 we have shown several asymptotic results in the partially infor-

mative censoring regression model. For the estimator F̂xh(t) in this model,

given by (1.11), we found that the process (nhn)1/2(F̂xh(t)− Fx(t)) converges

weakly to a Gaussian process. However this normal approximation suffers from

complicated expressions for the asymptotic mean and variance, given by (2.10)

and (2.11), which cannot be calculated in a real data analysis as we also noted

in Section 3.4. The purpose of this chapter is to propose a bootstrap method

for approximating the distribution function of (nhn)1/2(F̂xh(t) − Fx(t)). This

will provide an alternative for the normal approximation derived in Theorem

2.3 and will allow us to find in a real data analysis, some confidence bands for

the conditional distribution estimator F̂xh(t). For the Kaplan Meier estimator

the bootstrap has been introduced by Efron (1981) and for the bootstrapped

Beran estimator we refer to Van Keilegom and Veraverbeke (1997b). The

latter method forms the basis of the bootstrap procedure proposed here.

59
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This chapter is organized as follows. In Section 4.1 we introduce the resampling

procedures and we collect the regularity conditions needed in the subsequent

sections. We obtain results on an almost sure asymptotic representation in

Section 4.2 and on weak convergence of the bootstrapped process in Section

4.3. In each of these sections, we will give some lemmas which we need in

the proofs of these results. Section 4.4 gives a strong consistency result for

the bootstrap approximation and we will construct in this same section a

confidence band for the conditional distribution estimator. A comparison of

the bootstrap approximation and normal approximation will be presented on

a simulated example in Section 4.5 and finally in Section 4.6 we demonstrate

the bootstrap procedure on the Bone marrow transplantation data set.

4.1 The bootstrap procedure

In this section we introduce a bootstrap procedure for the partially informative

censoring model with fixed design covariates. This procedure is similar to the

one proposed by Van Keilegom and Veraverbeke (1997b) for the censored

regression model.

Given the design points xi, the minima Zi and indicators δi (i = 1, . . . , n), we

propose the following

Resampling procedure

Resample (Z∗
i , δ∗i ) (i = 1, . . . , n) with replacement from (Z1, δ1), . . . , (Zn, δn),

giving probability wnj(xi, gn) to (Zj , δj), j = 1, . . . , n. The sequence {gn}
is a pilot bandwidth sequence which is different from {hn} in the sense that

gn/hn → ∞ in a certain way. This technique of oversmoothing with the initial

bandwidth has been successfully used in other resampling schemes in regres-

sion such as Härdle and Mammen (1991), Aerts, Janssen and Veraverbeke

(1994), Van Keilegom and Veraverbeke (1997a,b).

It is easily verified that the above procedure is equivalent to the following two

procedures. In the first procedure we bootstrap the latent variables Yi, Ci and

Di. This method was first introduced by Efron (1981). We extend here the
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work of Van Keilegom and Veraverbeke (1997b). The second procedure is a

generalization of the bootstrap procedure for the Koziol-Green model given

by Dikta and Ghorai (1990). This procedure is largely based on the simple

proportional hazard assumption.

Procedure 1

Define the random variables Y ∗
i , C∗

i , D∗
i (independently) as follows:

Y ∗
1 , . . . , Y ∗

n are independent; Y ∗
i ∼ F̂xig

C∗
1 , . . . , C∗

n are independent; C∗
i ∼ Ĝ1xig

D∗
1, . . . , D

∗
n are independent; D∗

i ∼ G2xig

Here F̂xig is an estimator for Fxi as defined in (1.11). The distribution Ĝ1xig

is defined as 1 − (1 − F̂xig)
βxig where βxig = (1 − γxig)/γxig and where γxig is

given as in (1.14) and is an estimator for γxi . Finally G2xig is a Beran type

estimator for the distribution G2xi . It is given by

G2xig(t) = 1 −





∏

Z(j)≤t


1 −

wn(j)(xi, gn)

1 −
j−1∑
k=1

wn(k)(xi, gn)




I(δ(j)=−1)




I(t < Z(n)).

Then define, for i = 1, . . . , n, Z∗
i = min(Y ∗

i , C∗
i , D∗

i ) and δ∗i = 1 if Y ∗
i ≤

min(C∗
i , D∗

i ), δ∗i = 0 if C∗
i ≤ min(Y ∗

i , D∗
i ), δ∗i = −1 if D∗

i ≤ min(Y ∗
i , C∗

i ).

Procedure 2

Another equivalent resampling procedure can be set up by exploiting the char-

acterization (1.15) of the partially informative censoring regression model.

Define the random variables U∗
i , ε∗i , D∗

i (independently) as follows:

U∗
1 , . . . , U∗

n are independent; U∗
i ∼ Lxig

ε∗1, . . . , ε
∗
n are independent; ε∗i ∼ Bin(1, γxig)

D∗
1, . . . , D

∗
n are independent; D∗

i ∼ G2xig

where Lxig is the estimator of Lxi , as defined in (1.12). G2xig has the same

definition as in the previous procedure. The ε∗i come from a Bernoulli distri-

bution with parameter γxig. The bootstrap sample can now be defined, for
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i = 1, . . . , n, as: Z∗
i = min(U∗

i , D∗
i ) and δ∗i = ε∗i if U∗

i ≤ D∗
i and δ∗i = −1 if

U∗
i > D∗

i .

Based on the bootstrap sample (Z∗
1 , δ∗1), . . . , (Z

∗
n, δ∗n), we define the bootstrap

analogue of the partial Koziol-Green estimator given in (1.11) as:

1 − F̂ ∗
xgh(t) = (1 − L∗

xgh(t))γ∗
xgh

where

L∗
xgh(t) = 1 −





∏

Z∗
(i)

≤t


1 −

wn(i)(x, hn)

1 −
i−1∑
j=1

wn(j)(x, hn)




ε∗
(i)




I(t < Z∗
(n))

and

γ∗
xgh =

p∗x1gh

p∗x0gh + p∗x1gh

with p∗xkgh =
n∑

i=1
wni(x, hn)I(δ∗i = k) (k = -1,0,1) and ε∗i = I(δ∗i 6= −1). Here

Z∗
(1) ≤ . . . ≤ Z∗

(n), and the ε∗(i) and wn(i)(x, hn) correspond to Z∗
(i).

In the sequel we will use notations P ∗, E∗, Var∗, . . . for probability, expecta-

tion, variance, . . . conditionally on the original observations. Furthermore all

the results in this chapter are obtained on the assumptions made in Section 1.4

and 2.1. However we do need here a slightly stronger condition (A2’) on the

kernel than condition (A2) given there.

(A2’) K is a twice differentiable probability density function with finite support

[−M, M ] for some M > 0 , µK
1 = 0, K ′′ is continuous and K(−M) =

K ′(−M) = K(M) = K ′(M) = 0.

Furthermore we will state our results for the fixed bandwidth sequence hn of

optimal rate, i.e. hn = Cn−1/5 for some constant C > 0.

4.2 Almost sure asymptotic representation

Parallel to the result in Chapter 2 for the conditional distribution function

estimator F̂xh(t), we now derive in Theorem 4.1 an almost sure asymptotic
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representation for the bootstrap estimator F̂ ∗
xgh(t). It represents the process

F̂ ∗
xgh(t) − F̂xg(t) as a weighted sum plus a remainder term with a nice almost

sure behaviour. This result will be a key tool in the next section.

First we give some lemmas which we need in the proof of Theorem 4.1. Let

us introduce the bootstrap empirical estimators H∗
xgh(t) and H∗0,1

xgh (t) of Hx(t)

and H0,1
x (t):

H∗
xgh(t) =

n∑

i=1

wni(x, hn)I(Z∗
i ≤ t), H∗0,1

xgh (t) =
n∑

i=1

wni(x, hn)I(Z∗
i ≤ t, δ∗i 6= −1).

Lemma 4.1. Assume (A1), (A2’) and (A4), hn = Cn−1/5 for some C > 0,

gn → 0,
ng5

n

log n
→+∞, T < THx . Then as n→+∞,

(a) |bias p∗xkgh − bias pxkh| = o((nhn)−1/2) a.s.

where bias p∗xkgh = E∗ p∗xkgh − pxkg and bias pxkh = E pxkh − pxk.

(b) |p∗xkgh − pxkg| = OP ∗((nhn)−1/2(log n)1/2) a.s.

(c) |γ∗
xgh − γxg| = OP ∗((nhn)−1/2(log n)1/2) a.s.

(d) If (A3) holds instead of (A4), then as n→+∞,

sup
0≤t≤T

|bias H∗
xgh(t) − bias Hxh(t)| = o((nhn)−1/2) a.s.

where bias H∗
xgh(t) = E∗ H∗

xgh(t)−Hxg(t) and bias Hxh(t) = E Hxh(t)−
Hx(t).

Proof. (a) We have,

bias p∗xkgh =
n∑

i=1

xi∫

xi−1

1

hn
K

(
x − z

hn

)
(pxikg − pzkg)dz

+

xn∫

0

1

hn
K

(
x − z

hn

)
(pzkg − pxkg)dz.

To the first term, we apply Lemma 8 of Aerts, Janssen and Veraverbeke (1994).

A second order Taylor series for the second term, gives that,

bias p∗xkgh =
µK

2 h2
np̈xkg

2
+ o(h2

n) + O

(
1

ng2
n

)
a.s.
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where p̈xkg =
n∑

i=1
ẅni(x, gn)I(δi = k), ẅnj(x, gn) =

1

g3
n

xj∫

xj−1

K ′′
(

x − z

gn

)
dz.

The term bias pxkh can be split up as above and a first order Taylor series on

the first term and a second order Taylor series on the second term give that

bias pxkh =
µK

2 h2
np̈xk

2
+ o(h2

n).

This leads to,

(nhn)1/2|bias p∗xkgh − bias pxkh| =
µK

2 C5/2

2
|p̈xkg − p̈xk| + o(1) a.s.

Now

|p̈xkg − p̈xk| ≤ |p̈xkg − E p̈xkg| + |E p̈xkg − p̈xk|.

The first term is o(1), using Bernstein’s theorem (see e.g. Serfling (1980)).

For the second term we have, for large n,

|E p̈xkg − p̈xk| ≤

∣∣∣∣∣∣

n∑

i=1

ẅni(x, gn)pxik − 1

g3
n

xn∫

0

K ′′
(

x − z

gn

)
pzkdz

∣∣∣∣∣∣

+

∣∣∣∣∣∣
1

g3
n

xn∫

0

K ′′
(

x − z

gn

)
pzkdz − p̈xk

∣∣∣∣∣∣

≤
n∑

i=1

1

g3
n

xi∫

xi−1

∣∣∣∣K
′′
(

x − z

gn

)∣∣∣∣ |pxik − pzk| dz +

∣∣∣∣∣∣∣

M∫

−M

K(u)(p̈x−ugn,k − p̈xk)dz

∣∣∣∣∣∣∣
,

which is o(1).

(b) Now, |p∗xkgh − pxkg| ≤ |p∗xkgh − E∗ p∗xkgh| + |bias p∗xkgh − bias pxkh| +

|bias pxkh|. The second term is o((nhn)−1/2) a.s. by part (a) of this lemma.

The third term is O(h2
n + n−1) as was shown in the proof of Lemma 2.1.

For the first term we apply Bernstein’s inequality where we take ε = εn =

D(nhn)−1/2(log n)1/2 with D a constant. By the Borel-Cantelli lemma we

obtain the result.

(c) It is easily seen that

|γ∗
xgh − γxg| ≤

1

(p∗x1gh + p∗x0gh)(px1g + px0g)

{
|p∗x1gh − px1g| + |p∗x0gh − px0g|

}
.
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By part (b) and Lemma 2.1., we have that p∗xkgh
P ∗

→ pxk a.s. and pxkg
P→ pxk.

The result now follows from part (b) of this lemma.

(d) The proof of this result is along the same lines as the proof of Lemma 4.1.

in Van Keilegom and Veraverbeke (1997b) (although the resampling scheme

is different). An analogous result holds for H∗0,1
xgh (t).

Lemma 4.2. Assume (A1), (A2’), (A3), (A4), hn = Cn−1/5 for some C > 0,

gn → 0 and
ng5

n

log n
· hn

gn
= O(1), T < THx . Then as n→+∞,

(a) |pxkg − pxk| = O((nhn)−1/2(log n)1/2) a.s.

(b) |γxg − γx| = O((nhn)−1/2(log n)1/2) a.s.

(c) sup
0≤t≤T

|Lxg(t) − Lx(t)| = O((nhn)−1/2(log n)1/2) a.s.

(d) sup
0≤t≤T

|F̂xg(t) − Fx(t)| = O((nhn)−1/2(log n)1/2) a.s.

If moreover
ng5

n

log n
→+∞, then as n→+∞,

(e) sup
0≤t≤T

|−log(1−L∗
xgh(t))+log(1−Lxg(t))| = OP ∗((nhn)−1/2(log n)1/2) a.s.

(f) sup
0≤t≤T

|L∗
xgh(t) − Lxg(t)| = OP ∗((nhn)−1/2(log n)1/2) a.s.

Proof. (a), (b), (d). In Lemma 2.1 (resp. Lemma 2.2 or Theorem 2.1), we

put εn = D(nhn)−1/2(log n)1/2 and apply the Borel-Cantelli lemma.

(c), (e). We prove these results along the same lines as in Van Keilegom and

Veraverbeke (1997b).

(f) By a first order Taylor series, we find,

L∗
xgh(t) − Lxg(t) = (1 − Lxg(t))[−eθn(log(1 − L∗

xgh(t)) − log(1 − Lxg(t))]

where θn lies between 0 and log(1 − L∗
xgh(t)) − log(1 − Lxg(t)). Since eθn ≤

1

1 − Lxg(t)
, we now obtain the result by parts (c) and (e).
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Theorem 4.1. Assume (A1), (A2’), (A3), (A4) in [0, T ] with T < THx ,

hn = Cn−1/5 for some C > 0, gn → 0,
ng5

n

log n
→+∞,

ng5
n

log n
· hn

gn
= O(1). Then,

for t < THx ,

F̂ ∗
xgh(t)−F̂xg(t) =

n∑

i=1

wni(x, hn)gtx(Z∗
i , δ∗i )−

n∑

i=1

wni(x, gn)gtx(Zi, δi)+Rn(x, t)

where gtx is as in Theorem 2.2 and where, for T < THx ,

sup
0≤t≤T

|Rn(x, t)| = OP ∗((nhn)−3/4(log n)3/4) a.s.

Proof. Application of a one term Taylor expansion gives

F̂ ∗
xgh(t) − F̂xg(t) = γxg(1 − Lxg(t))

γxg−1[L∗
xgh(t) − Lxg(t)]

− (1 − F̂xg(t)) log(1 − Lxg(t))[γ
∗
xgh − γxg] + Rn1(x, t) (4.1)

where

|Rn1(x, t)| ≤ (1 − L̃xg(t))
−2(L∗

xgh(t) − Lxg(t))
2 + γ̃−2

xg (γ∗
xgh − γxg)

2

+ 2(1 − L̃xg(t))
−1|L∗

xgh(t) − Lxg(t)||γ∗
xgh − γxg|

with L̃xg(t) between Lxg(t) and L∗
xgh(t) and γ̃xg between γxg and γ∗

xgh.

For the remainder term, we find the following upperbound:

|Rn1(x, t)| ≤
[

1

(1 − Lx(t))2
+

(L̃xg(t) − Lx(t))(2 − L̃xg(t) − Lx(t))

(1 − L̃xg(t))2(1 − Lx(t))2

]

× (L∗
xgh(t) − Lxg(t))

2 +

[
1

γ2
x

−
γ̃2

xg − γ2
x

γ̃2
xgγ

2
x

]
(γ∗

xgh − γxg)
2

+

[
2

(1 − Lx(t))2
+

2(L̃xg(t) − Lx(t))(2 − L̃xg(t) − Lx(t))

(1 − L̃xg(t))2(1 − Lx(t))2

]

× (L∗
xgh(t) − Lxg(t))(γ

∗
xgh − γxg).

By Lemma 4.1 and 4.2, we find that L̃xg(T )
P ∗

→ Lx(T ) a.s. and

sup
0≤t≤T

|L̃xg(t) − Lx(t)| = OP ∗((nhn)−1/2(log n)1/2) a.s., so this results in

sup
0≤t≤T

|Rn1(x, t)| = OP ∗((nhn)−1 log n) a.s.
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To obtain the asymptotic representation of L∗
xgh(t) − Lxg(t), we use Theo-

rem 4.1 of Van Keilegom and Veraverbeke (1997b):

L∗
xgh(t) − Lxg(t) = (1 − Lxg(t))





t∫

0

H∗
xgh(s) − Hxg(s)

(1 − Hx(s))2
dH0,1

x (s)

+
H∗0,1

xgh (t) − H0,1
xg (t)

1 − Hx(t)
−

t∫

0

H∗0,1
xgh (s) − H0,1

xg (s)

(1 − Hx(s))2
dHx(s)



 (4.2)

+ Rn2(x, t)

with sup
0≤t≤T

|Rn2(x, t)| = OP ∗((nhn)−3/4(log n)3/4 a.s.

To find an asymptotic representation for γ∗
xgh−γxg we apply a one term Taylor

expansion and obtain

γ∗
xgh − γxg =

p∗x1gh

p∗x1gh + p∗x0gh

− px1g

px1g + px0g

=
px0g

(px1g + px0g)2
[p∗x1gh − px1g] −

px1g

(px1g + px0g)2
[p∗x0gh − px0g] (4.3)

+ Rn3(x)

where

|Rn3(x)| ≤ 2

(p̃x1g + p̃x0g)2

[
(p∗x1gh − px1g)

2 + (p∗x0gh − px0g)
2
]

with p̃x0g between p∗x0gh and px0g and p̃x1g between p∗x1gh and px1g.

By adding and subtracting the same terms, we find that:

|Rn3(x)| ≤ 2

(px1 + px0)2

[
(p∗x1gh − px1g)

2 + (p∗x0gh − px0g)
2
]

− 2(p̃x1g − px1g + px1g − px1 + p̃x0g − px0g + px0g − px0)

(p̃x1g + p̃x0g)2(px1 + px0)2

× (p̃x1g + p̃x0g + px1 + px0)
[
(p∗x1gh − px1g)

2 + (p∗x0gh − px0g)
2
]

Lemmas 4.1 and 4.2 imply that |Rn3(x)| = OP ∗((nhn)−1 log n) a.s.
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Combining the results (4.2) and (4.3) into (4.1) gives

F̂ ∗
xgh(t) − F̂xg(t) = γxg(1 − F̂xg(t))








t∫

0

H∗
xgh(s) − Hxg(s)

(1 − Hx(s))2
dH0,1

x (s)

+
H∗0,1

xgh (t) − H0,1
xg (t)

1 − Hx(t)
−

t∫

0

H∗0,1
xgh (s) − H0,1

xg (s)

(1 − Hx(s))2
dHx(s)




− 1

p2
x1g

log(1 − F̂xg(t))
[
px0g(p

∗
x1gh − px1g) − px1g(p

∗
x0gh − px0g)

]}

+ Rn(x, t)

=
n∑

i=1

wni(x, hn)gtx(Z∗
i , δ∗i ) −

n∑

i=1

wni(x, gn)gtx(Zi, δi) + Rn(x, t)

where gtx is defined in Theorem 2.2 and sup
0≤t≤T

|Rn(x, t)| =

OP ∗((nhn)−3/4(log n)3/4) a.s. In the last equality we replaced γxg, F̂xg, px0g,

px1g by γx, Fx, px0, px1 respectively. This is allowed by Lemma 4.2.

4.3 Weak convergence

We establish weak convergence to a Gaussian process of the process (nhn)1/2×
(F̂ ∗

xgh(·)− F̂xg(·)) in the space l∞[0, T ] of all uniformly bounded real functions

on [0, T ], endowed with the uniform topology. By the remark at the end

of Chapter 2, we can easily prove that this process also converges weakly

in the subspace D[0, T ] of right continuous functions with left hand limits,

endowed with the Skorokhod topology. The weak convergence is almost surely,

conditionally on the original observations (Z1, δ1), . . . , (Zn, δn).

We first establish a lemma on the bootstrap bias which will be needed in the

proof of Theorem 4.2.
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Lemma 4.3. Assume (A1), (A2’), (A3) and (A4), hn = Cn−1/5 for some

C > 0, gn → 0,
ng5

n

log n
→+∞ and T < THx . Then as n→+∞,

(nhn)1/2 sup
0≤t≤T

|b∗n(t|x) − bn(t|x)| = o(1) a.s.

where

b∗n(t|x) =
n∑

i=1

wni(x, hn)E∗gtx(Z∗
i , δ∗i ) −

n∑

i=1

wni(x, gn)gtx(Zi, δi)

bn(t|x) =
n∑

i=1

wni(x, hn)Egtx(Zi, δi).

Proof. A straightforward calculation gives

b∗n(t|x) − bn(t|x) = γx(1 − Fx(t))





t∫

0

bias H∗
xgh(s) − bias Hxh(s)

(1 − Hx(s))2
dH0,1

x (s)

+
bias H∗0,1

xgh (t) − bias H0,1
xh (t)

1 − Hx(t)
−

t∫

0

bias H∗0,1
xgh (s) − bias H0,1

xh (s)

(1 − Hx(s))2
dHx(s)

− log(1 − Fx(t))

p2
x1

[
px0(bias p∗x1gh − bias px1h)

− px1(bias p∗x0gh − bias px0h)
]}

.

The result now follows from Lemma 4.1. We also use the inequality

(1 − Fx(t)) log(1 − Fx(t)) ≤ 1.

Lemma 4.4. Assume (A1), (A2’), (A3) and (A4) in [0, T ] with T < THx ,

hn = Cn−1/5 for some C > 0, gn → 0,
ng5

n

log n
→+∞ and

ng5
n

log n
· hn

gn
= O(1).

Then, as n→+∞,

(a) (nhn) max
1≤i≤n

sup
0≤t≤T

|Hxig(t) − Hxi(t)| ·
n∑

j=1

w2
nj(x, hn) = o(1) a.s.

The same holds for the subdistribution H0,1
xi

(t).

(b) (nhn) max
1≤i≤n

|pxigk − pxik| ·
n∑

j=1

w2
nj(x, hn) = o(1) a.s. (k = −1, 0, 1)
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Proof. We have

P


(nhn) max

1≤i≤n
sup

0≤t≤T
|Hxig(t) − Hxi(t)| ·

n∑

j=1

w2
nj(x, hn) > ε




≤ P

(
‖K‖2

2 max
1≤i≤n

sup
0≤t≤T

|Hxig(t) − Hxi(t)| > ε

)

≤
n∑

i=1

P

(
sup

0≤t≤T
|Hxig(t) − Hxi(t)| >

ε

‖K‖2
2

)
.

In the same way, we find

P


(nhn) max

1≤i≤n
|pxigk − pxik| ·

n∑

j=1

w2
nj(x, hn) > ε




≤
n∑

i=1

P

(
|pxigk − pxik| >

ε

‖K‖2
2

)
.

By Lemma A3 in Van Keilegom and Veraverbeke (1997b) and Lemma 2.1, we

get the results.

Theorem 4.2. Assume (A1), (A2’), (A3), (A4) in [0, T ] with T < THx ,

hn = Cn−1/5 for some C > 0, gn → 0,
ng5

n

log n
→+∞,

ng5
n

log n
· hn

gn
= O(1). Then,

for T < THx , as n→∞,

(nhn)1/2(F̂ ∗
xhg(·) − F̂xg(·))→ W̃x(·) in l∞[0, T ] almost surely

where W̃x(·) is a Gaussian process with covariance function given by (2.10)

and mean function given by (2.11).

Proof. By the asymptotic representation of Theorem 4.1, we can write

(nhn)1/2(F̂ ∗
xgh(t) − F̂xg(t)) = W ∗

hg(t|x) + (nhn)1/2(b∗n(t|x) − bn(t|x))

+ ((nhn)1/2bn(t|x) − βx(t)) + βx(t) + Rn(x, t)

where W ∗
hg(t|x) = (nhn)1/2

n∑

i=1

wni(x, hn) [gtx(Z∗
i , δ∗i ) − E∗gtx(Z∗

i , δ∗i )] and βx(t)

is defined as in (2.11).

In the proof of Theorem 2.3., we already found that sup
0≤t≤T

|(nhn)1/2bn(t|x) −

βx(t)| = o(1) a.s.. So taking Lemma 4.3 into account, we only need to prove
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that W ∗
hg(·|x) converges weakly to a Gaussian process Wx(·) with mean zero

and covariance function given by (2.10) in l∞[0, T ], almost surely. This is

done in two steps. First we will show convergence of the finite dimensional

distributions and afterwards we will prove tightness.

More in detail, this means that we first show that (W ∗
hg(t1|x), . . . , W ∗

hg(tq|x))
D→ N(0, σtjtk) a.s. for any q = 1, 2, . . . and any 0 ≤ t1 ≤ . . . ≤ tq ≤ T . This is

done by verifying that the following two conditions of Araujo and Giné (1980)

hold almost surely for the summands

Wnik = (nhn)1/2wni(x, hn) [gtkx(Z∗
i , δ∗i ) − E∗gtkx(Z∗

i , δ∗i )] :

lim
n→∞

n∑

i=1

E∗(WnijWnik) = σtjtk a.s. (1 ≤ j, k ≤ q) (4.4)

lim
n→∞

n∑

i=1

∫

{|Wni|>ε}

|Wni|2dP ∗ = 0 a.s. (4.5)

for every ε > 0, where |Wni|2 =
q∑

k=1
W 2

nik.

For (4.4) we have:

n∑

i=1

E∗(WnijWnik) = nhn

n∑

i=1

w2
ni(x, hn)Cov∗(gtjx(Z∗

i , δ∗i ), gtkx(Z∗
i , δ∗i )) (4.6)

The right hand side of this expression can be calculated as in (2.18). We get

the same result, but with Hxi , H0,1
xi

, pxik replaced by Hxig, H0,1
xig, pxikg. With

this and Lemma 4.4, we can write (4.6) as:

n∑

i=1

E∗(WnijWnik) = σtjtk + o(1) a.s. (1 ≤ j, k ≤ q).

For (4.5) we first note that the functions gtkx(Z∗
i , δ∗i ) − E∗gtkx(Z∗

i , δ∗i ) are

bounded uniformly on [0, T ], so that max
1≤i≤n

|Wni| = OP ∗((nhn)−1/2) a.s.,

n∑
i=1

|Wni|2 = OP ∗(1) a.s. and hence

n∑

i=1

∫

{|Wni|>ε}

|Wni|2dP ∗ ≤
∫

{ max
1≤i≤n

|Wni|>ε}

n∑

i=1

|Wni|2dP ∗

≤ OP ∗(1)P ∗( max
1≤i≤n

|Wni| > ε) = oP ∗(1) a.s.



72 Chapter 4

This proves the convergence of the finite dimensional distributions.

To prove tightness, we will check the conditions of Theorem 2.11.9 in van der

Vaart and Wellner (1996) (the bracketing central limit theorem). Let us first

denote Wni(t) = (nhn)1/2wni(x, hn)gtx(Z∗
i , δ∗i ) and F = [0, T ]. On F we define

the metric ρ(t, t′) as

ρ(t, t′) = max
{
|H0,1

x (t) − H0,1
x (t′)|, |Fx(t) − Fx(t′)|

}
.

Before we can verify the conditions of Theorem 2.11.9, we need to divide F
for every n and ε, conditional on the original observations Z1, . . . , Zn, in a

partition of subintervals {F∗n
εj } such that

n∑

i=1

E∗ sup
t,t′∈F∗n

εj

|Wni(t) − Wni(t
′)|2 ≤ ε2 a.s. (4.7)

The smallest number of subintervals in this partition such that (4.7) holds, is

called the bracketing number N∗
[ ](ε,F , Ln

2 ).

Conditional on the original observations, we will consider the following par-

tition {F∗n
εj } for F = [0, T ]. Take within this interval a sequence of time

points 0 = t0 < t1 < . . . < tm = T such that {Z1, . . . , Zn} ⊂ {t0, . . . , tm} and

ρ(t, t′) ≤ C · ε for every t, t′ ∈ [tj−1, tj ], j = 1, . . . , m, where C is the following

constant

C =

[
3‖K‖2

2γ
2
x

{
1

(1 − Hx(T ))4

+

(
2

(1 − Hx(T ))2
+

| − 1 − log(1 − Fx(T ))|
p2

x1

)2
}]−1/2

.

We now define the partition,

F∗n
εj =

{
[tj−1, tj [ if tj−1 6∈ {Z1, . . . , Zn}
]tj−1, tj [ if tj−1 ∈ {Z1, . . . , Zn}

j = 1, . . . , m − 1

F∗n
εm =

{
[tm−1, tm] if tm−1 6∈ {Z1, . . . , Zn}
]tm−1, tm] if tm−1 ∈ {Z1, . . . , Zn}

F∗n
ε,m+i = {Zi}, i = 1, . . . , n.
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We first prove that (4.7) holds for this partition. In this way the bracketing

number is N∗
[ ](ε,F , Ln

2 ) = O

(
1

ε

)
+ n.

Some easy calculation shows that

|Wni(t) − Wni(t
′)| = (nhn)1/2wni(x, hn)|gtx(Z∗

i , δ∗i ) − gt′x(Z∗
i , δ∗i )|

≤ (nhn)1/2wni(x, hn)γx

{ |I(Z∗
i ≤ t, δ∗i 6= −1) − I(Z∗

i ≤ t′, δ∗i 6= −1)|
1 − Hx(T )

+

(
2

(1 − Hx(T ))2
+

| − 1 − log(1 − Fx(T ))|
p2

x1

)
|Fx(t) − Fx(t′)|

+
|H0,1

x (t) − H0,1
x (t′)|

(1 − Hx(T ))2

}

and by the inequality of Cauchy-Schwarz, we get

|Wni(t) − Wni(t
′)|2

≤ 3(nhn)w2
ni(x, hn)γ2

x

{
|I(Z∗

i ≤ t, δ∗i 6= −1) − I(Z∗
i ≤ t′, δ∗i 6= −1)|2

(1 − Hx(T ))2

+

(
2

(1 − Hx(T ))2
+

| − 1 − log(1 − Fx(T ))|
p2

x1

)2

|Fx(t) − Fx(t′)|2

+
|H0,1

x (t) − H0,1
x (t′)|2

(1 − Hx(T ))4

}
.

Let us note that

|I(Z∗
i ≤ t, δ∗i 6= −1) − I(Z∗

i ≤ t′, δ∗i 6= −1)|2

=

{
1 t ∧ t′ ≤ Z∗

i ≤ t ∨ t′, δ∗i 6= −1

0 otherwise

and hence

sup
t,t′∈F∗n

εj

|I(Z∗
i ≤ t, δ∗i 6= −1) − I(Z∗

i ≤ t′, δ∗i 6= −1)|2

=

{
1 Z∗

i ∈ F∗n
εj \ {left endpoint}

0 otherwise
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and

E∗ sup
t,t′∈F∗n

εj

|I(Z∗
i ≤ t, δ∗i 6= −1) − I(Z∗

i ≤ t′, δ∗i 6= −1)|2

= H0,1
xig(right endpoint of F∗n

εj ) − H0,1
xig(left endpoint of F∗n

εj )

= 0.

Indeed, this is trivial if F∗n
εj = {Zi} and in the other cases it follows from the

construction of the partition since the intervals do not contain the original

observations Z1, . . . , Zn.

Hence,

n∑

i=1

E∗ sup
t,t′∈Fn

εj

|Wni(t) − Wni(t
′)|2 ≤ 3(nhn)

n∑

i=1

w2
ni(x, hn)γ2

x ×
{

1

(1 − Hx(T ))4
+

(
2

(1 − Hx(T ))2
+

| − 1 − log(1 − Fx(T ))|
p2

x1

)2
}

C2ε2

≤ 3‖K‖2
2γ

2
x

{
1

(1 − Hx(T ))4

+

(
2

(1 − Hx(T ))2
+

| − 1 − log(1 − Fx(T ))|
p2

x1

)2
}

C2ε2

which is ε2 by our choice of C. At this point we can now verify the third

condition of the bracketing central limit theorem. We have that, for D a

constant,

δn∫

0

√
log N∗

[ ](ε,F , Ln
2 )dε ≤

δn∫

0

√
log

(
D

ε
+ n

)
dε =

δn∫

0

√
log(D/ε+n)∫

0

dvdε.

By Fubini’s theorem, this is equal to
+∞∫
0

fn(v)dv where

fn(v) =





δn, v ≤
√

log (D/δn + n)

D

ev2
−n

, v >
√

log (D/δn + n)

.

Since fn converges uniformly to zero, we also get pointwise convergence of fn

and furthermore we can find an uniform bound for the sequence {fn}. By the
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bounded convergence theorem (see e.g. Foran (1991)), we find that, for δn ↓ 0,

δn∫

0

√
log N∗

[ ](ε,F , Ln
2 )dε ≤

+∞∫

0

fn(v)dv → 0.

The inequalities above also give
n∑

i=1

E∗(Wni(t) − Wni(t
′))2

≤ 3‖K‖2
2γ

2
x




|H0,1

x (t) − H0,1
x (t′)|2

(1 − Hx(T ))4
+

max
1≤i≤n

|H0,1
xig(t) − H0,1

xig(t
′)|

(1 − Hx(T ))2

+

(
2

(1 − Hx(T ))2
+

| − 1 − log(1 − Fx(T ))|
p2

x1

)2

|Fx(t) − Fx(t′)|2
}

so that sup
ρ(t,t′)<δn

n∑
i=1

E∗(Wni(t) − Wni(t
′))2 → 0 a.s. for every δn ↓ 0. This is

the second condition of the bracketing central limit theorem. Also the first

condition is satisfied since for all η > 0,

sup
0≤t≤T

|Wni(t)| ≤
‖K‖∞M

(nhn)1/2
< η

for all n sufficiently large. Here M is the uniform upper bound for gtx(Zi, δi).

So by the bracketing central limit theorem, we have that the process W ∗
hg(·|x) is

asymptotically tight. Together with the convergence of the finite dimensional

distributions, this concludes our proof.

4.4 Applications

In this section we will discus two applications of the weak convergence result

obtained in Theorem 4.2: the validity of the bootstrap procedure and the

construction of confidence bands for Fx(·).

4.4.1 Consistency of the bootstrap approximation

Since W̃x(·) in Theorem 4.2 is also the limiting Gaussian process of the process

(nhn)1/2(F̂xh(·) − Fx(·)) (see Theorem 2.3), we conclude that
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P ∗((nhn)1/2(F̂ ∗
xgh(t) − F̂xg(t)) ≤ y) is a strongly consistent estimator for

P ((nhn)1/2(F̂xh(t) − Fx(t)) ≤ y). The bootstrap approximation is an alter-

native for the normal approximation derived in Chapter 2. In Section 4.5 we

will compare both approximations in a simulated example.

Theorem 4.3. Assume (A1), (A2’), (A3), (A4) in [0, T ] with T < THx ,

hn = Cn−1/5 for some C > 0, gn → 0,
ng5

n

log n
→+∞,

ng5
n

log n
· hn

gn
= O(1). Then,

for t ≤ T , as n→∞,

sup
y∈IR

∣∣∣P ∗((nhn)1/2(F̂ ∗
xgh(t) − F̂xg(t)) ≤ y) − P ((nhn)1/2(F̂xh(t) − Fx(t)) ≤ y)

∣∣∣

= o(1) a.s.

4.4.2 Confidence bands for the conditional distribution

The construction of confidence bands has been studied in many papers. Hall

and Wellner (1980) constructed a confidence band for the survival function in

the case of censored data based on the weak convergence of the Kaplan-Meier

process. Akritas (1986) used a bootstrap procedure to obtain a confidence

band for this situation. Van Keilegom and Veraverbeke (1997a) extended

the latter method to find a confidence band for the conditional Kaplan-Meier

estimator in a fixed design regression model. In this section we will follow this

approach very closely to obtain a confidence band for the conditional estimator

F̂xh(·) in the partially informative censoring model.

Theorem 4.4. Assume (A1), (A2’), (A3), (A4) in [0, T ] with T < THx , hn =

Cn−1/5 for some C > 0, gn → 0,
ng5

n

log n
→+∞,

ng5
n

log n
· hn

gn
= O(1). Let Cxh(t) =

‖K‖2
2

t∫
0
(1−Hxh(s))−2dH0,1

xh (s), Dxh(t) = (nhn)−1/2γxh(1− F̂xh(t))(1+Cxh(t))

and for each 0 < α < 1 and for the given sample, let cαgh be such that, as

n → ∞,

P ∗

(
sup

0≤t≤T
{|F̂ ∗

xgh(t) − F̂xg(t)|D−1
xh (t)} ≤ cαgh

)
→ 1 − α a.s.

Then, as n→∞,

P (F̂xh(t)−cαghDxh(t) ≤ Fx(t) ≤ F̂xh(t)+cαghDxh(t) for all 0 ≤ t ≤ T ) → 1−α.
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Proof. We note that the Gaussian process W̃x(·) is equal in law to γxB1(Kx(t))

(1 − Fx(t))(1 + Cx(t)) + γxB2(K̃x)(1 − Fx(t)) log(1 − Fx(t))(1 + C̃x) + βx(t)

where {B1(s); 0 ≤ s ≤ 1} and {B2(s); 0 ≤ s ≤ 1} are independent Brownian

bridges with Cx(t), Kx(t) (0 ≤ t ≤ T ), C̃x, K̃x given by

Cx(t) = ‖K‖2
2

t∫

0

dH0,1
x (s)

(1 − Hx(s))2
, Kx(t) =

Cx(t)

1 + Cx(t)
(4.8)

C̃x = ‖K‖2
2

px0(px0 + px1)

p3
x1

, K̃x =
C̃x

1 + C̃x

(4.9)

and where βx(t) is as in (2.11). From Theorem 4.2, it follows that

(nhn)1/2(F̂ ∗
xgh(·) − F̂xg(·))γ−1

xh (1 − Fx(·))−1(1 + Cx(·))−1

→ Zx(·) + b′x(·) in l∞[0, T ] a.s.,

where

Zx(t) = B1(Kx(t)) + B2(K̃x) log(1 − Fx(t))(1 + C̃x)(1 + Cx(t))−1

and

b′x(t) =
1

2
µK

2 (1 + Cx(t))−1





t∫

0

[
Ḧx(s)dH0,1

x (s)

(1 − Hx(s))2
+

dḦ0,1
x (s)

1 − Hx(s)

]

− 1

p2
x1

log(1 − Fx(t))[px0p̈x1 − px1p̈x0]

}
C5/2. (4.10)

From Lemma 2.2 and Theorem 2.1 together with Lemma A.2 of Van Keilegom

and Veraverbeke (1997b) and Slutsky’s Theorem, we get that

(F̂ ∗
xgh(·) − F̂xg(·))D−1

xh (·) → Zx(·) + b′x(·) in l∞[0, T ] a.s.

Analogously, from Theorem 2.3, we find

(F̂xh(·) − Fx(·))D−1
xh (·) → Zx(·) + b′x(t) in l∞[0, T ].

Let

ηx(c) = P

(
sup

0≤t≤T
|Zx(t) + b′x(t)| ≤ c

)

ηxh(c) = P

(
sup

0≤t≤T
{|F̂xh(t) − Fx(t)|D−1

xh (t)} ≤ c

)

η∗xgh(c) = P ∗

(
sup

0≤t≤T
{|F̂ ∗

xgh(t) − F̂xg(t)|D−1
xh (t)} ≤ c

)
.
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Since sup0≤t≤T |·| is a continuous functional, we have that as n → ∞, ηxh(c) →
ηx(c) and η∗xgh(c) → ηx(c) a.s. for all c. By Lemma 4.5 below, we have that

ηx(·) is a continuous function, and hence, supc≥0 |ηxh(c) − ηx(c)| → 0 and

supc≥0 |η∗xgh(c)−ηx(c)| → 0 a.s. by Pólya’s Theorem (see e.g. Serfling (1980)).

In particular we see that η∗xgh(cαgh) − ηx(cαgh) → 0 a.s. From the definition

of cαgh we have that η∗xgh(cαgh) → 1 − α a.s. and hence ηx(cαgh) → 1 − α a.s.

Since now also ηxh(cαgh) − ηx(cαgh) → 0, we get that ηxh(cαgh) → 1 − α a.s.

This finishes the proof.

Lemma 4.5. Let {B1(s); 0 ≤ s ≤ T} and {B2(s); 0 ≤ s ≤ T} be independent

Brownian bridges. Let Cx(t), Kx(t) (0 ≤ t ≤ T ), C̃x, K̃x be as in (4.8) and

(4.9) and let b′x(t) be as in (4.10). Then,

sup
0≤t≤T

|B1(Kx(t)) + B2(K̃x) log(1 − Fx(t))(1 + C̃x)(1 + Cx(t))−1 + b′x(t)|

has a continuous distribution.

The proof of this lemma will not be given here because it has the same struc-

ture as that of Lemma A4 in Van Keilegom and Veraverbeke (1997a) if we

take Yx(t) = B1(Kx(t)) + B2(K̃x) log(1− Fx(t))(1 + C̃x)(1 + Cx(t))−1 + b′x(t).

4.5 Simulated example

The finite sample performance of the normal approximation derived in Chapter

2 and the bootstrap approximation of the distribution of (nhn)1/2(F̂xh(t) −
Fx(t)) will now be compared through some simulations. Let us take fixed and

equidistant design points xi = i/n (i = 1, . . . , n). We assume that the survival

times Yi (i = 1, . . . , n) are independent random variables and that

Yi ∼ Weibull(a1 + a2xi, b),

i.e. Fxi(t) = 1 − exp(−(a1 + a2xi)t
b), (t ≥ 0) for some constants a1, a2 and b

such that a1 > 0 ∧ (−a2) and b > 0. Similarly the non-informative censoring

times Di (i = 1, . . . , n) are independent and for each i, Di ∼ Weibull(c1 +

c2xi, b) for some c1 > 0 ∧ (−c2). Furthermore we assume that βxi = exp(a3 +

a4xi) (i = 1, . . . , n). By relation (1.8), this gives informative censoring times
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Ci (i = 1, . . . , n) with for each i, Ci ∼ Weibull((a1 + a2xi) exp(a3 + a4xi), b).

We also assume that Ci (i = 1, . . . , n) are independent and that for each i, the

survival time Yi, the informative censoring time Ci and the non-informative

censoring time Di are independent.

It is now easily verified that the probabilities of uncensored, informatively

censored and non-informatively censored observations in the data set are given

by the following expressions

px1 =
a1 + a2x

(a1 + a2x) exp(a3 + a4x) + c1 + c2x
,

px0 =
(a1 + a2x) exp(a3 + a4x)

(a1 + a2x) exp(a3 + a4x) + c1 + c2x
,

px,−1 =
c1 + c2x

(a1 + a2x) exp(a3 + a4x) + c1 + c2x
.

We study two different combinations of the parameters a1, a2, a3, a4, c1, c2.

Figures 4.1(a) and 4.2(a) show how the probabilities uncensored, informatively

censored and non-informatively censored observations change for the value

of the covariate x. On Figure 4.1, we choose the parameters such that the

probability of the informatively censored observations is always smaller than

the probability of the uncensored observations. In the partially informative

censoring model, it is also important to know how the estimates behave when

the amount of informatively censored observations in the data set is larger

than the amount of uncensored observations. The choices of parameters in

Figure 4.2 is specially designed to obtain such a situation.

We carried out the simulations for samples of size n = 50, for a biquadratic

kernel function K(x) = (15/16)(1 − x2)2I(|x| ≤ 1) and for x = 0.5 and t =

0.5. The normal approximation and the true distribution were obtained using

10 000 samples. For the bootstrap approximation 20 samples were taken and

for each sample, 3000 resamples were drawn.

For the bandwidth hn we take an optimal choice hn,opt = Cn−1/5 with C = 1.

We do not have such an optimal choice for the pilot bandwidth gn. The only

assumption we made for gn, was that it is asymptotically larger than hn. In

this situation we take gn = 0.5 since we have only observations in a window

of width 0.5 around x = 0.5. By taking the constant C = 1, we force the
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.

Figure 4.1 : (a) Proportion of uncensored, informatively censored and non-informatively

censored observations for a1 = 1, a2 = 0.5, a3 = −0.5, a4 = 0.5, c1 = 0.6, c2 = 2. (b)-(d)

Normal approximation (small dashed curve) and bootstrap approximation (dashed curve)

of P ((nhn)1/2(F̂xh(t) − Fx(t)) ≤ y) (solid curve) for a1 = 1, a2 = 0.5, a3 = −0.5, a4 =

0.5, c1 = 0.6, c2 = 2, x = 0.5, t = 0.5.
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.

Figure 4.2 : (a) Proportion of uncensored, informatively censored and non-informatively

censored observations for a1 = 1, a2 = 2, a3 = 0.5, a4 = 0.5, c1 = 1, c2 = 1. (b)-(d)

Normal approximation (small dashed curve) and bootstrap approximation (dashed curve) of

P ((nhn)1/2(F̂xh(t) − Fx(t)) ≤ y) (solid curve) for a1 = 1, a2 = 2, a3 = 0.5, a4 = 0.5, c1 =

1, c2 = 1, x = 0.5, t = 0.5.
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bandwidth hn to be smaller than the bandwidth gn.

Figure 4.1(b)-(d) and Figure 4.2(c)-(d) show that both the normal and the

bootstrap approximation are very close to the true distribution. We note that

in both cases the total percentage of censoring is quite large. In Figure 4.2(b)

we see that the quality of the normal and the bootstrap approximation is not

good. The true distribution of (nhn)1/2(F̂xh(t)−Fx(t)) makes a vertical jump

at (nhn)1/2(1 − 0.63) ≈ 1.77. This follows from the fact that all the samples

causing this jump, are overestimating the true function F0.5(0.5)(≈ 0.63) by

F̂0.5,h(0.5) = 1. Since a probability cannot be larger than 1, there aren’t

any samples with a difference F̂xh(t) − Fx(t) larger than 1 − 0.63 = 0.37. If

we look more closely to these generated samples, we note that the largest

observed time in such a sample is smaller than 0.5. The estimate at t = 0.5

can therefore be seen as a sort of ’extrapolation’ because the t lies outside the

range of the sample. Whether this jump appears in the picture will depend on

the underlying true distribution function. In this figure it particularly turned

up because Figure 4.2(b) is an exponential distribution with choices for the

parameters such that a sample with small observed times has a high probability

of being generated. In Figure 4.2(c)-(d) for the Weibull distribution with scale

parameter b = 2 or 3, we will also see a vertical jump when we let t increase.

4.6 Real data example on bone marrow transplan-

tation

In this section we illustrate the use of the proposed bootstrap procedure on

the Bone marrow transplantation data set given in Klein and Moeschberger

(1997). This data set was introduced by Copelan et al. (1991) and describes a

multicenter trial in which the 137 patients with acute leukemia were followed

after their leukemia was treated with a bone marrow transplantation. More

information about this data set can be found in Section 1.1.

We investigate in this example how the distribution function of the disease

free survival time is influenced by the age of the patient at transplantation.

In this data set we note that the disease free survival time is censored by the
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n = 137 ⇒ hn = 29.2294

Age 15 years 40 years

Kolmogorov 0.552041 0.634434

p-value 0.920752 0.815681

Cramér-von Mises 0.075696 0.085037

p-value 0.721260 0.663460

Anderson-Darling 0.486644 0.668826

p-value 0.746830 0.575770

Table 4.1 : The goodness-of-fit statistics together with the p-values for the Bone marrow

transplantation data set.

time until death and the time until the end of the study. We will treat in this

analysis the time until death as informative censoring time while the time until

the end of the study is taken as non-informative censoring time. The intuition

for this coding, is that we believe that the conditional survival function of the

time until death has the same form as the conditional survival function of the

disease free survival time up to some power. For the time until the end of the

study, we believe that the conditional survival function has a different form.

Before we estimate the conditional distribution of the disease free survival

time, we need to verify whether the partial Koziol-Green model is valid for

this data set. We will work in the same manner as in the real data analysis

of Section 3.4 and calculate the goodness-of-fit statistics derived in Chapter

3. As we did in this previous example, we assume that the covariate age at

transplantation has the design interval [0, 100]. We are interested here in the

covariate values age equal to 15 years and age equal to 40 years. The age equal

to 15 years is selected to show the behaviour of disease free survival time in

adolescents, whose bodies are still growing and developing. In contrary the age

equal to 40 years represents people who are fully grown and even start to age.

For the practical calculations, we use again the Gasser-Müller weights with

bisquare kernel K(z) = 15
16(1 − z2)2I(|z| ≤ 1) and bandwidth hn = 100n−1/4

which is equal to hn = 29.2294. In Table 4.1 we give the values for the different

goodness-of-fit statistics together with their p-values. The p-values for the

Cramér - von Mises and the Anderson - Darling statistics are taken from the
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Figure 4.3 : In each of the four pictures, the solid line is the partial Koziol-Green estimator.

The long dashed lines are the limiting curves of the 90% confidence band for this estimator.

tables in Martynov (1978) while for the Kolmogorov statistic we calculated the

p-value from the exact limiting distribution. We note that we cannot reject the

null hypothesis of the partial Koziol-Green model at significance level 5% for

each age separately. Using a Bonferroni argument, we also find that the null

hypothesis cannot be reject at 5% level for both ages jointly. This means that

the partial Koziol-Green model is valid for this data set and this conclusion

holds for both choices of the covariate age jointly.

In Figure 4.3, we show four situations in which we estimate the conditional

distribution Fx(t) by the partial Koziol-Green estimator F̂xh(t). In column 1

of the pictures, we take the covariate age equal to 15 years and in the second

column, we take age equal to 40 years. The rows in Figure 4.3 come from two

different choices of the bandwidth hn, hn = 20 and hn = 40. By comparing

the results of each bandwidth, we want to investigate whether the choice of the

bandwidth has an influence on the result. For each of these situations, we con-

struct an asymptotically 90% confidence band for the conditional distribution
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function Fx(t), using Theorem 4.4. We note that this theorem also remains

valid for a covariate space [0, 100] as we have here. By the bootstrap procedure

described in this chapter, we establish each time the critical point for the con-

fidence band. We take 3000 resamples for which we calculate the bootstrap

distribution function F̂ ∗
xgh(t) and sup0≤t≤T {|F̂ ∗

xgh(t) − F̂xg(t)|D−1
xh (t)}. The

critical point is given by the empirical 90% quantile. The pilot bandwidth

gn that we use in each of the four pictures, is twice the bandwidth hn. In

this way the pilot bandwidth is larger than the bandwidth used in the partial

Koziol-Green estimator. To verify whether these bandwidths also satisfy the

asymptotic conditions needed in Theorem 4.4 is very hard to establish in this

real data example. We will not go further into the area of bandwidth selection.

In Figure 4.3, we see that in each of the four plots the confidence band is rather

wide. Comparing both covariate values we note that for each bandwidth choice

the confidence band is narrower for age equal 15 than for age equal 40. For

bandwidth hn = 20 this difference in width is more clear than for bandwidth

hn = 40. For the large bandwidth hn = 40 the partial Koziol-Green estimate is

practically the same for both ages as could be expected because this bandwidth

determines a large window around the covariate value. When we only look at

the age equal to 15 years we note that the confidence band is more narrow for

bandwidth hn = 20 than for bandwidth hn = 40. We get an opposite result

for age equal to 40 years. A possible explanation for these results can be found

in Figure 1.2 where we see that a large part of patients in this data set had at

their transplantation an age that was between 15 and 35 years. For a small

bandwidth hn = 20 we note that the majority of these observations have a

larger influence on the partial Koziol-Green estimate at age equal to 15 than

on the estimate at age equal to 40. This also explains why the confidence

band at age equal to 15 is more narrow than at age equal to 40. For a large

bandwidth hn = 40 this influence is almost equal at both ages and will give

almost equal partial Koziol-Green estimates and confidence bands.
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Chapter 5

A copula-graphic estimator

for the conditional survival

function under dependent

censoring

In Chapters 2 until 4, we considered a non-parametric regression model for

partially informative censored data. This was an extension of the censored

regression model of Van Keilegom and Veraverbeke (1996, 1997a and 1997b)

as given in Section 1.3. In this chapter we will investigate an alternative exten-

sion of this model in the case of dependent censored data. A non-parametric

estimator for the conditional distribution function Fx(t) has been derived in

this extended model by Braekers and Veraverbeke (2003b) and is given in Sec-

tion 1.5. It is a generalization of the copula-graphic estimator of Rivest and

Wells (2001) to the fixed design regression case. The dependence structure be-

tween the lifetime and the censoring variable is described by a known copula

function which is allowed to depend on the covariate. Zheng and Klein (1995)

studied an estimator (which they called copula-graphic estimator) in the case

without covariate information. They showed that, if the copula function is

known, then the marginal distributions of the lifetime and the censoring time

are uniquely determined. Rivest and Wells (2001) derived an explicit form for

87
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this estimator if the copula is Archimedean.

This chapter is organized as follows. After specifying some assumptions in Sec-

tion 5.1, we derive for the conditional copula-graphic estimator Fxh in (1.18)

an asymptotic representation in Section 5.2 and prove weak convergence to a

Gaussian limit in Section 5.3. An illustration of the estimation method on a

real data set of survival in Atlantic halibut is given in Section 5.4. Here we ap-

ply our estimator for different choices of the generator ϕx of the Archimedean

copula. In Section 5.5 we perform a sensitivity analysis and give some re-

sults on the bias of the copula-graphic estimator when the copula function

is misspecified. In Section 5.6 we combine the ideas of Sections 1.4 and 1.5

and propose a non-parametric estimator for the conditional distribution func-

tion Fx(t) in a fixed design regression model under partially informative and

dependent censored data.

5.1 Regularity conditions

Next to the notation and definitions that were already introduced in Sec-

tion 1.5, we have to make some extra assumptions, under which our results

will be valid.

We assume that for the design points x1, . . . , xn and the kernel K, the condi-

tions (A1) and (A2) hold as given in Section 2.1. The definitions for ||K||∞,

||K||22, µK
1 and µK

2 given there, will also be used in this chapter. This implies

that for cn(x, hn) defined in (1.5), we again have that cn(x, hn) = 1 for n suf-

ficiently large and that we can take cn(x, hn) = 1 in all proofs of asymptotic

results.

We note that the right endpoint of the support of Hx satisfies THx ≤ min(TFx ,

TGx) where we attain the equality in case ϕx(0) = +∞. For ϕx(0) < +∞, it

depends on the function ϕx whether or not we have an equality.

To obtain our results, we need some smoothness conditions on the functions

Hx(t) = P (Zx ≤ t) and Hu
x (t) = P (Zx ≤ t, δx = 1). For a fixed T > 0,
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(A3’) Ḣx(t) = ∂
∂xHx(t) and Ḣu

x (t) = ∂
∂xHu

x (t) exist and are continuous

in (x, t) ∈ [0, 1] × [0, T ]

(A4’) H ′
x(t) = ∂

∂tHx(t) and Hu
x
′(t) = ∂

∂tH
u
x (t) exist and are continuous

in (x, t) ∈ [0, 1] × [0, T ]

(A5’) Ḧx(t) = ∂2

∂x2 Hx(t) and Ḧu
x (t) = ∂2

∂x2 Hu
x (t) exist and are continuous

in (x, t) ∈ [0, 1] × [0, T ]

(A6’) H ′′
x(t) = ∂2

∂t2
Hx(t) and Hu

x
′′(t) = ∂2

∂t2
Hu

x (t) exist and are continuous

in (x, t) ∈ [0, 1] × [0, T ]

(A7’) Ḣ ′
x(t) = ∂2

∂x∂tHx(t) and Ḣu
x
′(t) = ∂2

∂x∂tH
u
x (t) exist and are continuous

in (x, t) ∈ [0, 1] × [0, T ]

The known generator ϕx(v) of the Archimedean copula needs to satisfy the

following properties.

(A8’) ϕ′
x(v) = ∂

∂vϕx(v) and ϕ′′
x(v) = ∂2

∂v2 ϕx(v) are Lipschitz in the x-direction

with a bounded Lipschitz constant, and ϕ′′′
x (v) = ∂3

∂v3 ϕx(v) ≤ 0 exists

and is continuous in (x, v) ∈ [0, 1]×]0, 1].

These assumptions and the fact that ϕx is a generator for an Archimedean

copula give that ϕ′
x(v) is monotone increasing with ϕ′

x(v) < 0 and ϕ′′
x(v) is

monotone decreasing with ϕ′′
x(v) ≥ 0.

5.2 Almost sure asymptotic representation

Before we derive an asymptotic representation for Fxh(t) in (1.18), we give

a lemma for the survival function Fx. Note that we will make frequent use

of several results of Van Keilegom and Veraverbeke (1997b) in the proofs of

the asymptotic results in this section and in Section 5.3. Results based on

observable quantities like Hx(t) and Hu
x (t) will be taken over from their work,

since they do not depend on the underlying dependence structure of the model.
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Lemma 5.1. If Hx(t) and Hu
x (t) satisfy (A4’) in [0, 1] × [0, T ] with T < THx

and ϕ′
x(v) exists in [0, 1]×]0, 1], then under (1.16),

F̄x(t) = ϕ−1
x


−

t∫

0

ϕ′
x(H̄x(s))dHu

x (s)


 .

Proof. Under (1.16) and with Tsiatis (1975), we get that

Hu
x
′(t) = − ∂

∂t1
Sx(t1, t2)

∣∣∣∣
t1=t2=t

=
ϕ′

x

(
F̄x(t)

)
F ′

x(t)

ϕ′
x

(
H̄x(t)

) ·

This leads to

ϕ−1
x


−

t∫

0

ϕ′
x(H̄x(s))dHu

x (s)


 = ϕ−1

x


−

F̄x(t)∫

1

ϕ′
x(w)dw


 = F̄x(t).

Theorem 5.1. Assume (A1), (A2), Hx(t) and Hu
x (t) satisfy (A5’), (A6’)

and (A7’) in [0, T ] with T < THx , ϕx satisfies (A8’), hn → 0,
log n

nhn
→ 0,

nh5
n

log n
= O(1). Then, under (1.16) as n → +∞,

Fxh(t) − Fx(t) =
n∑

i=1

wni(x, hn)gtx(Zi, δi) + Rn(t)

where

gtx(Zi, δi) =
−1

ϕ′
x(F̄x(t))




t∫

0

ϕ′′
x(H̄x(s))(I(Zi ≤ s) − Hx(s))dHu

x (s)

− ϕ′
x(H̄x(t))(I(Zi ≤ t, δi = 1) − Hu

x (t))

−
t∫

0

ϕ′′
x(H̄x(s))(I(Zi ≤ s, δi = 1) − Hu

x (s))dHx(s)




and sup
0≤t≤T

|Rn(t)| = O((nhn)−3/4(log n)3/4) a.s.

Proof. Based on Lemma 5.1, we can write for t < THxh
,

Fxh(t) − Fx(t) =
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−ϕ−1

x


−

∑

Zi≤t,δi=1

ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn))




+ ϕ−1
x


−

∑

Zi≤t,δi=1

ϕ′
x(H̄xh(Zi))wni(x, hn)






−

ϕ−1

x


−

t∫

0

ϕ′
x(H̄xh(s))dHu

xh(s)


− ϕ−1

x


−

t∫

0

ϕ′
x(H̄x(s))dHu

x (s)




 .

Applying a first order Taylor expansion on the first term and a second order

Taylor expansion on the second term, we get

Fxh(t) − Fx(t) =

−1

ϕ′
x

(
F̄x(t)

)


−

t∫

0

ϕ′
x(H̄xh(s))dHu

xh(s) +

t∫

0

ϕ′
x(H̄x(s))dHu

x (s)




+ Rn1(t) + Rn2(t)

where

Rn1(t) =
ϕ′′

x(ϕ−1
x (ε1))

2ϕ′
x(ϕ−1

x (ε1))3


−

t∫

0

ϕ′
x(H̄xh(s))dHu

xh(s) +

t∫

0

ϕ′
x(H̄x(s))dHu

x (s)




2

Rn2(t) =
−1

ϕ′
x(ϕ−1

x (ε2))


 ∑

Zi≤t,δi=1

ϕ′
x(H̄xh(Zi))wni(x, hn)

−
∑

Zi≤t,δi=1

(ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn)))




with ε1 between −
t∫

0

ϕ′
x(H̄xh(s))dHu

xh(s) and −
t∫

0

ϕ′
x(H̄x(s))dHu

x (s), and ε2

between −
∑

Zi≤t,δi=1

(ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn))) and

−
∑

Zi≤t,δi=1

ϕ′
x(H̄xh(Zi))wni(x, hn).

Furthermore, for t < THxh
:

−
t∫

0

ϕ′
x(H̄xh(s))dHu

xh(s) +

t∫

0

ϕ′
x(H̄x(s))dHu

x (s) =
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−
t∫

0

(ϕ′
x(H̄xh(s)) − ϕ′

x(H̄x(s)))dHu
x (s) −

t∫

0

ϕ′
x(H̄x(s))d(Hu

xh(s) − Hu
x (s))

−
t∫

0

(ϕ′
x(H̄xh(s)) − ϕ′

x(H̄x(s)))d(Hu
xh(s) − Hu

x (s)).

On the integrand of the first term, we use a second order Taylor expansion

and the second term can be rewritten by partial integration. So we get

−
t∫

0

ϕ′
x(H̄xh(s))dHu

xh(s) +

t∫

0

ϕ′
x(H̄x(s))dHu

x (s) =

t∫

0

ϕ′′
x(H̄x(s))(Hxh(s) − Hx(s))dHu

x (s) (5.1)

− ϕ′
x(H̄x(t))(Hu

xh(t) − Hu
x (t)) −

t∫

0

ϕ′′
x(H̄x(s))(Hu

xh(s) − Hu
x (s))dHx(s)

+ Rn3(t) + Rn4(t)

where

Rn3(t) = −
t∫

0

ϕ′′′
x (ε3(s))

2
(Hxh(s) − Hx(s))2dHu

x (s)

Rn4(t) = −
t∫

0

(ϕ′
x(H̄xh(s)) − ϕ′

x(H̄x(s)))d(Hu
xh(s) − Hu

x (s))

with ε3(s) between H̄xh(s) and H̄x(s).

Since Hx(T ) < 1 and Hxh(T ) → Hx(T ) a.s. (Lemma A.2. of Van Keilegom

and Veraverbeke (1997b)), we may suppose that T < THxh
. For Rn3(t) we

have

sup
0≤t≤T

|Rn3(t)| ≤ 1

2
sup

0≤t≤T
(Hxh(t) − Hx(t))2 ×

max

(
sup

0≤t≤T
|ϕ′′′

x (H̄xh(t))|, sup
0≤t≤T

|ϕ′′′
x (H̄x(t))|

)

= O((nhn)−1 log n) a.s.
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by applying Lemma A.4. of Van Keilegom and Veraverbeke (1997b). By

Lemma 5.2 below, sup
0≤t≤T

|Rn4(t)| = O((nhn)−3/4(log n)3/4) a.s.

From (5.1), Lemma A.4. of Van Keilegom and Veraverbeke (1997b) and the

bounds on Rn3(t) and Rn4(t), we get

sup
0≤t≤T

∣∣∣∣∣∣
−

t∫

0

ϕ′
x(H̄xh(s))dHu

xh(s) +

t∫

0

ϕ′
x(H̄x(s))dHu

x (s)

∣∣∣∣∣∣

= O((nhn)−1/2(log n)1/2) a.s.

This leads to sup
0≤t≤T

|Rn1(t)| = O((nhn)−1 log n) a.s. Furthermore in Lemma 5.3

below, we show that sup
0≤t≤T

|Rn2(t)| = O((nhn)−1) a.s. which finishes the proof

of this theorem.

We still have to prove the two lemmas used above.

Lemma 5.2. Under the conditions of Theorem 5.1, as n → +∞,

sup
0≤t≤T

∣∣∣∣∣∣
−

t∫

0

(ϕ′
x(H̄xh(s)) − ϕ′

x(H̄x(s)))d(Hu
xh(s) − Hu

x (s))

∣∣∣∣∣∣

= O((nhn)−3/4(log n)3/4) a.s.

Proof. Divide [0, T ] into kn = O((nhn)1/2(log n)−1/2) subintervals [ti, ti+1] of

length O((nhn)−1/2(log n)1/2). We can find, as in the proof of Lemma 2 of Lo

and Singh (1985), that

sup
0≤t≤T

∣∣∣∣∣∣
−

t∫

0

(ϕ′
x(H̄xh(s)) − ϕ′

x(H̄x(s)))d(Hu
xh(s) − Hu

x (s))

∣∣∣∣∣∣

≤ 2 max
1≤i≤kn

sup
ti≤y≤ti+1

|ϕ′
x(H̄xh(y)) − ϕ′

x(H̄x(y)) − ϕ′
x(H̄xh(ti)) + ϕ′

x(H̄x(ti))|

+ kn sup
0≤t≤T

|ϕ′
x(H̄xh(t)) − ϕ′

x(H̄x(t))| ×

max
1≤i≤kn

|Hu
xh(ti+1) − Hu

x (ti+1) − Hu
xh(ti) + Hu

x (ti)|

≤ 2 max
1≤i≤kn

sup
ti≤y≤ti+1

ϕ′′
x(H̄x(ti+1))|Hu

xh(y) − Hu
x (y) − Hu

xh(ti) + Hu
x (ti)|

+ kn sup
0≤t≤T

|ϕ′
x(H̄xh(t)) − ϕ′

x(H̄x(t))| ×
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max
1≤i≤kn

|Hu
xh(ti+1) − Hu

x (ti+1) − Hu
xh(ti) + Hu

x (ti)| + O((nhn)−1 log n).

In the last inequality we used a second order Taylor expansion and Lemma A.4.

of Van Keilegom and Veraverbeke (1997b). To estimate the first term we fur-

ther divide each interval [ti, ti+1] into an = O((nhn)1/4(log n)−1/4) subintervals

[tij , ti,j+1] of length O((nhn)−3/4(log n)3/4). By using Bernstein’s inequality,

we can show that this term is bounded a.s. by C max
1≤i≤kn

max
0≤j≤an−1

|Hxh(ti,j+1)−

Hx(ti,j+1) − Hxh(ti) + Hx(ti)| + O((nhn)−3/4(log n)3/4), for some constant

C > 0. Applying Lemma A.5 and Corollary A.1 of Van Keilegom and Ver-

averbeke (1997b) give that this term is O((nhn)−3/4(log n)3/4) a.s. The second

term is treated similarly and leads to the same order.

Lemma 5.3. Assume (A1), (A2), Hx(t) satisfies (A3’) in [0, T ] with T < THx ,

hn → 0,
log n

nhn
→ 0, ϕx satisfies (A8’). Then as n → +∞,

sup
0≤t≤T

∣∣∣∣∣∣
−

∑

Zi≤t,δi=1

(ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn)))

+
∑

Zi≤t,δi=1

ϕ′
x(H̄xh(Zi))wni(x, hn)

∣∣∣∣∣∣
= O((nhn)−1) a.s.

Proof. Because Hx(T ) < 1 and Hxh(T ) → Hx(T ) a.s. (Lemma A.2. Van

Keilegom and Veraverbeke (1997b)), we may suppose that T < THxh
. If t < T ,

then after applying a second order Taylor expansion, we get

−
∑

Zi≤t,δi=1

(ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn)))

+
∑

Zi≤t,δi=1

ϕ′
x(H̄xh(Zi))wni(x, hn) = −1

2

∑

Zi≤t,δi=1

ϕ′′
x(εi)w

2
ni(x, hn)

with εi between H̄xh(Zi) and H̄xh(Zi) + wni(x, hn).

Hence

sup
0≤t≤T

∣∣∣∣∣∣
−

∑

Zi≤t,δi=1

(ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn)))

+
∑

Zi≤t,δi=1

ϕ′
x(H̄xh(Zi))wni(x, hn))

∣∣∣∣∣∣
≤ 1

2
ϕ′′

x(H̄(T ))
n∑

i=1

w2
ni(x, hn)

= O((nhn)−1) a.s.
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5.3 Weak convergence

In this section, we show the weak convergence of the copula-graphic estimator

Fxh(t) in the space l∞[0, T ] of all bounded real functions on [0, T ], endowed

with the uniform topology. We have again that this is equivalent to weak

convergence in the space D[0, T ] of right continuous functions with left hand

limits, endowed with the Skorokhod topology.

Before we go to the main theorem, we give two lemmas about the asymptotic

bias and variance of this estimator.

Lemma 5.4. Assume (A1), (A2), Hx(t) and Hu
x (t) satisfy (A3’) and (A5’) in

[0, T ], hn → 0. Then, as n → +∞

sup
0≤t≤T

∣∣∣∣∣∣

n∑

i=1

wni(x, hn)Egtx(Zi, δi) +
µK

2 h2
n

2ϕ′
x(F̄x(t))




t∫

0

ϕ′′
x(H̄x(s))Ḧx(s)dHu

x (s)

−
t∫

0

ϕ′
x(H̄x(s))dḦu

x (s)



∣∣∣∣∣∣
= o(h2

n) + O(n−1).

Proof. For fixed t ≤ T ,

n∑

i=1

wni(x, hn)Egtx(Zi, δi) =

−1

ϕ′
x(F̄x(t))




t∫

0

ϕ′′
x(H̄x(s))(EHxh(s) − Hx(s))dHu

x (s)

−
t∫

0

ϕ′
x(H̄x(s))d(EHu

xh(s) − Hu
x (s))




By Lemma A.1.b of Van Keilegom and Veraverbeke (1997b), we get our result.

Lemma 5.5. Assume (A1), (A2), Hx(t) and Hu
x (t) satisfy (A3’) in [0, T ] with

T < THx and ϕx satisfies (A8’), hn → 0, nhn → +∞. Then, as n → +∞

sup
0≤t≤T

∣∣∣∣∣

n∑

i=1

w2
ni(x, hn)Cov(gtx(Zi, δi), gts(Zi, δi)) −

1

nhn
Γx(t, s)

∣∣∣∣∣ = o((nhn)−1)
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where

Γx(t, s) =
||K||22

ϕ′
x(F̄x(t))ϕ′

x(F̄x(s))





min(t,s)∫

0

ϕ′
x(H̄x(z))2dHu

x (z)

+

min(t,s)∫

0

(ϕ′′
x(H̄x(w))H̄x(w) + ϕ′

x(H̄x(w)))

w∫

0

ϕ′′
x(H̄x(y))dHu

x (y)dHu
x (w)

+

min(t,s)∫

0

ϕ′′
x(H̄x(w))

max(t,s)∫

w

(ϕ′′
x(H̄x(y))H̄x(y) + ϕ′

x(H̄x(y)))dHu
x (y)dHu

x (w)

−
t∫

0

(ϕ′′
x(H̄x(y))H̄x(y) + ϕ′

x(H̄x(y)))dHu
x (y) ×

s∫

0

(ϕ′′
x(H̄x(w))H̄x(w) + ϕ′

x(H̄x(w)))dHu
x (w)



 (5.2)

Proof. Some straightforward calculations show that

Cov(gtx(Zi, δi), gts(Zi, δi)) =
1

ϕ′
x(F̄x(t))ϕ′

x(F̄x(s))
×





min(t,s)∫

0

ϕ′
x(H̄x(z))2dHu

xi
(z) +

min(t,s)∫

0

w∫

0

ϕ′′
x(H̄x(y))dHu

x (y)×

[ϕ′′
x(H̄x(w))H̄xi(w)dHu

x (w) + ϕ′
x(H̄x(w))dHu

xi
(w)] +

min(t,s)∫

0

ϕ′′
x(H̄x(w)) ×

max(t,s)∫

w

[ϕ′′
x(H̄x(y))H̄xi(y)dHu

x (y) + ϕ′
x(H̄x(y))dHu

xi
(y)]dHu

x (w)

−
t∫

0

[ϕ′′
x(H̄x(y))H̄xi(y)dHu

x (y) + ϕ′
x(H̄x(y))dHu

xi
(y)] ×

s∫

0

[ϕ′′
x(H̄x(w))H̄xi(w)dHu

x (w) + ϕ′
x(H̄x(w))dHu

xi
(w)]





from which the result follows via standard calculations of asymptotic variances.
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Theorem 5.2. Assume (A1), (A2), Hx(t) and Hu
x (t) satisfy (A5’), (A6’),

(A7’) in [0, T ] with T < THx and ϕx satisfies (A8’).

(a) If nh5
n → 0 and

(log n)3

nhn
→ 0, then, under (1.16), as n → +∞,

(nhn)−1/2(Fxh(·) − Fx(·)) → W (·|x) in l∞[0, T ]

(b) If hn = Cn−1/5 for some C > 0, then, under (1.16), as n → +∞,

(nhn)−1/2(Fxh(·) − Fx(·)) → W̃ (·|x) in l∞[0, T ]

where W (·|x) and W̃ (·|x) are Gaussian processes with covariance function

given by (5.2) and for W̃ (·|x), mean function given by

btx =
−C5/2µK

2

2ϕ′
x(F̄x(t))

t∫

0

[ϕ′′
x(H̄x(s))Ḧx(s)dHu

x (s) − ϕ′
x(H̄x(s))dḦu

x (s)].

Remark. Note that when lifetime and censoring time are independent (ϕx(t) =

− log(t)), we obtain the well-known formulas for the asymptotic mean and

variance of the Beran estimator as in Van Keilegom and Veraverbeke (1997a).

Proof. From Theorem 5.1 and Lemma 5.4, we find

Fxh(t) − Fx(t) =
n∑

i=1

wni(x, hn)ξtx(Zi, δi) + h2
nb̄tx + R̄n(t)

where ξtx(Zi, δi) = gtx(Zi, δi) − Egtx(Zi, δi), sup
0≤t≤T

|R̄n(t)| =

O((nhn)−3/4(log n)3/4) + o(h2
n) a.s. and

b̄tx =
−µK

2

2ϕ′
x(F̄x(t))

t∫

0

[ϕ′′
x(H̄x(s))Ḧx(s)dHu

x (s) − ϕ′
x(H̄x(s))dḦu

x (s)].

The bias (nhn)1/2h2
nb̄tx is o(1) under conditions (a) and equals btx under con-

ditions (b). Hence it suffices to prove the weak convergence of Whx(·) =

(nhn)1/2
n∑

i=1
wni(x, hn)ξ·x(Zi, δi) to the Gaussian process W (·|x) with mean

zero and covariance function Γx(t, s).
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This will be done in two steps. First we show the convergence of the finite di-

mensional distributions. Next we verify the asymptotic tightness by Theorem

2.11.9 (bracketing central limit theorem) of van der Vaart and Wellner (1996).

By convergence of the finite dimensional distributions we mean that for any

q = 1, 2, . . . and any 0 ≤ t1 ≤ . . . ≤ tq ≤ T : (Whx(t1), Whx(t2), . . . , Whx(tq))
D→

N(0, Γx(ti, tj)). Since Whx(ti) =
n∑

k=1
Wnki with Wnki = (nhn)1/2wnk(x, hn) ×

ξtix(Zk, δk), it suffices to check that (see e.g. Araujo and Giné (1980)),

lim
n→+∞

n∑

k=1

E(WnkiWnkj) = Γx(ti, tj) (1 ≤ i, j ≤ q)

lim
n→+∞

n∑

k=1

∫

{|Wnk|>ε}
|Wnk|2dP = 0

for every ε > 0, where |Wnk|2 =
q∑

i=1
W 2

nki. By applying Lemma 5.5 we get that

n∑

k=1

E(WnkiWnkj) = (nhn)
n∑

k=1

w2
nk(x, hn)Cov(gtix(Zk, δk), gtjx(Zk, δk))

= Γx(ti, tj) + o(1).

Since the functions ξtix(Zk, δk) are uniformly bounded, it follows that

max
1≤k≤n

|Wnk| = O((nhn)−1/2) a.s. and
n∑

k=1
|Wnk|2 = O(1) a.s., and hence,

n∑

k=1

∫

{|Wnk|>ε}
|Wnk|2dP ≤ O(1)P ( max

1≤k≤n
|Wnk| > ε) = o(1).

To prove the asymptotic tightness, we denote the process Whx(t) as Whx(t) =
n∑

i=1
Zni(t) where Zni(t) = (nhn)1/2wni(x, hn)ξtx(Zi, δi). Before we can verify

the three conditions of Theorem 2.11.9 of van der Vaart and Wellner (1996),

we put on F = [0, T ], the semimetric

ρ(t, t′) = max

{ ∣∣∣∣
−1

ϕ′
x(F̄x(t))

+
1

ϕ′
x(F̄x(t′))

∣∣∣∣ , |ϕ′
x(H̄x(t)) − ϕ′

x(H̄x(t′))|,

|Hx(t) − Hx(t′)|, sup
x′∈[0,1]

√
|Hu

x′(t) − Hu
x′(t′)|

}
.
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In the third condition, we need the bracketing number N[ ](ε,F , Ln
2 ). This

number is defined as the minimal number of sets in a partition of F = [0, T ] =
⋃

j Fεj such that for every set Fεj :

n∑

i=1

E

[
sup

t,t′∈Fεj

|Zni(t) − Zni(t
′)|2
]
≤ ε2.

Let us divide F = [0, T ] into subintervals 0 = t0 ≤ t1 ≤ . . . ≤ tq = T where

ρ(t, t′) ≤ Cε for all t, t′ ∈ [tj−1, tj ], j = 1, . . . , q with C some constant which

we will determine further on. For the partition F = [0, t1]
⋃ q⋃

j=2
]tj−1, tj ], we

find after some tedious calculations that

|Zni(t) − Zni(t
′)| ≤ (nhn)1/2wni(x, hn)

(
−ϕ′′

x(H̄x(T ))

ϕ′
x(1)

|Hu
x (t) − Hu

x (t′)|

+
(
ϕ′′

x(H̄x(T )) − 2ϕ′
x(H̄x(T ))

) ∣∣∣∣
−1

ϕ′
x(F̄x(t))

+
1

ϕ′
x(F̄x(t′))

∣∣∣∣

− ϕ′
x(H̄x(T ))

(
|I(Zi ≤ t, δi = 1) − I(Zi ≤ t′, δ = 1)| + |Hu

xi
(t) − Hu

xi
(t′)|

)

+
ϕ′

x(H̄x(T ))

ϕ′
x(1)

|Hx(t) − Hx(t′)| + |ϕ′
x(H̄x(t)) − ϕ′

x(H̄x(t′))|
)

(5.3)

So

sup
t,t′∈Fεj

|Zni(t) − Zni(t
′)|2 ≤ (nhn)w2

ni(x, hn)

{
C1(Cε)2

+ C2(Cε)|I(Zi ≤ tj , δi = 1) − I(Zi ≤ tj−1, δ = 1)|

+ ϕ′
x(H̄x(T ))2|I(Zi ≤ tj , δi = 1) − I(Zi ≤ tj−1, δ = 1)|2

}

where C1, C2 are constants, uniquely determined by the right hand side of

(5.3). For the appropriate choice of C, this leads to

n∑

i=1

E

[
sup

t,t′∈Fεj

|Zni(t) − Zni(t
′)|2
]
≤ ε2.

Hence the bracketing number N[ ](ε,F , Ln
2 ) is equal to O(ε−1) and we get

δn∫

0

√
log N[ ](ε,F , Ln

2 )dε =

δn∫

0

√
log O(ε−1)dε → 0
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when δn → 0.

We do not need to verify the second condition of Theorem 2.11.9 in van der

Vaart and Wellner (1996), since our partition of F = [0, T ] is independent of

n. As last condition we have to check whether for all η > 0,

n∑

i=1

E

[
sup

0≤t≤T
|Zni(t)|I

(
sup

0≤t≤T
|Zni(t)| > η

)]
→ 0 as n → +∞.

Since ξtx(Zi, δi) is bounded uniformly and max
1≤i≤n

wni(x, hn) = O((nhn)−1) a.s.,

we get that sup
0≤t≤T

|Zni(t)| = O((nhn)−1/2) a.s. which is always smaller than

η for n sufficiently large. So the first condition is also satisfied. By Theo-

rem 2.11.9 of van der Vaart and Wellner (1996), we have that Whx(·) → W (·|x)

in l∞[0, T ].

5.4 Example: survival of Atlantic halibut

In this section, we apply the copula-graphic estimator on a practical data set

about survival of Atlantic halibut, studied by Smith, Waiwood and Neilson

(1994). This data set was obtained in a study on size regulation of Atlantic

halibut and is discussed in more detail in Section 1.1. We will study here

how the survival time of a fish that was caught and handled as in commercial

fishing, is influenced by the fork length of this fish. In this experiment the

survival time is censored by the time that the animal had spent in the holding

tank. Some of the fishes were censored because they were removed from the

holding tank within 48 hours to make space for new experimental animals.

Also the fishes that were alive at the end of the experiment, were treated as

censored observations.

During the experiment, the catch and handling are a period of great stress for

a fish. Also the holding tank which is a new environment for this fish, will

cause more stress. So we can expect that within the first hours after the fishes

have been placed in the holding tank, a number of them will die from stress.

Not only the stressful environment will diminish the probability of survival for

a fish, but also an infection that was brought into the holding tank by a sick
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fish, can kill the other fishes in this tank. Here we see that the probability of

dying from an infection increases if the fish stays longer in the holding tank.

Therefore we believe that the survival time Yx of a fish depends on the time

that this fish has spent in the holding tank Cx where the time in the holding

tank has a negative influence on the survival time.

For these data, we construct the copula-graphic estimator for different choices

of ϕx at fork lengths 32 cm and 53 cm. These lengths are chosen to illustrate

whether the survival time of small fishes is similar to the survival time of larger

fishes. In previous analysis of this data set in the literature, a significant effect

of fork length on the survival time was already found. The four choices of

the function ϕx that we will consider here, will lead each time to a different

association for the dependence structure between the survival time and the

time spent in the holding tank. This association can be measured in several

ways. In this example, we take Kendall’s τ which is defined as

τ(x) = 1 + 4

1∫

0

ϕx(t)

ϕ′
x(t)

dt

in Nelsen (1999) and has a range from -1 till 1. The association gets stronger

when τ goes further away from zero.

In a first situation we work with the independent copula (ϕx(t) = − log(t)) and

assume that survival time and time spent in the holding tank are independent.

This assumption may be wrong for this example. However it has been used

already in previous analyses of this data set and is also commonly used in other

real data analyses. We consider this choice here as a reference for comparison

with future results. Kendall’s tau is in this case equal to zero (τ(x) = 0).

With the other choices of ϕx, we will always try to express that the time

spent in the holding tank has a negative influence on the survival time of

the fish. Therefore we assume that the survival time and time spent in the

holding tank are discordant. Informally we expect that small times in the

holding tank are related to large survival times and vice versa. A formal

definition of discordance can be found in Nelsen (1999). The second choice

of ϕx is the Fréchet-Hoeffding lower bound (ϕx(t) = 1 − t). This is the most

extreme discordance that we can consider and has Kendall’s tau equal to −1

(τ(x) = −1). Until now, we did not allow the choice of ϕx to depend on the
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Figure 5.1 : Kendall’s tau τ(x) for the different choices of generator ϕx. Independence (solid

line), Fréchet - Hoeffding lower bound (dashed line), Frank family 1 (longdashed line) and

Frank family 2 (dotted line).

fork length of the fish. As third choice, we take a generator function ϕx given

by

ϕx(t) = − log

(
e(x−20)t − 1

ex−20 − 1

)

and will be called in the following Frank family 1 copula. As we see in Fig-

ure 5.1, Kendall’s tau is in this situation a decreasing, negative function of

the covariate fork length (x) and hence gives a stronger discordant association

for larger fishes than for small fishes. If all the fish are kept for the same

amount of time in the holding tank, the survival probability of larger fishes

will be smaller than the survival probability of small fishes. The fourth choice

of generator function ϕx is the Frank family 2 copula and also depends on the

covariate x. It is defined as

ϕx(t) = − log

(
e(60−x)t − 1

e60−x − 1

)
.

In this situation there is a stronger discordant association for small fishes than

for larger fishes and hence the survival probability of small fishes will be less
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than the survival probability of larger fishes. This follows from Figure 5.1

where Kendall’s tau is in this situation an increasing, negative function of the

fork length.

In Figure 5.2, we show the copula-graphic estimates for the conditional survival

function F̄x(t) at fork lengths of 32 cm and 53 cm, and for bandwidths 20

and 40. The fork length is kept equal for plots in the same column and the

bandwidth is equal for plots on the same row. In each of the four plots, we

construct the copula-graphic estimator for the four choices of ϕx which were

discussed above. We use in this data set the Gasser-Müller weights with a

biquadratic kernel given by K(z) = (15/16)(1 − z2)2I(|z| ≤ 1). This type of

weights is commonly used for a fixed design situation. As we saw in Figure 1.3,

the covariate fork length of a fish is measured crudely on a scale of whole

centimeters such that the observations form vertical lines on this plot. It is

therefore possible to treat this covariate as fixed. It is also easy to see that the

results for the copula-graphic estimator remain valid in the interval [25, 60]

for the covariate x, instead of the standard interval [0, 1]. The choices of the

bandwidth are selected here for illustration purpose only. It is possible to set

up a bandwidth selection criterium using, for example, the asymptotic mean

squared error expression, but that would lead us into a field of research that

we do not enter at this moment.

We note in Figure 5.2 that the estimates for the conditional survival function

lie close together in each of the four plots and lie even almost on top of each

other in the plots of the first column. This means that the choice of the

generator function ϕx does not have a great influence on the survival time of

small fishes. The choice of dependence structure between the survival time

and time spent in the holding tank does not affect the result. In the plots

at the fork length of 53 cm we see that the copula-graphic estimates can be

divided in two groups. The Fréchet-Hoeffding lower bound copula and the

Frank family 1 copula give estimates that lie almost on top of each other but

that are clearly different from the estimates of the independent copula and

the Frank family 2 copula which form the second group. By this division

in two groups, we see that this data set reacts differently to two different

situations. The choices of ϕx in the first group have in common that they

assume a large discordant association between survival time and time spent
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Figure 5.2 : Different copula-graphic estimates for the conditional survival function at lengths

32 cm and 53 cm and bandwidths 20 and 40. Independence (solid line), Fréchet - Hoeffding

lower bound (dashed line), Frank family 1 (longdashed line) and Frank family 2 (dotted

line).

in the holding tank for larger fish. In the second group, the choices of ϕx

assume practically no discordant association for larger fish. This influences

the estimates for the survival function. With a ϕx from the first group, the

estimated survival function for larger fish is higher than with a ϕx from the

second group. In particular, the survival function for larger fish, calculated

with the Fréchet-Hoeffding lower bound copula or the Frank family 1 copula,

is higher than the survival function found with the independent copula. This

allows us to make some comments on the previous research that has been

done on this data set. The researchers used at that time only the independent

copula and ignored in this way that some of the fish in their experiment did

not die from the catch and handling but from stress caused by the living

conditions in the holding tank. Therefore the estimate for the survival time

that they found is an underestimate of the true survival time. By the analysis

in this example, we are able to show that for larger fish their estimate is an
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underestimate and that the stress caused to a fish has to be taken into account

in the estimate of the survival function. This is also positive news since fishes

of this size are able to survive the catch and handling in commercial fishing

better than the researchers originally expected. For small fish we do not see an

improvement in the survival time when we take the stress into account since

all the estimates in Figure 5.2 are almost equal. The estimate for the survival

time that the original researchers made, is describing the true situation for this

size of fish rather well. To finish this section, we note that the estimates for

the survival function do not change much when we use a different bandwidth

in the calculations.

5.5 Sensitivity analysis

In Sections 5.2 and 5.3 we have shown several results for the conditional copula-

graphic estimator. We note that each result depends strongly on the underly-

ing dependence structure between the survival time and censoring time, which

is described by a known Archimedean copula function. From the example of

Section 5.4, it is clear that in a real data analysis it is very hard to know this

copula function. The design of the experiment will in most cases give some

hints about the association pattern between survival time and censoring time.

In this section we explore the bias of the copula-graphic estimator due to a

misspecified copula function. We will also consider the misspecification bias in

a more general situation where the underlying dependence structure between

survival time and censoring time is described by a general copula function

instead of an Archimedean copula.

Before we can investigate the misspecification bias of the copula-graphic esti-

mator, we need the following result. Let us consider two Archimedean copula

functions Ax1 and Ax2 where ϕx1(t) is a generator for Ax1 and ϕx2(t) for Ax2.

We denote by Fxi(t) (resp. Gxi(t)) the first (resp. second) marginal distribu-

tion of the joint distribution of the survival time and the censoring time with

dependence structure given by Axi, i = 1, 2.

Theorem 5.3. If
ϕ′

x1(t)

ϕ′
x2(t)

is an increasing function of t then F̄x2(t) ≤ F̄x1(t).
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Proof. Since ϕ′
x1(t)/ϕ′

x2(t) is increasing in t, we can order the Archimedean

copulas Ax1 and Ax2 by Corollary 4.4.6 of Nelsen (1999). It follows that, for

all u, v ∈ [0, 1],

Ax1(u, v) = ϕ
[−1]
x1 (ϕx1(u) + ϕx1(v)) ≤ ϕ

[−1]
x2 (ϕx2(u) + ϕx2(v)) = Ax2(u, v).

Now we see that for t ≥ 0,

H̄x(t) = Ax1(F̄x1(t), Ḡx1(t)) = Ax2(F̄x2(t), Ḡx2(t))

and that Ax1 and Ax2 are continuous non-decreasing functions.

Hence we get that for t ≥ 0,

F̄x2(t) ≤ F̄x1(t) and Ḡx2(t) ≤ Ḡx1(t)

which finishes this proof.

To determine the bias in the copula-graphic estimator, we assume that the

true joint survival function is given by

Sx(t1, t2) = ϕ[−1]
x (ϕx(F̄x(t1)) + ϕx(Ḡx(t2))). (5.4)

If we use the generator φx in the calculations of the conditional copula-graphic

estimator, we estimate the survival function F̄ o
x (t) defined as

F̄ o
x (t) = φ−1

x


−

t∫

0

φ′
x(H̄x(s))dHu

x (s)


 . (5.5)

Using (5.4), we can rewrite (5.5) as

F̄ o
x (t) = φ[−1]

x


−

t∫

0

φ′
x(H̄x(s))

ϕ′
x(H̄x(s))

ϕ′
x(F̄x(s))dFx(s)


 (5.6)

= φ[−1]
x


−

t∫

0

φ′
x

(
ϕ

[−1]
x (ϕx(F̄x(s)) + ϕx(Ḡx(s)))

)

ϕ′
x

(
ϕ

[−1]
x (ϕx(F̄x(s)) + ϕx(Ḡx(s)))

)ϕ′
x(F̄x(s))dFx(s)


 .

This survival function is different from the marginal survival function F̄x(t)

except when φx(t) = aϕx(t) with a a constant (see also Lemma 5.1). In a sit-

uation without censoring (Ḡx(t) = 1), we note that Hx(t) = Hu
x (t) = Fx(t) =
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F o
x (t) and the bias due to misspecification is here zero. In general we see

that the misspecified survival function F̄ o
x (t) not only depends on the survival

function F̄x(t), but also on the survival function Ḡx(t) of the censoring time.

This means that the percentage of censoring influences the misspecification

bias. Along the same lines as in Proposition 2 of Rivest and Wells (2001), we

show in the following theorem that this bias is increasing with the percentage

of censoring.

Theorem 5.4. Let Ḡ1x and Ḡ2x be two survival functions for the censoring

time with Ḡ1x(t) ≥ Ḡ2x(t), for all t ≥ 0. Let F̄ o
x1(t) (resp. F̄ o

x2(t)) be the

biased survival function calculated in (5.6) with survival function Ḡ1x (resp.

Ḡ2x) and generator φx.

If
φ′

x(u)

ϕ′
x(u)

is monotone in u, we get under (5.4) that

|F̄ o
x1(t) − F̄x(t)| ≤ |F̄ o

x2(t) − F̄x(t)|.

Proof. Since Ḡ1x(t) ≥ Ḡ2x(t) for all t ≥ 0, we have that

ϕ[−1]
x (ϕx(F̄x(t)) + ϕ(Ḡ1x(t))) ≥ ϕ[−1]

x (ϕx(F̄x(t)) + ϕ(Ḡ2x(t)))

which is equal to H̄x1(t) ≥ H̄x2(t) with H̄xi(t) = ϕ
[−1]
x (ϕx(F̄x(t))+ϕ(Ḡix(t))),

i = 1, 2.

If φ′
x(u)/ϕ′

x(u) is monotone increasing in u, we have that, for all t ≥ 0,

φ′
x(H̄x1(t))

ϕ′
x(H̄x1(t))

≥ φ′
x(H̄x2(t))

ϕ′
x(H̄x2(t))

and from (5.6) that

F̄ o
x2(t) ≥ F̄ o

x1(t).

By Theorem 5.3 we get that, for all t ≥ 0,

F̄x(t) ≤ F̄ o
x1(t) and F̄x(t) ≤ F̄ o

x2(t)

and hence

0 ≤ F̄ o
x1(t) − F̄x(t) ≤ F̄ o

x2(t) − F̄x(t).
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If φ′
x(u)/ϕ′

x(u) is monotone decreasing in u, the previous inequalities are re-

versed and we get that for all t ≥ 0,

F̄ o
x2(t) − F̄x(t) ≤ F̄ o

x1(t) − F̄x(t) ≤ 0.

Combining these two results, we find that, for all t ≥ 0,

|F̄ o
x1(t) − F̄x(t)| ≤ |F̄ o

x2(t) − F̄x(t)|.

In the previous theorems we restricted ourselves to the situation where the

true underlying dependence structure is described by an Archimedean copula.

For the situation of a general copula function, we proceed as in Rivest and

Wells (2001) and define a generator function for this copula. This will allow

us to show that Theorem 5.3 also holds for a general copula function.

Let us assume that the true joint survival function is given by

Sx(t1, t2) = Cx(F̄x(t1), Ḡx(t2)) (5.7)

where Cx(u, v) is a general copula function.

For this model we calculate the crude hazard λ#
x (t) of the uncensored obser-

vations. We find, for all t,

λ#
x (t) =

Hu
x
′(t)

H̄x(t)
=

− ∂

∂t1
Sx(t1, t2)

∣∣∣∣
t1=t2=t

Sx(t, t)

=
C

1
x(F̄x(t), Ḡx(t))F ′

x(t)

Sx(t, t)
(5.8)

=
C

1
x(F̄x(t), Ḡx(t))λx(t)F̄x(t)

Sx(t, t)

where λx(t) = F ′
x(t)/F̄x(t) is the net hazard of the survival time and C

1
x(u, v) =

∂

∂u
Cx(u, v) is the first partial derivative of the copula function Cx.

Also in the Archimedean model (5.4), we calculate the crude hazard λ#
x (t),

which is given by

λ#
x (t) =

ϕ′
x(F̄x(t))F ′

x(t)

ϕ′
x(Sx(t, t))Sx(t, t)

=
ϕ′

x(F̄x(t))λx(t)F̄x(t)

ϕ′
x(Sx(t, t))Sx(t, t)

· (5.9)
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Setting (5.8) equal to (5.9), we get

ϕ′
x(F̄x(t)) = C

1
x(F̄x(t), Ḡx(t))ϕ′

x(Sx(t, t)).

Let us now define a generator ϕxC for a general copula Cx as a positive de-

creasing function satisfying ϕxC(1) = 0 and for which the derivative is given

by

ϕ′
xC(s) = C

1
x(s, Kx(s))ϕ′

xC(Cx(s, Kx(s))) (5.10)

where Kx(s) = Ḡx(F̄−1
x (s)).

We note that for a general copula function Cx, it is difficult to solve equation

(5.10). Often we cannot find a closed form solution ϕxC for this differential

equation because we do not know the function Kx(s). Nevertheless this func-

tion is a useful theoretical tool to investigate the impact of misspecifying the

function φx in (5.5). For example, if we can show that φ′
x(t)/ϕ′

xC
increases in

t, we know by Theorem 5.3 that the copula-graphic estimator overestimates

the true survival function Fx(t). One of the situations where we can find a

solution for ϕxC in (5.10), is when Cx is an Archimedean copula with gene-

rator ϕx. In this case any generator of the form a.ϕx, with a a constant, is

a solution of this equation. Another situation is when Fx(t) = Gx(t) and Cx

is symmetric (i.e. Cx(u, v) = Cx(v, u), for all u, v). Integrating both sides

of the equation, we can rewrite (5.10) as ϕxC(s) = ϕxC(Cx(s, s))/2 which is

equivalent to Cx(s, s) = ϕ−1
xC

(2ϕxC(s)). A solution ϕxC of this equation is the

generator of an Archimedean copula with the same diagonal section as the

copula Cx. The construction of such an Archimedean copula was discussed

in Sungur and Yang (1996). The misspecified survival function F̄ o
x (t) of (5.5)

can now be rewritten as F̄ o
x (t) = φ−1

x (1
2φx(Cx(F̄x(t), F̄x(t)))) and hence the

maximal bias due to misspecification is

max
t∈IR

|F̄ o
x (t) − F̄x(t)| = max

s∈[0,1]

∣∣∣∣φ
−1
x

(
1

2
φx(Cx(s, s))

)
− s

∣∣∣∣ .

We note that this maximal bias only depends on Cx and φx, not on the

marginals Fx(t) and Gx(t). In Table 5.1 we have calculated the maximal

bias due to misspecification for several combinations of the underlying copula

function Cx and the misspecified generator function φx. For the underlying
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φx(t)

Cx(u, v) − log(t) 1 − t

Independence 0 0.5

Gumbel-Morgenstern 0.06744 0.5

Fréchet-Hoeffding lower bound 0.5 0

Fréchet-Hoeffding upper bound 0.25 0.5

Table 5.1 : The calculated maximal bias due to misspecification for several combina-

tions of underlying copula function Cx and misspecification generator φx.

copula function Cx we consider the independence copula (uv), the Gumbel-

Morgenstern copula (uv+u(1−u)v(1−v)), the Fréchet-Hoeffding lower bound

copula (max(u + v − 1, 0)) and the Fréchet-Hoeffding upper bound copula

(min(u, v)). For the misspecified generator function φx we take φx = − log(t)

from the independence copula and φx = 1−t from the Fréchet-Hoeffding lower

bound copula. We see that the maximal bias due to misspecification is zero

when the misspecified generator φx is a generator of the underlying copula Cx,

as was expected. For the misspecified generator φx(t) = 1−t, we note that the

maximal bias due to misspecification is here always 0.5 when the underlying

copula is not the Fréchet-Hoeffding lower bound copula.

Remark. In a real data application we usually do not know the ϕx function.

A possible attempt to design a method for selecting an appropriate copula is

to assume that the underlying copula function is part of a parametric fam-

ily of Archimedean copula functions with generators {ϕθ,x} and to investigate

whether it is possible to estimate the parameter(s) from the data. This method

is inspired by a two-step procedure used in the article of Andersen, Ekstrøm,

Klein, Shu and Zhang (2001) where the authors used maximum likelihood

techniques to estimate the parameter of a copula function between two cen-

sored data samples. If we assume that the joint survival function Sx(t1, t2) is

given by

Sx(t1, t2) = ϕ
[−1]
θ,x (ϕθ,x(F̄x(t1)) + ϕθ,x(Ḡx(t2)))

where ϕθ,x is a generator in a single parameter Archimedean copula family,
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we can write for this model the likelihood function as

L(θ) =
∏

δi=1

Hu
x
′(Zi)

∏

δi=0

Hc
x
′(Zi)

=
∏

δi=1

ϕ′
θ,x(F̄x(Zi))F

′
x(Zi)

ϕ′
θ,x(H̄x(Zi))

∏

δi=0

ϕ′
θ,x(Ḡx(Zi))G

′
x(Zi)

ϕ′
θ,x(H̄x(Zi))

.

To estimate the parameter θ, the following procedure is suggested. Replace

in the likelihood Fx, F ′
x, Gx, G′

x and Hx by estimates obtained under the in-

dependent copula. Maximize this likelihood for θ and plug this estimate θ̂ in

the generator ϕθ,x which is used to find an estimate Fxh for Fx. Although this

procedure looks simple, there are still some issues which have to be investi-

gated further. An important issue is whether or not this maximum likelihood

estimate exists and is unique. This estimate needs to be unique, otherwise

we have an identifiability problem for the distribution function Fx. A second

important issue is whether this estimate for θ is a ’good’ estimate. We need a

simulation study to establish this.

5.6 Non-parametric regression under partially in-

formative and dependent censoring

In Section 1.4 and Chapters 2 - 4, we introduced and investigated a non-

parametric regression model under partial informative censoring. We assumed

in this model that the survival time and the censoring times were independent

random variables. In this section we want to propose an extension of this

partially informative censoring model such that it also allows for dependent

censoring.

Using the notation of Section 1.4, we will assume that for a fixed design point

x ∈ ]0, 1[, the joint survival function of the survival time Yx and the censoring

times Cx and Dx is given by

Sx(t1, t2, t3) = ϕ[−1]
x

(
ϕx(F̄x(t1)) + ϕx(Ḡ1x(t2)) + ϕx(Ḡ2x(t3))

)
(5.11)

where ϕx is a continuous strictly decreasing function with ϕx(0) = +∞ and

ϕx(1) = 0, and where the inverse ϕ−1
x is completely monotonic on [0,∞] (see
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also definition 4.6.1 in Nelsen (1999)). The association pattern between the

survival time and the censoring times is described by a multivariate Archimedean

copula function.

The informative censoring time Cx satisfied in Section 1.4 the proportional

hazards (or Koziol-Green) assumption given by,

1 − G1x(t) = (1 − Fx(t))βx for all t ≥ 0

with βx = px0/px1 > 0. As we saw in the same section, this assumption was

equivalent with

Zx and δx are independent, conditionally on the event {δx 6= −1}. (5.12)

The latter expression was used in Chapter 3 to develop several goodness-of-

fit statistics for the partially informative censoring model. In the dependent

censoring extension of this model we want to maintain this characterizing

expression (5.12) such that we can also apply the goodness-of-fit statistics of

Chapter 3 to this extended model. Therefore we take the following extension

of the proportional hazard assumption. For each fixed design point x ∈ [0, 1],

we assume that

Ḡ1x(t) = ϕ[−1]
x (βxϕx(F̄x(t))) for all t ≥ 0

with βx > 0.

We can prove as in Section 1.4, using Sethuraman (1965), that under (5.11),

this assumption is equivalent with (5.12). Furthermore we find that again

βx = px0/px1. When we take the independence copula (ϕx = − log(t)), we

note that this assumption becomes equal to the simple proportional hazards

assumption, given above.

To find an estimator for the conditional distribution function Fx(t) in this

partially informative and dependent censoring model, we use the auxiliary

variables Ux = min(Yx, Cx). The distribution Lx of Ux is given by

L̄x(t) = ϕ[−1]
x (ϕx(F̄x(t)) + ϕx(Ḡ1x(t))) = ϕ[−1]

x ((βx + 1)ϕx(F̄x(t)))

and hence

1 − Fx(t) = F̄x(t) = ϕ[−1]
x (γxϕx(L̄x(t))) (5.13)
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with

γx =
1

βx + 1
=

px1

px1 + px0
.

When we replace in (5.13) γx and Lx(t) by estimators of these quantities, we

get an estimator F̃xh(t) for Fx(t). As estimator for γx we can use the same as

in the partially informative censoring model. It is given in (1.14) by

γxh =
px1h

px0h + px1h
=

n∑
i=1

wni(x, hn)I(δi = 1)

n∑
i=1

wni(x, hn)I(δi 6= −1)
· (5.14)

with wni(x, hn) Gasser-Müller weights as defined in (1.5).

In the estimation of Lxh(t), we note that we cannot observe the variables Ui

but only the minima Zi = min(Ui, Di) and the indicators εi = I(Ui ≤ Di) =

I(δi 6= −1). We also find that the joint survival function of Ux and Dx is given

by

Sx(t1, t2) = ϕ[−1]
x

(
ϕx(L̄x(t1)) + ϕx(Ḡ2x(t2))

)
.

By Section 1.5, it is natural to use a copula-graphic estimator to estimate the

distribution function Lx(t). This estimator L̃xh(t) is given by

1 − L̃xh(t) (5.15)

= ϕ−1
x


−

∑

Zi≤t,εi=1

ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn))


 I(t < Z(n))

= ϕ−1
x


−

∑

Zi≤t,δi 6=−1

ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn))


 I(t < Z(n))

where Z(n) is the largest order statistic in the sample Z1, . . . , Zn and H̄xh(t) =
n∑

i=1
I(Zi > t).

An estimator in the partially informative and dependent censoring model for

the conditional distribution function Fx(t) is now given by

1 − F̃xh(t) = ϕ[−1]
x (γxhϕx(1 − L̃x(t))) (5.16)
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with γxh as in (5.14) and L̃xh(t) as in (5.15).

If we take the generator of the independence copula (ϕx(t) = − log(t)), we see

that expression (5.16) becomes the estimator F̂xh(t) of the partially informa-

tive censoring model given in Section 1.4. We will not investigate this partially

informative and dependent censoring model any further in this thesis, but it

could be a topic for future research.



Chapter 6

Cox’s regression model under

partially informative

censoring

In the previous chapters we developed non-parametric models for either par-

tially informative censored or dependent censored data. For every model we

have shown an almost sure representation, a strong consistency and an asymp-

totic normality result for a conditional distribution function estimator. In

this chapter we will leave the path of non-parametric models and introduce

a semi-parametric model for partially informative censored data. We extend

Cox’s classical regression model to accommodate for this type of data. As we

have shown in Section 1.6, we specify a semi-parametric relation between the

lifetime and a covariate, where we take into account that also informatively

censored observations contribute to this relation.

The construction of this chapter is as follows. In Section 6.1 we give regular-

ity conditions under which the results are valid. The likelihood function of

this model is established in Section 6.2. We introduce in this section also an

estimator for the cumulative baseline hazard function. In this model we use

maximum likelihood techniques for the joint estimation of the p+1 parameters

and therefore establish in Section 6.3 the score equations. Our main results in

115
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this chapter are strong consistency and asymptotic normality of the maximum

likelihood estimators. These results will be shown in Sections 6.4 and 6.5. In

Section 6.6, we set up a simulation study to explore the effect of a misspec-

ification of the function ϕ in the exponent βx of the conditional distribution

G1. Finally, in Section 6.7, the method is applied to the Melanoma data set

and to the Bone marrow transplantation data set.

6.1 Regularity conditions

In Section 1.6 we already introduced some notations and definitions. Before

we give some extra notations and assumptions that we need throughout this

chapter, let us recall the two main model assumptions.

• The conditional hazard function of the lifetime Y , given X = x, satisfies

λ(t | x) = λ0(t)e
β0x (6.1)

where λ0(t) is an unspecified baseline hazard rate and β0 is an unknown

regression parameter.

• The conditional distribution function of the informative censoring time

C, given X = x, satisfies

1 − G1(t | x) = (1 − F (t | x))βx (6.2)

for some constant βx > 0, depending on the covariate value x.

We need the following additional notations and assumptions in the different

results given in this chapter.

(a) Y , C and D are conditionally independent given X (independent cen-

soring)

(b) The conditional distribution function of D given X = x does not involve

the parameters of interest (non-informative censoring)
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(c) The parameter βx in (6.2) satisfies

βx = ϕ(x,β(0))

with ϕ some known function and β(0) = (β1, . . . , βp) a vector of p un-

known parameters. We assume that ϕ is strictly positive and has partial

derivatives of first and second order in a neighborhood of β(0). These

will be denoted by ϕ̇j =
∂ϕ

∂βj
, ϕ̈ij =

∂2ϕ

∂βi∂βj
(i, j = 1, . . . , p).

(d) The non-informative censoring time D is bounded above by some bound

M < ∞. Furthermore we assume that P (Z ≥ T0) > 0. The value of

T0 ≤ M is typically some prespecified time which in most cases denotes

the end of the study. This assumption implies that at the end of the

study there is a positive chance that an individual will have survived

without being censored. The condition P (Z ≥ T0) > 0 is needed in the

proof of Lemma 6.1 below and a possible weakening to P (Z ≥ T0) = 0

is discussed on p. 101 of Tsiatis (1981).

6.2 The likelihood

In this section, we will construct the likelihood function of the partially infor-

mative censoring model. We start by calculating the likelihood contribution

of an item i with X = xi, Z = zi and δ = di. Using the independence

assumption (a) we have

lim
ε→0

1

2ε
P (zi − ε ≤ Z ≤ zi + ε, δ = di | X = xi)

=





f(zi | xi)(1 − G1(zi | xi))(1 − G2(zi | xi)) if di = 1

g1(zi | xi)(1 − F (zi | xi))(1 − G2(zi | xi)) if di = 0

g2(zi | xi)(1 − F (zi | xi))(1 − G1(zi | xi)) if di = −1.

With the model specifications (6.1), (6.2) and assumptions (b) - (d), we obtain

for the likelihood, after removing non-important factors:

∏

δi=1

f(Zi | Xi)(1 − F (Zi | Xi))
βXi

∏

δi=0

βXif(Zi | Xi)(1 − F (Zi | Xi))
βXi
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×
∏

δi=−1

(1 − F (Zi | Xi))
βXi

+1

=
∏

δi=0

βXi

∏

δi 6=−1

λ0(Zi)e
β0Xi

n∏

i=1

(1 − F (Zi | Xi))
βXi

+1

and, by taking logarithms, we obtain the loglikelihood

∑

δi=0

log ϕ(Xi, β
(0)) +

∑

δi 6=−1

[log λ0(Zi) + β0Xi]

−
n∑

i=1

(
ϕ(Xi, β

(0)) + 1
)

eβ0XiΛ0(Zi)

where Λ0(t) =
t∫
0

λ0(u)du is the cumulative baseline hazard function.

We want to obtain estimators β̂0, β̂1, . . . , β̂p that maximize this expression. In

the ordinary Cox proportional hazards model, the standard inference for the

regression parameter β0 can be based on the partial likelihood, an expression

which does not depend on the infinite dimensional nuisance parameter λ0(t)

(Cox 1972, 1975). It is well known (see for example the explanation in Fan

and Gijbels (1996)) that this gives exactly the same estimator as using the full

likelihood in which Λ0(t) is replaced by a ‘least informative’ nonparametric

estimator. In our situation the partial likelihood analysis is not possible, due

to the presence of the unknown parameters β1, . . . , βp in the modelling of

βx. Our approach will be a profile likelihood technique. As in the classical

Cox model (see Johansen (1983), Anderson et al (1993), Murphy and van der

Vaart (2000)), maximization of the full likelihood over arbitrary Λ0 leads to

maximization over Λ̂0 which is a piecewise constant function with jumps at

the observed deaths Y 0
j only. This least informative nonparametric estimator

is given by

Λ̂0(t) =
N∑

j=1
λjI(Y 0

j ≤ t)

where Y 0
1 < Y 0

2 < . . . < Y 0
N are the N ordered times for which δi 6= −1. This

is a step function with jumps at any observation which is uncensored or infor-

matively censored. The motivation for this choice is that the nonparametric

approach in Gather and Pawlitschko (1998) turns out to be precisely of this
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type. We then have that

Λ̂0(Zi) =
N∑

j=1
λjI(Y 0

j ≤ Zi) =
N∑

j=1
λjI(i ∈ Rj)

where Rj = {i : Zi ≥ Y 0
j } is the risk set at time Y 0

j −.

With this the loglikelihood is

∑

δi=0

log ϕ(Xi, β
(0)) +

N∑

j=1

[log λj + β0X(j)]

−
n∑

i=1
(ϕ(Xi, β

(0)) + 1)eβ0Xi
N∑

j=1
λjI(i ∈ Rj) (6.3)

where X(1), . . . , X(N) are the covariates associated with the ordered

Y 0
1 < Y 0

2 < . . . < Y 0
N .

Maximization with respect to λj gives

λ̂j =
1

∑
i∈Rj

(ϕ(Xi, β
(0)) + 1)eβ0Xi

and substituting this into (6.3) leads to the profile loglikelihood

∑

δi=0

log ϕ(Xi, β
(0)) +

N∑

j=1

[− log
∑

i∈Rj

(ϕ(Xi, β
(0)) + 1)eβ0Xi + β0X(j)] − N

which has to be maximized with respect to β0, β1, . . . , βp. This is of course

equivalent to maximizing

Ĥ(β) =
1

n

∑

δi=0

log ϕ(Xi, β
(0)) +

β0

n

∑

δi 6=−1

Xi

− 1

n

∑

δi 6=−1

log


 1

n

∑

k∈Ri

(ϕ(Xk, β
(0)) + 1)eβ0Xk


 (6.4)

where β = (β0, β
(0)) = (β0, β1, . . . , βp).

6.3 The score equations

The estimators β̂0, β̂1, . . . , β̂p are solutions to the equations

∂Ĥ

∂β0
= . . . =

∂Ĥ

∂βp
= 0,
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that is

∑

δi 6=−1

Xi −
∑

δi 6=−1

∑
k∈Ri

Xk(ϕ(Xk, β
(0)) + 1)eβ0Xk

∑
k∈Ri

(ϕ(Xk, β
(0)) + 1)eβ0Xk

= 0 (6.5)

∑

δi=0

ϕ̇j(Xi, β
(0))

ϕ(Xi, β
(0))

−
∑

δi 6=−1

∑
k∈Ri

ϕ̇j(Xk, β
(0))eβ0Xk

∑
k∈Ri

(ϕ(Xk, β
(0)) + 1)eβ0Xk

= 0 (6.6)

for j = 1, . . . , p.

It will be convenient to introduce the following shorthand notations. For any

continuous function g, we put:

E(g(x), t) =

∫
g(x)P (Z ≥ t | X = x)f(x)dx

E0(g(x), t) =

∫
g(x)P (Z ≥ t, δ = 0 | X = x)f(x)dx

E1(g(x), t) =

∫
g(x)P (Z ≥ t, δ = 1 | X = x)f(x)dx

E0,1(g(x), t) =

∫
g(x)P (Z ≥ t, δ 6= −1 | X = x)f(x)dx

where f(x) is the density function of the covariate X.

The empirical versions will be denoted by Ê(g(x), t), Ê0(g(x), t), etc. For

example,

Ê0,1(g(x), t) =
1

n

n∑
i=1

g(Xi)I(Zi ≥ t, δi 6= −1).

Further abbreviations will be

Q(t) = P (Z ≥ t, δ 6= −1)

Q̂(t) =
1

n

n∑
i=1

I(Zi ≥ t, δi 6= −1).

With this, Ĥ in (6.4) can be rewritten as

Ĥ(β) = Ê0(log ϕ(x,β(0)), 0) +

T0∫

0

log Ê((ϕ(x,β(0)) + 1)eβ0x, t)dQ̂(t)

+ Ê0,1(β0x, 0). (6.7)
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Consider the ‘population version’ of (6.7):

H(β) = E0(log ϕ(x,β(0)), 0) +

T0∫

0

log E((ϕ(x,β(0)) + 1)eβ0x, t)dQ(t)

+ E0,1(β0x, 0) (6.8)

and denote the information matrix of the function H as

I = I(β) =

(
− ∂2H

∂βi∂βj

)
(i, j = 0, 1, . . . , p).

Furthermore, the first order partial derivatives of the function H are zero at β:

∂H

∂β0
= E0,1(x, 0) +

T0∫

0

E(x(ϕ(x,β(0)) + 1)eβ0x, t)

E((ϕ(x,β(0)) + 1)eβ0x, t)
dQ(t) = 0

∂H

∂βj
= E0

(
ϕ̇j(x,β(0))

ϕ(x,β(0))
, 0

)
+

T0∫

0

E(ϕ̇j(x,β(0))eβ0x, t)

E((ϕ(x,β(0)) + 1)eβ0x, t)
dQ(t) = 0

for j = 1, . . . , p.

This can be seen from the following two relations. For any continuous function

g we have that:

E(g(x)βxeβ0x, t)

E((βx + 1)eβ0x, t)
dQ(t) = dE0(g(x), t) (6.9)

and
E(g(x)(βx + 1)eβ0x, t)

E((βx + 1)eβ0x, t)
dQ(t) = dE0,1(g(x), t). (6.10)

We only show the derivation of (6.9) since (6.10) can be found in a similar

fashion. We have

P (Z ≥ t, δ 6= −1 | X = x)

= (1 + βx)

∞∫

t

(1 − G2(u | x))(1 − F (u | x))βxdF (u | x)

= (1 + βx)

∞∫

t

(1 − G2(u | x))(1 − F (u | x))βx+1λ(u | x)du

= (1 + βx)eβ0x

∞∫

t

P (Z ≥ u | X = x)λ0(u)du
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and hence

dQ(t) = −λ0(t)E((1 + βx)eβ0x, t)dt. (6.11)

Also, similarly,

P (Z ≥ t, δ = 0 | X = x) = βxeβ0x

∞∫

t

P (Z ≥ u | X = x)λ0(u)du

and hence

dE0(g(x), t) = −λ0(t)E(g(x)βxeβ0x, t)dt. (6.12)

The relation (6.9) now follows from (6.11) and (6.12).

6.4 Strong consistency

In Theorem 6.1 of this section we establish the existence of a strongly con-

sistent solution to the score equations. We also prove Lemma 6.1 which will

be needed for the proof of the asymptotic normality in the next section. It

concerns the consistency of an estimator for the cumulative hazard function

Λ0(t).

Theorem 6.1. Assume that I is positive definite at β. Assume that

E|X| < ∞ and that E| log ϕ(X, β(0))| and E[((ϕ(X, β(0)) + 1)eβ0X)2] are

bounded uniformly in a neighborhood of β. There exists a sequence of so-

lutions β̂ of the equations (6.5) - (6.6) such that

β̂ → β

a.s. as n → ∞.

Proof. The positive definiteness of I at β implies that the function H has a

local maximum at β. Hence for β∗ in a δ-neighborhood of β (‖β∗ − β‖ ≤ δ,

with ‖ ‖ Euclidean distance) we have that

H(β) − H(β∗) ≥ 0 (6.13)

with strict inequality if ‖β∗ − β‖ = δ. From the strong law of large numbers

together with Lemmas A1 and A2 in Tsiatis (1981), it follows that

Ĥ(β) − Ĥ(β∗) → H(β) − H(β∗). (6.14)
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Relations (6.13) and (6.14) entail that, on a set of probability one, there exists

an n0 such that for all n ≥ n0:

Ĥ(β) − Ĥ(β∗) > 0 for ‖β∗ − β‖ = δ. (6.15)

Since Ĥ is continuous and differentiable at β, we get that Ĥ has a local

maximum on ‖β∗ − β‖ ≤ δ. This maximum cannot be on the boundary

(‖β∗ −β‖ = δ) since (6.15). A consequence of this is that the first derivatives

vanish somewhere on ‖β∗ − β‖ < δ. The value where
∂Ĥ

∂β0
= . . . =

∂Ĥ

∂βp
= 0

is the ML-estimate β̂ which was discussed in Section 6.3. We can now repeat

this argument for δ decreasing with n. In this way, we get a sequence β̂ with

β̂ → β a.s. as n → ∞.

In the next section we will need the estimator for Λ0(t) which is obtained by

maximizing the likelihood for a fixed value of β = (β0, β
(0)). It is given by

Λ̂β(t) =
n∑

j=1

I(Zj ≤ t, δj 6= −1)
∑

i∈Rj

(ϕ(Xi, β
(0)) + 1)eβ0Xi

. (6.16)

We have the following consistency result. In the proof of this lemma we need

condition (d) to prevent that the denominator will become zero.

Lemma 6.1. Assume that E[((ϕ(X, β(0)) + 1)eβ0X)2] is bounded uniformly

in a neighborhood of β. If β̂ = (β̂0, β̂
(0)

) is any random sequence with β̂
P→ β

as n → ∞, then

sup
0≤t≤T0

|Λ̂
β̂

(t) − Λ0(t)| P→ 0.

Proof. From (6.11) it follows that

Λ0(t) =

t∫

0

−dQ(s)

E((ϕ(x,β(0)) + 1)eβ0x, s)
·

Also Λ̂
β̂

(t) can be rewritten as

Λ̂
β̂

(t) =

t∫

0

−dQ̂(s)

Ê((ϕ(x, β̂
(0)

) + 1)eβ̂0x, s)
·
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We have that

sup
0≤t≤T0

∣∣∣∣Ê((ϕ(x, β̂
(0)

) + 1)eβ̂0x, t) − E((ϕ(x,β(0)) + 1)eβ0x, t)

∣∣∣∣

≤ sup
0≤t≤T0

∣∣∣∣Ê((ϕ(x, β̂
(0)

) + 1)eβ̂0x, t) − E((ϕ(x, β̂
(0)

) + 1)eβ̂0x, t)

∣∣∣∣

+ sup
0≤t≤T0

∣∣∣∣E((ϕ(x, β̂
(0)

) + 1)eβ̂0x, t) − E((ϕ(x,β(0)) + 1)eβ0x, t)

∣∣∣∣ .

The first term tends to zero a.s. by Lemma A1 in Tsiatis (1981). The sec-

ond term tends to zero in probability since β̂
P→ β and since the function

sup
0≤t≤T0

∣∣∣∣E((ϕ(x, β̃
(0)

) + 1)eβ̃0x, t) −E((ϕ(x,β(0)) + 1)eβ0x, t)
∣∣∣ is continuous in

β̃ = (β̃0, β̃
(0)

).

This leads to

sup
0≤t≤T0

|Λ̂
β̂

(t) − Λ0(t)|

≤ sup
0≤t≤T0

∣∣∣∣∣∣

t∫

0

−dQ̂(s)

Ê((ϕ(x, β̂
(0)

) + 1)eβ̂0x, s)
−

t∫

0

−dQ(s)

Ê((ϕ(x, β̂
(0)

) + 1)eβ̂0x, s)

∣∣∣∣∣∣

+ sup
0≤t≤T0

∣∣∣∣∣∣

t∫

0

−dQ(s)

Ê((ϕ(x, β̂
(0)

) + 1)eβ̂0x, s)
−

t∫

0

−dQ(s)

E((ϕ(x,β(0)) + 1)eβ0x, s)

∣∣∣∣∣∣

≤
sup

0≤t≤T0

|Q̂(t) − Q(t)|

Ê((ϕ(x, β̂
(0)

) + 1)eβ̂0x, T0)

+

sup
0≤t≤T0

∣∣∣∣Ê((ϕ(x, β̂
(0)

) + 1)eβ̂0x, t) − E((ϕ(x,β(0)) + 1)eβ0x, t)

∣∣∣∣

Ê((ϕ(x, β̂
(0)

) + 1)eβ̂0x, T0)E((ϕ(x,β(0)) + 1)eβ0x, T0)

which finishes the proof of the lemma.

6.5 Asymptotic normality

In this section we will prove that the maximum likelihood solution β̂ obtained

in Section 6.3 is asymptotically normal.
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Theorem 6.2. Assume that I is positive definite at β. Assume that

E| log ϕ(X, β(0))|, E(|X|5(ϕ(X, β(0)) + 1)2e2β0X), E(X2|ϕ̇j(X, β(0))|eβ0X),

E

(
ϕ̇j(X, β(0))ϕ̇j′(X, β(0))e2β0X

ϕ2(X, β(0))

)
and E

(
X2|ϕ̈jj′(X, β(0))|

ϕ(X, β(0))

)
for all j, j′ =

1, . . . , p are bounded uniformly in a neighborhood of β. Then the solution β̂

given in Theorem 6.1 is asymptotically normal as n → ∞:

n
1
2 (β̂ − β)

d→ N
(
0 ; I−1

)

where 0 = (0, . . . , 0) and I is the information matrix of the function H.

Proof. We follow the general approach of Murphy and van der Vaart (2000)

for verifying the validity of the profile likelihood method. More in particu-

lar we will check the conditions of their Theorem 1, which guarantees that

the profile likelihood allows an asymptotic expansion, which then leads to the

asymptotic normality of the maximum likelihood estimator β̂. From Section

6.2 we know that the loglikelihood is given by

∑

δi=0

log ϕ(Xi, β
(0)) +

∑

δi 6=−1

[log λ0(Zi) + β0Xi]

−
n∑

i=1

(ϕ(Xi, β
(0)) + 1)eβ0XiΛ0(Zi) =

n∑

i=1

log L(β, Λ0)(Xi, δi, Zi)

where log L(β, Λ0)(x, δ, z)

= I(δ = 0) log ϕ(x,β(0))+I(δ 6= −1) [log λ0(z) + β0x]−(ϕ(x,β(0))+1)eβ0xΛ0(z)

is the contribution of the datapoint (x, δ, z).

We start by calculating the score functions for β and Λ0. For the finite dimen-

sional parameter β we get the vector S(β, Λ0)(x, δ, z) of partial derivatives of

log L(β, Λ0)(x, δ, z) with respect to βj (j = 0, 1, . . . , p):

S(β, Λ0)(x, δ, z) =




S0(β, Λ0)(x, δ, z)

S1(β, Λ0)(x, δ, z)

· · ·
Sp(β, Λ0)(x, δ, z)
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=




I(δ 6= −1)x − (ϕ(x,β(0)) + 1)eβ0xΛ0(z)

I(δ = 0)
ϕ̇1(x,β(0))

ϕ(x,β(0))
− ϕ̇1(x,β(0))eβ0xΛ0(z)

· · ·

I(δ = 0)
ϕ̇p(x,β(0))

ϕ(x,β(0))
− ϕ̇p(x,β(0))eβ0xΛ0(z)




.

For the score function of the infinite dimensional nuisance parameter Λ0, we

use
∂

∂t
log L(β, Λt)(x, δ, z)|t=0, where Λt(z) =

z∫
0
(1 + th(s))dΛ0(s) with

h : IR → IR some bounded function. The boundedness of h entails that Λt is

an absolutely continuous cumulative hazard function for |t| small. This gives

∂

∂t
log L(β, Λt)(x, δ, z)|t=0

= I(δ 6= −1)h(z) − (ϕ(x,β(0)) + 1)eβ0x

z∫

0

h(s)dΛ0(s)

:= Ah(z)

where A : L2(Λ0) → L2(β, Λ0) is a bounded linear operator between the

Hilbert spaces L2(Λ0) and L2(β, Λ0) with in-products given by, respectively

< f, g >Λ0=
T0∫
0

f(s)g(s)dΛ0(s) and < f, g >β,Λ0
=
∫

fgdP (x, δ, z).

The score function for β depends on the infinite dimensional nuisance pa-

rameter Λ0 and therefore we calculate the efficient score function, i.e. the

original score function minus its orthogonal projection onto the score function

of the nuisance parameter Λ0. Since A is a linear operator, this efficient score

function is given by

S̃(β, Λ0)(x, δ, z) = S(β, Λ0)(x, δ, z) − A(A∗A)−A∗S(β, Λ0)(x, δ, z) (6.17)

where A∗ is the adjoint operator and (A∗A)− is a generalized inverse.

The identity < Ah, g >=< h, A∗g >, for every h ∈ L2(Λ0) and g ∈ L2(β, Λ0)

can be used to find expressions for A∗A and A∗. Direct calculations give

(A∗A)−g(z) =
g(z)

E((ϕ(x,β(0)) + 1)eβ0x, z)

A∗S0(β, Λ0)(x, δ, z) = E(x(ϕ(x,β(0)) + 1)eβ0x, z)

A∗Sj(β, Λ0)(x, δ, z) = E(ϕ̇j(x,β(0))eβ0x, z) (j = 1, . . . , p).
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Hence the efficient score function for β has components

S̃0(β, Λ0)(x, δ, z) = I(δ 6= −1)[x − E(x(ϕ(x,β(0)) + 1)eβ0x, z)

E((ϕ(x,β(0)) + 1)eβ0x, z)
]

− (ϕ(x,β(0)) + 1)eβ0x

z∫

0

[x − E(x(ϕ(x,β(0)) + 1)eβ0x, s)

E((ϕ(x,β(0)) + 1)eβ0x, s)
dΛ0(s)]

and, for j = 1, . . . , p,

S̃j(β, Λ0)(x, δ, z) =
I(δ = 0)ϕ̇j(x,β(0))

ϕ(x,β(0))
− I(δ 6= −1)E(ϕ̇j(x,β(0))eβ0x, z)

E((ϕ(x,β(0)) + 1)eβ0x, z)

−
z∫

0

[ϕ̇j(x,β(0))eβ0x − (ϕ(x,β(0)) + 1)eβ0xE(ϕ̇j(x,β(0))eβ0x, s)

E((ϕ(x,β(0)) + 1)eβ0x, s)
]dΛ0(s).

For the covariance matrix I = (Iij) of this efficient score function we obtain,

after long but straightforward calculations, that for i, j = 0, 1, . . . , p,

Iij = E(S̃i(β, Λ0)(X, δ, Z).S̃j(β, Λ0)(X, δ, Z)) = − ∂2H

∂βi∂βj

and I is a positive definite matrix by assumption.

In the remaining part of the proof we have to define an approximately least

favorable submodel and verify the conditions of Theorem 1 in Murphy and

van der Vaart (2000).

For any (β̃, Λ) and t = (t0, t1, . . . , tp) = (t0, t
(0)), we define the approximately

least favorable submodel by

Λt(β̃, Λ)(z) =

z∫

0

[1 + (β̃ − t)h0(s)]dΛ(s)

where h0 is the least favorable direction given by

h0(z) =




h00(z)

h01(z)

· · ·
h0p(z)
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=
1

E((ϕ(x,β(0)) + 1)eβ0x, z)




E(x(ϕ(x,β(0)) + 1)eβ0x, z)

E(ϕ̇1(x,β(0))eβ0x, z)

· · ·
E(ϕ̇p(x,β(0))eβ0x, z)




.

We see that at t = β̃, Λ
β̃

(β̃, Λ)(z) = Λ(z), which is condition (8) in Murphy

and van der Vaart (2000). Next we define the function l(t, β̃, Λ) as

l(t, β̃, Λ)(x, δ, z) = log L(t, Λt(β̃, Λ))(x, δ, z).

The remaining conditions in Murphy and van der Vaart (2000) are on the

vector l̇ of first order partial derivatives and the matrix l̈ of second order

partial derivatives of the function l. By way of example we calculate
∂l

∂t0
and

∂2l

∂t20
:

∂l

∂t0
(t, β̃, Λ)(x, δ, z) = I(δ 6= −1)[x − h00(z)]

− (ϕ(x, t(0)) + 1)et0x

z∫

0

[x − h00(s)]dΛt(β̃, Λ)(s)

∂2l

∂t20
(t, β̃, Λ)(x, δ, z) = (ϕ(x, t(0)) + 1)et0x

z∫

0

[h2
00(s) − x2]dΛt(β̃, Λ)(s).

We have that the functions l̇(t, β̃, Λ) and l̈(t, β̃, Λ) are continuous at (β, β, Λ0).

If we evaluate the vector l̇ at the true parameter, we find

l̇(β, β, Λ0) = S̃(β, Λ0)

where S̃(β, Λ0) is the vector of efficient scores given in (6.17).

The next conditions (10) and (11) in Murphy and van der Vaart (2000) require

that for any random sequence β̂
P→ β,

Λ̂
β̂

(t)
P→ Λ0(t) (6.18)

and

E(l̇(β, β̂, Λ
β̂

)) = oP (||β̂ − β|| + n−1/2) (6.19)
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where Λ̂
β̂

(t) is the cumulative hazard estimator in (6.16). Condition (6.18)

follows from Lemma 6.1 above, while (6.19) is equivalent to (Murphy and van

der Vaart (2000))

E(l̇(β, β, Λ
β̂

)) = oP (||β̂ − β|| + n−1/2). (6.20)

But this is trivially true in this situation, since some easy calculations show

that the left hand side in (6.20) is equal to zero, independent of the function

Λ
β̂

. For any cumulative hazard function Λ, we have that

E(l̇(β, β, Λ)) = 0.

The last condition requires that the class of functions {l̇(t, β̃, Λ)|(t, β̃, Λ) ∈ V }
is Donsker and that the class {l̈(t, β̃, Λ)|(t, β̃, Λ) ∈ V } is Glivenko-Cantelli in

a neighborhood V of the true parameter (β, β, Λ0). From page 270 in van

der Vaart (1998) it suffices to verify these properties componentwise. We use

the bound on the bracketing number in Corollary 2.7.4. of van der Vaart

and Wellner (1996). In this corollary, we divide IR × [0, T0] into a partition

of bounded, convex sets. By assumption (d), the functions l̇(t, β̃, Λ) and

l̈(t, β̃, Λ) are uniformly bounded as a function of z. This is not the case

when we look at these functions as functions of the covariate x. Therefore

we take a partition IR × [0, T0] =
⋃

j∈ZZ
]j − 1/2, j + 1/2] × [0, T0]. As explained

in van der Vaart and Wellner (1996, page 159), checking the Donsker (or

Glivenko-Cantelli) property can be done by establishing the convergence of

the series
∑
j

MjP
1/2(Ij) (or

∑
j

M̃jP (Ij)) where Mj (or M̃j) is the maximum

of a component of l̇ (or l̈) in each set Ij of the partition and P (Ij) is the

probability of this set. The moment conditions allow to use a Markov bound

for P (Ij), which makes the above series convergent and hence the Donsker

and Glivenko-Cantelli properties are proved.

All the conditions of Theorem 1 of Murphy and van der Vaart (2000) are satis-

fied. This, together with Corollary 1 of the same paper, proves the asymptotic

normality of β̂ and finishes our proof.
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To finish this section, we like to make some remarks about the asymptotic

variance-covariance matrix I. In a real data set we usually do not know this

matrix and have to estimate it from the data. An estimator for the asymptotic

variance-covariance matrix can be based on the matrix of minus the second

derivatives of the profile loglikelihood. In Theorem 6.1 and 6.2 we assumed

that the variance-covariance matrix I should be positive definite. When we

model the coefficient βx in (6.2) by a function ϕ for which log ϕ(x,β(0)) is

concave and log(ϕ(x,β(0)) + 1) is convex in β(0), we can easily prove that

the function H in (6.8) is concave and that the assumption for the variance-

covariance matrix I is then trivially satisfied.

6.6 Simulation study

In this simulation study we compare the performance of the estimators in the

partially informative Cox model. The main interest is on the estimation of

the β0 parameter. If we take βx equal to 1, we see that the partially infor-

mative model reduces to an ordinary Cox model where the uncensored and

the informatively censored observations are treated as one group versus the

group of non-informatively censored observations. In this situation we lose

some information of the data because we neglect that uncensored and infor-

matively censored observations have a different distribution. The advantage

of this sub-model is that we are able to use standard software for the Cox

model to estimate the regression parameter β0. In this simulation study we

find out whether the loss of information is substantial and therefore influences

the estimation of β0. Our simulation scheme is as follows:

X ∼ U [0, 1]

Y |X ∼ Weibull(eβ0X , b̃)

where β0, b̃ are constants and b̃ > 0. We see that the conditional distribution

function is given by F (t|x) = 1 − exp(−eβ0xtb̃) and the hazard function is

λ(t|x) = b̃tb̃−1eβ0x. By the simple proportional hazard assumption we get

that C|X ∼ Weibull(βxeβ0x, b̃). In this setting we will work with βx = ea+bx.
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Figure 6.1 : The probabilities of an uncensored observation (solid line), informatively cen-

sored observation (dashed line) and non-informatively censored observation (longdashed line)

in 4 different situations. In (a), β0 = 0.5, a = b = 0, β1 = 1 and b̃ = 11. In (b), β0 = 0.5,

a = −0.5, b = −0.4, β1 = 1 and b̃ = 11. In (c), β0 = 0.5, a = 0.5, b = 1, β1 = 1 and b̃ = 11.

In (d), β0 = 0.5, a = −0.5, b = −1, β1 = 0.45 and b̃ = 11.

For the non-informative censoring times we assume that

D|X ∼ Weibull(eβ1X , b̃)

with β1, b̃ constants and b̃ > 0. The probabilities of an uncensored, informa-

tively censored or non-informatively observation are easily calculated:

P (δ = 1|X = x) = eβ0x(ea+(b+β0)x + eβ0x + eβ1x)−1

P (δ = 0|X = x) = ea+(b+β0)x(ea+(b+β0)x + eβ0x + eβ1x)−1

P (δ = −1|X = x) = eβ1x(ea+(b+β0)x + eβ0x + eβ1x)−1

We consider 4 different situations expressed by different choices of the param-

eters β0, a, b, β1 and b̃.

In (a), we take β0 = 0.5, a = b = 0, β1 = 1 and b̃ = 11. Consequently βx is

now equal to 1 such that the partially informative Cox model and the reduced
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reduced partial

β0 β0 a b

(a) 0.5 0.5 0 0

0.5316 (0.0099) 0.5124 (0.0143) -0.0231 (0.0114) 0.0317 (0.0201)

(b) 0.5 0.5 -0.5 -0.4

0.3815 (0.0107) 0.5118 (0.0133) -0.5703 (0.0139) -0.4489 (0.0277)

(c) 0.5 0.5 0.5 1

1.2637 (0.0093) 0.4328 (0.0194) 0.5196 (0.0116) 1.124 (0.0216)

(d) 0.5 0.5 -0.5 -1

0.2408 (0.0100) 0.5349 (0.0119) -0.5469 (0.0143) -1.1834 (0.0279)

Table 6.1 : For each of the four situations (a) - (d), the true parameter values and the

average simulated parameter estimates with standard error (n = 50).

Cox model should give the same estimate for β0. In (b), we take β0 = 0.5,

a = −0.5, b = −0.4, β1 = 1 and b̃ = 11. The probability of a non-informatively

censored observation is larger than the other probabilities. Furthermore the

informatively censored probability becomes smaller when the covariate x in-

creases. In (c), we reverse the situation of (b). By choosing β0 = 0.5, a = 0.5,

b = 1, β1 = 1 and b̃ = 11, we get that the probability of an informatively

censored observation is larger than the other probabilities. The probability

of an uncensored observation is the smallest probability here. In (d), we take

β0 = 0.5, a = −0.5, b = −1, β1 = 0.45 and b̃ = 11. The probabilities of

an uncensored observation or non-informatively censored observation are now

almost equal and the probability of an informatively censored observation is

smaller than the other two.

For each situation, we take 5000 samples of two different sample sizes (50

and 150). By comparing the results for these sample sizes, we get an idea

about whether the sample size influences the loss of information between both

models. In Table 6.1 and 6.2 we show the results of the simulation study.

For each situation, we give on the first line the true parameter values for a,

b and β0 and on the second line the average estimate for these parameters

in both models. Furthermore we also show between brackets, the standard

deviation of these estimates by calculating the standard deviation of the 5000
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reduced partial

β0 β0 a b

(a) 0.5 0.5 0 0

0.4958 (0.0054) 0.4988 (0.0076) 0.0044 (0.0060) -0.0091 (0.0106)

(b) 0.5 0.5 -0.5 -0.4

0.3705 (0.0058) 0.5018 (0.0071) -0.5222 (0.0067) -0.4041 (0.0122)

(c) 0.5 0.5 0.5 1

1.2358 (0.0050) 0.4738 (0.0096) 0.5038 (0.006) 1.0398 (0.0111)

(d) 0.5 0.5 -0.5 -1

0.2375 (0.0054) 0.5132 (0.0064) -0.5111 (0.0067) -1.0306 (0.0127)

Table 6.2 : For each of the four situations (a) - (d), the true parameter values and the

average simulated parameter estimates with standard error (n = 150).

estimates. Except for situation (a), we note that the estimate of β0 in the

reduced Cox model is largely different from the estimate of β0 in the partially

informative Cox model. As we noted before, we treat in the reduced Cox model

the uncensored and the informatively censored observations as one group and

neglect that the distribution of these types of observations are different. These

results show that when we estimate the parameter β0 in a partially informative

Cox model by the estimator of the reduced Cox model, the estimate can be very

different of what we would expect because we do not use all the information in

the data. This simulation study also shows that a misspecification of βx can

have serious consequences for the estimate of β0. In this example we note that

the reduced Cox model can also be seen as a partial informative Cox model

with βx = 1. Comparing the results of Table 6.1 with those in Table 6.2 we

see that the estimates for the reduced Cox model and the partial informative

Cox model are not much different in each situation. Therefore we note that

the sample size has no influence on the difference in the estimate of β0 in the

reduced Cox model and in the partial informative Cox model.

The estimates in Table 6.1 and 6.2 are obtained via the CoxPh software in

Splus. For the reduced Cox model we treated the uncensored and the in-

formatively censored observations as uncensored in the calculations. For the

partially informative Cox model, we used the data duplication method for
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competing risk models of Lunn and McNeil (1995). Via this data augmenta-

tion method we are able to deal with the three types of observations in the

calculations. We are allowed to use this method in this example because we

can rewrite the partial informative Cox model as a competing risk model with

cause specific hazards λF (t | x) = λ0(t)e
β0x and λG1(t | x) = λ0(t)e

a+(b+β0)x.

6.7 Examples with real data

6.7.1 Survival with malignant melanoma

In this section we illustrate our estimation method with the analysis of clinical

trial data on malignant melanoma (skin cancer) of the Department of Plastic

Surgery, University Hospital of Odense, Denmark. This study took place in

the period 1962-77 and looked at the survival of 225 patients after their tumor

was completely removed. A more elaborate description of this data set was

given in Section 1.1.

As an example, we study survival time till death from malignant melanoma

versus sex of the patient as a covariate. (It is obvious that our results above

also cover the discrete covariate case). As informative censoring variable we

take the survival time till death from other causes because we actually observe

the death of an individual within the time interval under study. A second rea-

son is that this cause of death is presumably an indirect consequence of ma-

lignant melanoma. As non-informative censoring variable, we use the survival

time of the patient when alive at the end of the study. For such individuals we

do not know whether they will ever experience a death caused by malignant

melanoma or a death which is an indirect consequence of malignant melanoma.

To study whether survival time till death from malignant melanoma is different

for the sexes, we recall the two basic equations of our model:

λF (t | x) = λ0(t)e
β0x (6.21)

βx =
P (δ = 0 | X = x)

P (δ = 1 | X = x)
= ϕ(x; β1, . . . , βp). (6.22)
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The equation (6.21) expresses the hazard function of the uncensored observa-

tions as a function of the covariate. Equation (6.22) models the ratio of the

uncensored and the informatively censored observations as a function of the co-

variate. In this example we mainly take this function as ϕ(x; β1, β2) = eβ1+β2x.

There are several reasons for this choice. A first reason is that this ratio of

probabilities reminds of the generalized logit model. In this case, our model

contains an important submodel. If we take β1 = β2 = 0 then this model re-

duces to the ordinary Cox model where we compare the group of uncensored

and informatively censored observations with the group of non-informatively

censored observation. A second reason for this choice of the function ϕ is that

it simplifies the calculations in such a way that we can use existing statistical

software to compute the estimate for the different parameters. Similarly as

in the simulation study of Section 6.6, we can rewrite the partial informa-

tive Cox model with this choice of ϕ as a competing risk model and use the

data duplication method of Lunn and McNeil (1995). This data augmenta-

tion method allows us to use software for the ordinary Cox model to find the

parameter estimates in this model. Due to the limitations of this software,

we cannot use the augmentation method for other choices of ϕ, like for exam-

ple: ϕ(x, β1, β2) = 1 + (β1 + β2x), ϕ(x, β1) =
e−β1x

1 + eβ1x
, ϕ(x, β1) =

eβ1x

1 + eβ1x
,

ϕ(x, β1, β2, β3) = [1 + β3(β1 + β2x)]1/β3 , ϕ(x, β1, β2, β3) = eβ1−β2e−β3x
, . . .. We

have to rely here on self-written code where we use a numerical optimizer to

find the maximum likelihood estimates. In a practical situation it is not always

clear which is the best choice of ϕ. This will for example depend on how the

parameters of ϕ will be interpreted in this situation. We use in this example

several choices of ϕ for illustrating purpose and keep the optimal choice of ϕ

in a practical situation as a subject for future research.

To estimate jointly the parameters in (6.21) and (6.22), we are able to use two

different methods. For arbitrary choices of ϕ, we can use a numerical Newton-

type optimizer to find estimates for the parameters. The second method,

which is only valid for ϕ(x, β1, β2) = eβ1+β2x is the so called data duplication

method as described in Lunn and McNeil (1995). The numerical values of the

estimators for this choice ϕ are given in Table 6.3, together with asymptotic

standard errors obtained by inverting the information matrix. The complete

asymptotic variance-covariance matrix is given in Table 6.4 and clearly shows
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the interaction between the two parts of the model given in (6.21) and (6.22).

The last two columns in Table 6.3 are the Wald chisquare statistic and its

asymptotic P -value, based on a chisquare distribution with 1 degree of free-

dom.

Coef Estimate ASE Wald chisq P -value

β0 0.6630029 0.265151 6.252365 0.01240276

β1 -1.3862944 0.422577 10.762148 0.00103597

β2 -0.0350913 0.596583 0.003460 0.95309507

Table 6.3 : The numerical estimates for the parameters β0, β1 and β2.

β0 β1 β2

β0 0.070305052 0.035714286 -0.070197044

β1 0.035714286 0.17857143 -0.17857143

β2 -0.070197044 -0.17857143 0.35591133

Table 6.4 : The estimate variance-covariance matrix for the parameters β0, β1 and β2.

It is seen that the parameters β0 and β1 are significantly different from zero

and that this is not the case for the parameter β2. From (6.22) it follows that

for these data, βx does not depend on x. Hence the ratio of the conditional

probabilities of being informatively censored and being uncensored does not

change with the covariate. By integrating out it is also seen that the ratio

of marginal probabilities has the same value. The estimate for β0 shows a

significant effect of the covariate on the survival time till death from melanoma.

From Table 6.3 it follows that the hazard rate for males is 1.94 times the hazard

rate for females.

We conclude with some further comments on the model. As already said above,

if β1 and β2 are equal to zero, this model reduces to a Cox regression model

where we treat the uncensored and the informatively censored observations as
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Model 1 Model 2 Model 3

ϕ(x, β1, β2, β3) = ϕ(x, β1, β2) = ϕ(x, β1) =

[1 + β3(β1 + β2x)]1/β3 1 + (β1 + β2x) eβ1x/(1 + eβ1x)

β0 0.6628 (0.2652) 0.6628 (0.2652) 0.8451 (0.2513)

β1 -1.1957 (10.0999) -0.7500 (0.1057) -1.1451 (0.5551)

β2 -0.0258 (0.6389) -0.0086 (0.1467)

β3 0.2189 (12.8271)

Table 6.5 : The estimates with standard error for the parameters in different models for ϕ.

one group versus the non-informatively censored observations. For the present

example, the Wald chisquare test for the null hypothesis that β1 = β2 = 0

results in a value of 22.1546 with an asymptotic P -value of 0.00002 (df = 2).

This shows that there is a significant difference between our model and the

Cox regression model with uncensored and informatively censored versus non-

informatively censored. An other extreme case of this model is when the

estimates for β1 or β2 are infinity and no proper fit for β0 can be obtained.

A way out is to interchange the role of informative and non-informative or to

consider the classical Cox regression model. Another remark on this partially

informative Cox model is that we can rewrite it as the following competing

risk model with cause-specific hazards

λMelanoma(t | x) = λ0(t)e
β0x

λOther(t | x) = λ0(t)β0e
β0x = λ0(t)e

a+(b+β0)x

and an independent right censoring process. A slightly different model was

considered for this data set on p. 493 of Anderson et al. (1993) with hazards

λMelanoma(t | x) = λ0(t)e
β0x and λOther(t | x) = λ0(t)e

β1x. However they

found the same value for β0 as we did.

We finish this section by showing some results for other choices of ϕ. We took

examples of ϕ functions for which the estimate of the variance-covariance

matrix is positive definite (for this particular data set). In Table 6.5, we give

for different ϕ the estimates for the parameters and their standard errors.

We see that the estimates of β0 in the first two models are identical and very

close to the estimate in Table 6.3. An explanation for this is that these models
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β0 β1 β2

Model 1

ϕ(x, β1, β2) = 0.0085 (0.0165) -1.1814 (0.7359) 0.0054 (0.0234)

eβ1+β2x

Model 2

ϕ(x, β1, β2) = 0.0096 (0.0148) -0.1172 (0.5518) 0.0032 (0.0182)

1 + (β1 + β2x)

Model 3

ϕ(x, β1) = 0.0112 (0.0117) 0.7989 (13.4556)

eβ1x/(1 + eβ1x)

Model 4

ϕ(x, β1, β2) = 0.0113 (0.0125) -0.0002 (0.0074) 1.000 (42.6874)

e
(

β1xe−β1x

β2
)

Table 6.6 : The estimates with standard error for the parameters in different models for ϕ.

are related to the model in Table 6.3. ϕ(x, β1, β2) = eβ1+β2x is the limit of β3

to zero for the first model and the first order approximation of this ϕ gives

the second model. We also note that for a totally different choice of ϕ as in

model 3, we get a different estimate for β0.

6.7.2 Bone Marrow Transplantation

As second real data set we take the bone marrow transplantation data given

in Klein and Moeschberger (1997). In this data set, 137 patients with acute

leukemia were followed after their leukemia was treated by a bone marrow

transplantation. An extended description of this data set was given in Sec-

tion 1.1.

As an example we want to show how the time until relapse is influenced by the

age of the patient. In this setting we take the time until death as informative

censoring time and patients still alive at the end of the study are considered

as non-informatively censored. We give the results of the partially informative

Cox model where we used several different choices of ϕ in Table 6.6. These
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choices are selected such that the estimate for the variance-covariance matrix

is positive definite. As in the previous example, we see that in models with

related choices of ϕ such as model 1 and 2, the estimates of β0 are almost

the same. However when these choices have different properties, for example

model 1 versus model 3, the estimates are also different. In each model we

note that the estimate for β0 is not significant and so the age of the patient

does not influence the time until relapse of acute leukemia.
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Samenvatting

Op het eerste gezicht zijn er weinig raakpunten tussen het onderzoek gedaan

door geneeskundigen, ingenieurs, financiële analisten, psychologen, sociologen,

enz. Toch is het zo dat men in elk van deze onderzoeksgebieden gëınteresseerd

is in positieve veranderlijken die meestal de tijd aangeven totdat een bepaalde

gebeurtenis zich voordoet. Bijvoorbeeld, in geneeskunde volgt men een patiënt

na een behandeling tot deze in remissie gaat of overlijdt aan een bepaalde

kanker. Ingenieurs daarentegen registreren de tijd totdat een bepaald type

van machine stuk gaat. Sociologen bestuderen dan weer hoelang het duurt

vooraleer een werkloze terug werk vindt. Een verzekeringsmaatschappij is

gëınteresseerd in het bedrag dat moet uitgekeerd worden bij een schadegeval.

In vele van deze voorbeelden noemt men deze positieve variabele de overle-

vingstijd. Zoals we hier zien, is het niet altijd mogelijk om te wachten totdat

de gebeurtenis waarin men gëınteresseerd is zich voordoet. Dit betekent dat

voor sommige van de geobserveerde gegevens de gebeurtenis zich nog niet

heeft voorgedaan op het moment dat er gestopt werd met de opvolging van

het studieobject. We beschikken in dit geval enkel over een ondergrens voor

de werkelijke overlevingstijd. Dit fenomeen noemt men censurering.

In dit proefschrift bestuderen we enkele regressie modellen voor twee ver-

schillende types van censurering. Bij het eerste type werken we met partiëel

informatief gecensureerde gegevens. Naast de overlevingstijd hebben we twee

censureringstijden waarbij de risicofunctie van één van deze tijden een veelvoud

is van de risicofunctie van de overlevingstijd. We noemen deze censureringstijd

de informatieve censureringstijd. De andere censureringstijd is willekeurig en

noemen we de niet-informatieve censureringstijd. In de Hoofdstukken 2 tot

147
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4 bewijzen we enkele asymptotische resultaten voor een niet-parametrische

schatter van de conditionele verdelingsfunctie van de overlevingstijd. In Hoofd-

stuk 6 ontwikkelen we voor dit type van gegevens een semi-parametrisch model

voor de relatie tussen de overlevingstijd en de covariaat. Dit model is een

uitbreiding van het semi-parametrisch model dat ontwikkeld werd door Cox

(1972). Het tweede type van censurering dat we bestuderen in deze thesis is

afhankelijke censurering. We nemen hierbij aan dat de overlevingstijd en de

censureringstijd afhankelijk zijn van elkaar en dat de associatie tussen beiden

beschreven wordt door een gekende copula functie. In Hoofdstuk 5 ontwikke-

len we voor deze gegevens een niet-parametrische schatter voor de conditionele

verdelingsfunctie van de overlevingstijd. We gebruiken hiervoor de ideeën van

Zheng en Klein (1995) en Rivest en Wells (2001).

In de Hoofdstukken 2 tot 4 hebben we op vaste design punten 0 ≤ x1 ≤ . . . ≤
xn ≤ 1 onafhankelijke overlevingstijden Y1, . . . , Yn. Elke Yi kan gecensureerd

worden door één van twee verschillende onafhankelijke censureringstijden Ci

en Di, waarbij we Ci een informatieve censureringstijd noemen en Di een niet-

informatieve censureringstijd. We observeren in elk design punt xi enkel het

koppel (Zi, δi) waarbij Zi = min(Yi, Ci, Di) en δi = 1 als Yi ≤ min(Ci, Di), δi =

0 als Ci ≤ min(Yi, Di) en δi = −1 als Di ≤ min(Ci, Yi). Aan de hand van deze

gegevens zoeken we voor een vast design punt x ∈ ]0, 1[, een niet-parametrische

schatter voor de conditionele verdelingsfunctie Fx(t) = P (Yx ≤ t). Deze schat-

ter bevat gewichtsfuncties wni(x, hn) die afhangen van een dichtheidsfunctie K

en een bandbreedte {hn}, alsook een schatter γxh voor P (δx = 1)/P (δx 6= −1).

In Sectie 1.4 ontwikkelen we een product-limiet schatter F̂xh(t) voor Fx(t),

gedefinieerd door

1 − F̂xh(t) =



∏

Z(i)≤t


1 −

wn(i)(x, hn)

1 −
i−1∑
j=1

wn(j)(x, hn)




ε(i)

I(t < Z(n))




γxh

.

Hierbij zijn Z(1) ≤ . . . ≤ Z(n) de geordende Z1, . . . , Zn en wn(i)(x, hn) en ε(i)

de corresponderende wni(x, hn) en εi = I(δi 6= −1). We bewijzen in Hoofdstuk

2 dat deze schatter uniform sterk consistent is voor Fx(t). Voorts vinden we

een asymptotische representatie voor F̂xh(t) die we gebruiken in het bewijs
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van de zwakke convergentie van het stochastisch proces gerelateerd met deze

schatter.

Het is uiteraard zo dat elk resultaat voor F̂xh(t) sterk steunt op de relatie

tussen de overlevingsfuncties van de overlevingstijd Yx en de informatieve cen-

sureringstijd Cx. Dit betekent dat we in een praktische data analyse dienen

na te gaan of deze relatie voldaan is vooraleer we de schatter F̂xh(t) gebruiken.

In Hoofdstuk 4 ontwikkelen we enkele aanpassingstesten voor het partiëel in-

formatieve censureringsmodel. We baseren ons hiervoor op de resultaten van

Csörgő (1998) voor het partiëel informatieve censureringsmodel zonder co-

variaat informatie, zoals besproken door Gather en Pawlitschko (1998). In

ditzelfde hoofdstuk passen we deze aanpassingstoetsen toe in een praktische

data analyse over overleving met kwaadaardig melanoom. Verder geven we

hier ook een schatting voor de conditionele verdelingsfunctie Fx(t) aan de

hand van de schatter F̂xh(t) uit Hoofdstuk 2.

Bij het resultaat omtrent zwakke convergentie van het stochastisch proces

(nhn)1/2(F̂xh(·) − Fx(·)) in Hoofdstuk 2, merken we op dat deze normale be-

nadering ingewikkelde uitdrukkingen bevat voor de asymptotische verteke-

ning en variantie, welke niet kunnen berekend worden in een praktische data

analyse. In Hoofdstuk 4 introduceren we een bootstrap benadering als alter-

natief voor de normale benadering. We bewijzen voor deze benadering een

bijna zekere asymptotische representatie en tonen aan dat het bootstrap pro-

ces zwak convergeert naar dezelfde Gaussische limiet als het oorspronkelijke

proces. Dit laat ons toe om betrouwbaarheidsbanden te construeren voor de

schatter F̂xh(t). In een simulatie worden de normale benadering en de boot-

strap benadering met elkaar vergeleken. Verder komen we terug op de prakti-

sche data analyse over overleving met kwaardaardig melanoom uit Hoofdstuk 3

en gebruiken de bootstrap benadering in deze data analyse.

In Hoofdstuk 5 bestuderen we een schatter voor de conditionele verdelings-

functie Fx(t) onder afhankelijke censurering. We onderstellen dat er in elk

vast design punt xi een overlevingstijd Yi en een censureringstijd Ci zijn die

afhankelijk zijn van elkaar. Net zoals in de voorgaande hoofdstukken ob-

serveren we hier enkel de onafhankelijke koppels (Zi, δi), i = 1, . . . , n waarbij

Zi = min(Yi, Ci) en δi = I(Yi ≤ Ci). Voor een willekeurig vast design punt
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x ∈ ]0, 1[ nemen we aan dat de associatie tussen de overlevingstijd Yx en de

censureringstijd Cx gegeven is door een gekende copula functie Cx waarbij de

gezamenlijke overlevingsfunctie van Yx en Cx kan geschreven worden als

Sx(t1, t2) = P (Yx > t1, Cx > t2) = Cx(F̄x(t1), Ḡx(t2)).

Hierbij gebruiken we voor een willekeurige verdelingsfunctie L de notatie L̄ =

1 − L. Zonder covariaat informatie werd dit idee gëıntroduceerd door Zheng

en Klein (1995, 1996) die aan de hand van een grafische methode een schatter

voor de verdelingsfunctie ontwikkelden en deze een copula-graphic schatter

noemden. Voor hun schatter bestond echter geen gesloten uitdrukking. Rivest

en Wells (2001) losten dit probleem op door enkel Archimedische copulas te

beschouwen. In deze thesis volgen we ook ditzelfde idee en nemen we aan dat

de gezamenlijke overlevingsfunctie van Yx en Cx gegeven is door

Sx(t1, t2) = ϕ[−1]
x (ϕx(F̄x(t1)) + ϕx(Ḡx(t2)))

waarbij, voor elke x, ϕx : [0, 1] → [0, +∞] een gekende, continue, convexe en

strikt dalende functie is met ϕx(1) = 0 en ϕ
[−1]
x de pseudo-inverse is van ϕx. In

dit model vinden we voor een vast design punt x een copula-graphic schatter

Fxh(t) voor de conditionele verdelingsfunctie Fx(t) gegeven door

F̄xh(t) = ϕ−1
x


−

∑

Zi≤t,δi=1

ϕx(H̄xh(Z−
i )) − ϕx(H̄xh(Z−

i ) − wni(x, hn))


×

I(t < Z(n))

waarbij H̄xh(t) =
n∑

i=1
wni(x, hn)I(Zi > t). Voor deze schatter ontwikkelen we

in Hoofdstuk 5 een asymptotische representatie en bewijzen we de zwakke

convergentie van het proces gerelateerd met deze schatter. Hierbij merken

we op dat deze copula-graphic schatter afhangt van de generator ϕx van de

onderliggende copula functie. In een praktische data analyse kennen we deze

onderliggende copula functie niet. De opzet van het experiment zal in vele

situaties echter wel hints geven over de associatie structuur tussen de over-

levingstijd en de censureringstijd. Hierdoor krijgen we te maken met een

vertekening indien de generator van de onderliggende copula functie verkeerd

gespecifieerd is. We bespreken in hetzelfde hoofdstuk deze misspecificatie
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vertekening en tonen aan dat we in bepaalde situaties deze vertekening on-

der controle kunnen houden. Verder passen we deze copula-graphic schatter

toe in een praktische data analyse over overleving bij Atlantische heilbot.

Tot nu toe hebben we altijd een niet-parametrische product-limiet schatter

gebruikt voor de conditionele verdelingsfunctie Fx(t). In Hoofdstuk 6 verlaten

we dit pad en introduceren we een semi-parametrisch model voor partiëel in-

formatieve gegevens. We veralgemenen hiervoor het klassieke regressie model

van Cox (1972, 1975) waarin de relatie tussen de overlevingstijd Y en de co-

variaat X gemodelleerd wordt via de conditionele risicofunctie λ(t | x). We

nemen aan dat deze van de vorm is

λ(t | x) = λ0(t)e
β0x

waarbij λ0(t) een ongespecifiëerde referentie risicofunctie is en β0 een onbe-

kende regressie parameter is. De conditionele verdelingsfunctie G1 van de

informatieve censureringstijd wordt gemodelleerd als

1 − G1(t | x) = (1 − F (t | x))βx

waarbij

βx =
P (δ = 0 | X = x)

P (δ = 1 | X = x)
= ϕ(x, β(0))

met ϕ een gekende functie en β(0) = (β1, . . . , βp) een vector van onbekende

parameters.

We introduceren in Hoofdstuk 6 een schatter voor de cumulatieve referen-

tie risicofunctie en gebruiken maximum aannemelijkheidstechnieken voor het

schatten van de p + 1 onbekende parameters in dit model. Dit zijn de p para-

meters in de exponent βx en de parameter β0 in het regressie model. Voor

deze schatters bewijzen we sterke consistentie en gezamenlijke asymptotische

normaliteit. We bewijzen ook dat de schatter voor de cumulatieve referentie

risicofunctie uniform consistent is voor Λ0(t) =
t∫
0

λ0(s)ds. In een simulatie

tonen we aan dat een misspecificatie van de functie ϕ in de exponent βx

kan leiden naar foutieve schattingen voor de regressie parameter β0. Verder

passen we dit model toe in enkele praktische data analyses over overleving met

kwaadaardig melanoom en overleving na een beenmerg transplantatie.
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